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LGOI NOI PAU

Sau khi bo gido trinh GIAI TICH (2 tdp) cila tdc gid do Nha xudt
bdn Khoa hoc va Ky thudt dn hanh (1998 - 2000), nhiéu déc gid da dé
nghi tdc gid viét tiép bo Bai tdp gidi tich gidi sdn c¢6 phdn tém tdit 1y
thuyét nhic mot S6 tay todn hoc gidi tich cho sinh vién k¥ thudt va ky
su, dita trén bo gido trinh GIAI TICH.

D¢ ddp ting yéu cdu dé nhdm ndng cao chdt heong déo tao trong
hién tai va tieong lai, tde gid dd soan bo bai tdp nay: GIAI TICH I (11,
111), itng véi cde noi dung hoc d hoc ky I (11, 111).

Phdn bai 1dp, tdc gid dd chon loc cdc bai tiv dé, trung binh dén
khé, dai dién cho cdc loai trong itmg vdi cdc phdn 1y thuyét theo
chitong trinh todn gidi tich hién tai. Nhitng bai khé cé ddnh ddu *
nhdm béi dudng thém cho sinh vién (nhdt la cdc sinh vién khd, gidi).
Cudi sdch cé phdn phu chicong: Cdc dé thi Gidi tich hoc ky Il cdc ndam
2002 - 2005, ctia Dai hoc Bach khoa dé sinh vién tham khdo.

Tdc gid xin chdn thanh cdm on cdc ban dong nghiép, nhdt la
PGS. TS. Duong Quéc Viét da doc rdt k¥ bdn thdo va cho y kién quy
bdu.

Trong ldn xudt bdn thit hai ndy, mdc dn dd c6 gdng sita chita bé
sung song vdn khong tranh khdi thiéu sét, rat mong ban doc déng gép
y kién dé nhiing ldn tdi bdn sau cudn sdch dioc hoan thién hon.

Xin chdn thanh cdm on.

TAC GIA
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CHUONG {

AP DUNG PHEP TINH VI PHAN VAO HINH HOC
(HINH HOC VI PHAN)

§1. DUSNG CONG PHANG

1.1. Phuong trinh

Phuong trinh Descate: F(x, yy=0hay y={(x),a<x<b )

Phuong trinh tham s4:

=X(t
X X(),aStsﬁ o
y =y(t)
Phuong trinh doc cyc: r = (@), a S ¢ < f3 (3)
Phuong trinh tu ham: IX = X(s)
ly=ye

s 1a do dai cung dudng cong tinh tr mot diém gdc ndo dé cia cung.
1.2. Tiép tuyén va phdp tuyén

V(1) y - yo=M(XN(X ~Xg), ¥ -y = (X - Xy)

!
'(x,)

9



Y=Yo _ X=Xg Y—Yo_ X—Xg
{ L) - '

t
Yo X0 X0 Yo

Véi (2):

V&i (Xg, ¥o) € dudng x'(_, = X'(ty), y;, =y'(ty)

Cosin chi huéng cua ti€p tuyén:

: 1 . '
Véi (1) cosol = ———=, sina = Y
VI+Y'3 Vi+ys
x; Yt

Véi (2): cosa = , sino =

- 12 2 2 12
\'Xl +y( Xy +yt

1.3. Viphan cung
Vaéi(1): ds = 1+y',2( dx

(2):ds = \/x'f +y't2 dt
(3):ds = Vr¥ +r° do

1.4. 6 cong

TaiM e C: k= lim A | = lim

M'-5M| ~—~ As—0| As
MM’

Véi(l)y k= Iy,l e

(1+y-)'~

x| ll_x" A

Véi 2y k= -—‘—;Y——;%’/‘—,

(xl_ +y|_) -

'1‘: +21"2—n""
Vé&i(3): k=

B ”
(r- +I"2 )3l_



1.5. Budng tron mat tiép - B&n kinh va tadm cong

Pudng tron méat ti€p
vGi dudng cong (C) tai M
1a duong tron:

- Tiép xiic véi (C) tai
M

- Bé 16m trang v4i bé
16m cuaa (C)

- b6 cong tai M bang
do cong cua (C) tai M
(hinh 2) ‘

- Tam (x,, yo) va ban

M
kinh R cha dudng tron
mat ti€p 1a tam cong va Hinh 2.
ban kinh cong cia (C)
(Bdn kinh va tam chinh khic).
(1+yr?_ )yv
ey 0T Ty
Véi(1): R = —y"— , ,
Iy 1+y”
Yo=Yy t——
(x|2+y'2 )y'
(x2 4y'2 )32 Xo =X- Yy’
V(yi<2):R=—l,—"—y—"—,l, B
xy_xy (x|_+v_f)xn
yo = + 1} Hy 1" t
X'y"=x"y
2 4232
Véi 3 R= LT T

‘rz +2r° —11""

Phuong trinh dudmg tron mat ti€p: (X - xo)* + (y - yo)° = R™.

11



1.6. TGc b& va Than khai

Quy tich (L) céac
tam cong cua dudng
cong (O 1a tic b€ cua
() va (C) la than khai
cua L. (hinh 3).

- Ti€p tuyén véi (1)
1a phdp tuyén véi (C) (tai
cdc diém tuong img).

- Néu R bi¢n thién
don diéu thiR - o =k =
const.

N

o = II'" d§ dai cung

trén L.

.

Phuong trinh tham
sG cia L
Véi (1):
X =x
Y=y
X=x
Véi (2):
Y=y

Hinh 3.

_a+yy

y

. (Tham s6 x)
l+y'-

-+

"

y

_ (X': +yv3 )yv
xI "_ 1" i

?l X~ Y {Tham so t)
+ x4y X'

"ot

vau_x y

Tdc b cua dudng tron tam O ban kinh a:

i

X

"

y

12

a(tsint + cost)
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1.7. Hinh bao
a) Diém bat thiong

M, (Xq, ¥o) € dudmg % F(x, y) = 0 goi 1a diém bat thuong cia +
néu: 3 F',, F’y lien tuc tai M, va:
F(xq, y) =0
F (Xp, y0) =0
F"\ (X4H y“)v': 0
néu Ff (%, ¥) + (o, ¥o) # 0 th My(x,, ¥,) 12 diém binh thudng ciia €.
b) Hinh bao (L) ciia ho dwong cong (%)
F(x, y. © = 0 1a dudng
1i€p xudc v6i moi dudng cua
ho (%), va tai mbi diém coa L
chi ¢6 mot dudng cna ho ()
1i€p xtc vGi n6 (hinh 4).
Né&u ho (%) ¢é hinh bao

](I:) thi (x, y) € L thod min ()
hé:

F(x,y,C) =0
F.(x,y,C) =0 (L)

BAI TAP
Hinh 4.
1. Tim vi phan cung ds
vh cic cosin chi huéng cia ti€p tuyén tai M bat ky e dudmg (C) cho bdi
cac phuong trinh:

1) y* = 2px
a- b
N X+ y=a”
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N x =alt —sint)
y=a(l-cost)’

6) 1° = a’cos2¢
Bai gidi

Tim sinV hoac cosV,

V: géc gifta ban kinh vecteur va ti€p tuyén

D2yy'=2p=>y' = P
y
2 1
ds = 1+-P—;~dx = —\/p_2 +y? dx
y? I
coso = ! = 4 :
\/1+y" \/p~ +y”
sino = P
Pty

2) Dua vé tham s6: x = acost, y = bsint.

ds = {x24y? dt = va®sin? t+b° cos® t .dt

hay ds=ayl-e’cos’t.dt, e=

dx

cosA = — = =
el 2
ds a\/l—e' cos” t \/l—ez cos” t

a

—asint —sint

>

cost

sinoL = ——

\ll—c2 cos- 1



213

3) Pao ham 2 v&€ theo x: x** + y** = a*”*, ta ¢6:

va:

1 1
gx3+Zy y—Ododoy—3ﬁ
3 X

2/3 “/W+ 2/3
o (o L

ds = #de.
X

w
>

3y

dx X . d X
cosa = — = 3—; sm(x=—y=-——=3l
] a ds Ja a

X

4) Ta ¢6: x" = a(l - cost), y' = asint

3 2. .ot
ds = \/az(l —cost)? +a” sin” t .dt = 2a s111—2- dt

) dx a(l—-cost) .ot . t
COSt = — = ————= =§In—; SN = COS —
S . 2

2asin —

2

asin —
a t
s 1.(p -

id
2
229
2 a“sin® ~  »
ds = vr? +1” .d(p=‘/ 4 z doe = a

15



; a cos’ @ Los(lo
Ta bict: gV =— = . 2 _ 2
¢ cos” ? asin e sin i
2 2 2
Do dé: sinV = cos%; cosV == sm%.

6) T r* = a’cos2@, dao ham 2 v€ theo @ ta ¢é:

.. , —a° sin2
21’ = - 2a7sin2¢@, t' = —a e
'

A

4 .2 )
o) d $ 2 a”

ds = ‘ﬁl' cos2q>+——ri S“{ ® do = ! do
'

r-

Tuong tu 5): sinV = cos2¢.

2. Tim dé cong k va bdn kinh cong R tai mot diém tuy y cla cde
duong cong:

Ny =x% 2)y=ch§—
a
X X =acos t
3) y = aln(cos—); 4) { \
a — g
y=asm"
5) [x =acht 6) X =a(t—sint)
: ; )
lyzbshl y =a(l~cost)
7Y r=a(l + cosp); 8) 1 = a’.cos2p.

Bai gidi

l y”
1) Theo (1.4): k=— = ——|—1’—1——
R (l +y|.; ) /2

16



— _ 1 lox|

R Ja+9x*y

) G x ., 1 X
2)y=ach—,y =sh—,y"= —ch~
a a a
1  x X
—ch— ch—
k= i = a a = -1— a - !
A X a X X
(1+sh® 2)372 ch’ = ach®> ©
a a a
X —sin -
3) y = aln(cos—), y' = 4 = g
a X a
CcoS—
a
-1 1 1 X
y" = k= — = —|cos—
2 X R a a
acos” -
a
4) x = acos’, x' = - 3acos’tsint, X" = Gacostsin’t - 3acos’t

y = asin't, y' = 3asin’tcost, y" = 6asintcos’t - 3asin’t

x'? + 47 = 9acos’tsin’t + 9a’*sin’*tcos’t = 9a*cos’tsin’..

Tuong ty: x'y" - x"y' = - 9a’sin’t cos’t.
. 1 9a” sin” tcos 1 2
Do dé: k= — = — IR -
R (9a” sin” tecos® t)*/° 3a‘sm 2[[

5) x = acht, x' = asht, x" = acht

y = bsht, y' = bcht, y" = bsht.

17
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1 absh ™t —ahch:l\ ab
Dodé: k= — = - = S
(a3s1131+b3cl131) ) (azsh"t+b‘ch‘l)' )

6) x = a(t - sint), x' = a(l - cost), x" = asint

y = a(l - cost), y' = asint, y" = acosl.

12 12 2 k) L) I |
x4y =a(l-cost)y +a’sint= 4a'sm“—2—

2.t
Tuong tu: x'y'—x"y| = Za‘sm'z
2. t
1 2a° sin” - |
Dodé: k= — = Z__ -
R R A1 32 .ot
4a” sin” - 4aisin
2 2

7)r=a(l + cosp)
Theo (1.4), ta tinh ' = - asing, r" = - acos@.

r~+2r” -’ = a’ (1 + cos@)” + 2a'sin"@ + a(l + cosplacose

= 3a*(1 + cosp) = 632(305:—(22

= (4a’cos> Dy
2

/1
/2

(r* + 1'% = [a~ 1 + cosp)? + a'sin’p)’




8) 17 = a*cos2¢
Pao ham 2 v& theo ¢, ta ¢d:
2ir' = - 2a’sin2¢ hay ' = - a’sin2¢

Lai dao ham theo o:

r'Y 4+ ™ = - 2a%cos2¢ = - 217
Do do:
= - 21 -
va: Ir3 +2r° —1‘1"'1 = ‘r: +2r"7 4217 +1"3‘ =3(r* +1"7)
A s +r'-) 3
Vay: k= —= T =
R (1“+1"‘ \) ) 24’
.. B .2 a’ N
Theo 6) bai 1: Yri+r'" = nén:
'
1 3r
k= —=—.
R a-

3. 1) Tim bén kinh cong bé nhdt (R,,,) cia dudng: y° = 2px;
“ R . . . X
2) Tim d¢ cong Ién nhét cia dudng: y = ach— (a > 0);
a

3) Lap phuong trinh dudng (ron mat ti€p véi dudmg:
a)y=x"-6x+ 10 tai (3. 1);
b) xy =1 tai (1, ).
Bai gidi

1) Tiry* = 2px, dao ham 2 v¢ theo x:

19



Dodé: R = frey)" - 2 «p2f”

o]

[v'| p’

Tir cong thic nay suy ra: R, = p khiy = 0.

2) Theo 2) bai 2: R = ach®>

a
= R'= 2ach£.shi.l = shz—X =0 khi x = 0.
a a a a
2
R =22
a a

) 4
= R"(0)= = >0nénR,, =R()=a.
a

va kmax

1 .
= —tai x = 0.
a

Na)y=x"-06x+10,y' =2x-6,y'(3)=0

y":Z,Rz =

Theo (1.5), cdc toa do tam cia tam cong & day la:

N (1+0)0 _
o - 9 -

_1+1+0_3
Yo > T 5

Vay phuong trinh cta duong tron méat ti€p phai tim 1a:

(x - 3) + ( 3), |
x - 3) - =y = —.
Y 2 4

20



7 I —1
byxy=1l,tacéy= —,y'= —,y" = —

X X~ X

y(h=-1y"(1)=2
Do dé! R = (l”) =2
I
xo=1- i pyen
2

Vo=l 4+ — =2

va phuong trinh duong tron mat ti€p phai tim 1a:

(x-2Y +(y-2yY=2.

4. Lap phuong trinh tic bé& chia cdc dudng:

Dy =x'*
nE .Y o
S

3) X = R(cost + tsint)
"7 |y = R(sint — tcost)

X = R({t —sint)
y = R(1 —cost)

3
Ix =acos  t
5) 3
ly =asin’ t

6) r = a(l + cosg)

a+ya’ -y SR o . )
7) x = aln ———————~—4a” -y~ (duong Tractrice)
y

21



Bai gidi

1

B "

v 35
= —X-, =
y 5 y

X

-

1‘) y = XS/Z,

W

Ap dung cdc phuong tinh & (1.6),
dudng da cho, dudi dang tham s8 x:

9
1+ - x
X=x-

1 =-(9x +2).%
5 - 2
__,x :
4

I+ X
Y = x¥ + 4 —4(?x+|£

g —

thi:

2

=- (9t + 2).l——
2

Y=4mﬁ+nﬁ
3

A -

2) Dua phuong trinh ctiia hyperbole: Z(T Y

a” b*
Jx = acht
Iy = bsht
Tac¢é:  x' = asht, x" = acht
yv' = bcht, v" = bshit.
X2+ y'? = a’sh’t + bch’t

22

la ¢6 phuong trinh tic bé cua
L]

Cni y: Néu dua phuong trinh y = x*7 vé dang tham s x = >,y = ¢*

= 1 vé dang tham so:



X'y" - x"y' = asht.bsht - acht.bcht
= - ab(ch’t - sh*t) = - ab.

Theo (1.6), ta ¢é phuong trinh tic b€ cua hyperbole did cho dudi
dang tham so: :

b) ) ) k) ) 2
a“sh t+b-ch-t a-+b”
X =acht- ————— bcht = ———ch’t
—ab a
al el ) el 3 el
a‘sh"t+b-ch’t a“+b-
Y = asht + ——b——-—asht= ————sh’t.
—a

Khir t ta ¢6: (aX)?? - (bY)2P= ¢, c = yJa® +b” .

3) x = (Recost + tsint), x' = R(- sint + sint + tcost) = Rtcost.
x" = Rcost - Risint.
y = R(sint - tcost), y' = R(cost - cost + tsint) = Rtsint.
y" = Rsint + Ricost

X7+ y'?= RP*Ccos” t+R7t7sin® t = R
van _ xnyv - I{ZIZ

X =R(cost +tsint) - ——.Rtsint
Do dé: Rﬁtﬁ
. R-t-

Y = R(sint — tcnst) + —— Rt cost
R-t-

[X = Rcost

hay: -
Y IY:Rsinl

va: X* 4+ Y =R".

Vay tic b& cua duong da cho 1a dudng tron tam O, ban kinh R. Theo
dinh nghia thi dudng dd cho la dudng than khai cua dudng tron nay.

4) x =R(t-sint), x"= R(1 - cost), x" = Rsint



y = R(!l - cost), y' = Rsint, y" = Rcost.

B - R ~ R R A . 51
X'+ y'" =R(l - cost)” + R-sin"t = 2R*(1 - cost) = 4R'sm“5
x'y" - x"y" = R(1 - cost).Rcost - Rsint.Rsint

= R-cost - R*(cos’t + sin“t) = - 2R"sin" E

Theo (1.6) phuong trinh tic bé¢ ctia dudng Cycloide di cho la:

4R? sin® !
X = R(t - sint) - ~———2.Rsinl = R(t +sint)
5 L oat
—-2R"sin” -
2
4R” sin” !
Y = R(1 - cost) + ———2*.R(l—cost) = -R(I - cost)

-2R*sin® v
2

Pat t =t - © thi:
X =- nR + R(t - sinT)
Y =-2R + R(1l - cosT)

Vay tic bé cia dudng Cycloide cling 1a mot dudng Cycloide, suy tir
Cycloide bang phép tinh ti€n céc tryc toa do: X = X' - 7R, Y = Y' - 2a
(hinh 5).

, Y
Y
-Na 0 ! %
t
0/ _20 XI

24



5)  x = acos’t, X' = - 3acos’tsint = - 3a(sint - sin’t)
x" = - 3a(cost - 3sin’tcost)
y = asin’t, y' = 3asin‘icost = 3a(cost - cos't)

y" = 3a(- sint + 3cos’tsint)

x'? + y'" = 9a’cos*tsin’t + 9a’sin*tcos’t = 9acos tsint

>
<
'
b3
<
1

= - 3acos’tsint.3a(- sint + 3cos’tsint)

- (-3a)(cost - 3sin’tcost).3asin’tcost

a’sin’tcos’t - 27a°cos*tsin a’sin’tcos’t -
9a’sin’t t - 27a%cos’tsin®t + 9a’sin’t 1

- 27a’sin*tcos’t

= - 9a’sin*tcos’t

Do d6 ta ¢6 phuong trinh tic b& ctua dudng astroide da cho:

2 2, 2
2 9a“ cos” tsin“ t
X =acos t - —

PR 5 3asin? t.cost
—9a“sin“ tcos  t
2

2.2
.3 9a“cos” tsm”t
Y =asin® t + =

.(—3acos2 t.sint).
—9a’sin? tcos? t

X =acos’ t+3asin” tcost

Y =asin® t+3acos® tsint

X + Y = a(cost + sint)? = 2\/Eacos3(t—2—)

X - Y = a(cost - sint)’ = 2J§asin%l—§)

e a’ ~ A z ~ A A T[
Do dé, néu lam mot phép quay hé truc toa do mot gée ::
X+Y X-Y
X, = Y = ——

5
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thi trong hé méi X 0Y,,
phuong trinh cua tic bé la:

X, = 2acos’t

. ‘A Y X,
Y, = 2asin’t
‘ T N
vioi t =t - — (hinh 6).
4
R . P N AN
Vay tic bé& cua dudng Ns
astroide ciing 14 mot dudng VAR x
astroide.
0) r = a(l + cosg). Ta
bi¢t X = rcosg, y = rsing.
Hinh 6.

Do dé phuong trinh tham
s6 (v4i tham s6 ¢) cua dudng
cardioide di cho la:

x = a(l + cosp)cosp = a(CcosP + cos )
y = a(l + cos@)sing =a(sing + singcose)

Tinh todn, ta ¢é:

>
i

- a(sing + 2cosy),

= a(cos@ + cos ),

<
|

X7+ y't = 2a%(] + cosop)
x'y" - x"y' = 3a*(1 + cos2¢)
va phuong trinh tdc b¢ cia duong Cardioide da cho la:

a 2a
X = —ll —cosp)cosp +—
< (1 - cosp)eosp + =

Y = %(l - Cos (p)siu(p
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Do dd, ta lam phép tinh
~tién hé truc toa do:

Y=Y, ,

thi phuong trinh cua tic b& nay
trong h¢ toa d§ doc cyc mdi X,

OX, lar = %(l—coscp) dé

ciing la mot duong Cardioide
kich thuée thu lai bang 1/3 _—
kich thudc cta Cardioide da
cho va quay hudng nguge lai
theo hudng cta OX (hinh 7).

Hinh 7,

a+\/a: —y: 3 S
—_————4Ja -y~

y

7) x = aln

Ta dua phuong trinh nay vé dang tham s6, dat y = asing, 0 < ¢ < 7

thi:
{ aln(ln—jﬂlcoscp

1 y=asing

Tinh todn ta ¢é:

2
, _ AcosT ¢ , .
X'= =y =acose, X" +y" =a‘cotgp
smo
" agoscp .
X" = —————acosg, y" =-asing
sin”

x'y" - x"y' = a‘cotg e
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Do d6, phuong trinh tham s§ cua tic b€ cua dudng tractrice di cho

la:
2 2 ’
X = aln[tg—(gj +acosp-— il—Macoscp = aln[tggj
2 a‘cotg”e 2
2 2 2 *
. a“ cot acos a
y=asmp+ colg @ - b4 = —
a’cotg?el sing sing
Khir o, ta cé:
X
In(toip—):~, [ng = e?
2 a 2
Y
21 /
a a al+e?
,V = " = = 5 N
sin ¢ @ X
2tg b e’ a/e
2P
1+ [g '2’
X X X
al * X
hay y=—]e® +¢ ?
2 Hinh 8.
Do 1a phuong trinh clha dudng day xich (hinh 8).
5. Tim cdc diém bat thudng cta cdc dudng:
Dy-D=x-1)y
Dy =-x"+x*
3) yi(a - x) =x*
Hx'+y -3xy=0
Bai gidi
1) Theo a) (1.7), diém bat thudng cia dudng cong dwge xdc dinh tix
hé



F,o=-3(x-1=0
F,=2(y-1)=0
FX,y)=(y- D -x-1D'=0

Giai hé ndy, ta c6 diém bat
thudng cta dudng cong di cho: x =
I,y =1 (diém Iai) (hinh 9).

2) Tuong tu 1):

F, =2x-4x> =0
F, =2y=0

Hinh 9.

4

F(x,y):y2 +x>-x*=0

Giai hé nay ta ¢6: y =0, x = 0 hoac iT.
2
1 . . N
biem iT, 0| khong thude dudng cong.
2

biém (0, 0) thugc dudng cong, dé 12 diém bat thudng co 1ap cla
dudng cong (vi lan can diém nay khong ¢6 diém nao thudc dudng cong).

2 3
xy =Y (a-x)-x" =0 Y1 \
. R s i
3N JF, =-y -3~ =0 :
F, =-2xy=0 !
|
|
H¢ nay cho nghi¢m: x =0,y =0. m ai p
Vay (0, 0) la diém bat thuong |
cua dudng cong (diém i) (hinh 10). !
|
H Fx,y)=x"+y’ —3axy =0 Hinh 10.
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I\ =3x* ~3ay =0
P\ =3y" -3ax =0

H¢ nay cho nghiém:
x =0,y =0va (0, 0) la
diém bat thudng cua dudng
cong (diém kép) (hinh 11).

6. Tim hinh bao cua
cdc ho dudng cong:

Dy=(x-c¢)
Dy =(x-c¢)
D@+ XNy -¢)=
=x*(x - a),
a=const> 0.
4) y* = 2px + p°

5) Ho dudng thang lap véi
cdc tryc toa do cdc tam gidc ¢d
dién tich khong déi bang S.

Bai gidi

1) Theo b) (1.7), néu ho
dudng cong c¢6 hinh bao L thi
(x,y) € L thoa man hé:

[]f(x, Yy, )=y —(X ~) =0
llié(x, V,0)=3(x-¢)? =0

Giai hé nay ta ¢6 x = 0,
y =0.

Theo hinh 12, y = 0 (truc
Ox) 1a hinh bao clia ho duodng
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Hinh 11.

Hinh 12.



cong (qui tich cdc diém udn)
(dudng cong khong cé diém bat
thuong: F°y =1 0).

2) Tuong tu 1):

1Fx, y. )=y —(x —0)?
F;. (X,y,0)==-2(Xx-¢)=0

H¢ cho nghiém x =¢c,y = 0.

Theo hinh 13, dudng cong
khéng ¢é hinh bao, y = 0 1a qu¥
tich cdc diém bat thudng (diém
li: F=0, F'y = F°, = 0 tai (c,0)).

3 JFx Y 0= (a+x)(y-0)° —x*(x-a)=0
i F;(x, v,)=-2(a+x(y~¢)=0

=0

H¢ nay cho nghiém {
=c

{xza
y=c¢

Theo hinh 14: x = a 13 hinh
bao, con x = 0 la quy tich cac
diém kép cta ho Strophoide da
cho.

< X

¢}

5) Theo gia thiél, phuong
trinh  dudng thz’mg qua (a, 0),
(0, b) 1a:

X

_+% =1 v ab =28 (hinh 15).
a

Hinh 13,

(Strophoide)

Hinh 14.
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(vi 1¥ do d6i xdng, xét trong gdc
phan tu thit nhat).

Ta cé:
28 y
b= va 2+ o) ()
a a 2 : b\
Pao ham (1) theo a:
Xy
—+-—=0 (2)
a® 28 0 a X
Khir a tir (1) va (2):
Hinh 15.
2S x al2S
y=—&X, —+t—" =1
a~ a a- .28
a
=X = —
2
2S S S
y = — R N xy = — 12 hinh bao phai tim.
a” 2 a 2

§2. PUONG TRONG KHONG GIAN R?

2.1. Hadm Vecteur

Ham Vecteur d6i vo hudng t: V = V(1) 1a mot 4nh xa tir tap hop

cdc dai lugng vo hudng t: {1} vio tap hop cdc vecteur V:{V}.
Thudng xét:

V= OM = i) =x(Ui +y(®)] +2z0k (1)

¢0i 12 hamn bdn kinh vecteur cla diém M.
Khi t thay déi, M v& nén mot dudng goi 1 tdc d6 cha ham vecteur

va (1) goi 1a phuong trinh vecteur ctia dudong dé6.
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HE x = x(0), y = y(). z = z(t), t € {t} goi la phuong trinh tham s6

cua dudng.

Trong khong gian: dudng cling ¢6 thé cho 1a giao tuyEn clha 2 mat

e {Fl (x,9.2) = 0

Gy, 7) = 0 2ol 14 phuong trinh khong giai trong kKhong gian

cua duong;

i = [li:In ) < Ve>0,38>0,0< ll‘lo| <3 = |f(l)-ﬁ < g,
7o
Ham v = r¢t) goi 14 lién tuc tai t, néu 1“11]] () = ¥(t,).
o
Dao ham cua ham vecteur 7 = r(t) :
r'(t) = e = lim -————F(t +At)_?(t) ,
dt A0 At

. d’v d(dr
() = — = —| —
de- deidt

const, ' (1) = 0

pus
Z
i
11

vl LI T o =
(1-:)—11~‘“+11-13
-~ e L— - T o
AL ) =T AT + AT,
. -

(.5 ) = (7 &, B+ (1 Tay B+ (71T

X1 +v(D)] +2(0k = 7 = xX'(Di +y@Q) ] +2()k

=1
1

= () vdi 1f(l)| =C=const = (1) L r()

]F(l)] T,. T, =const = T'(1) // r(1)
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2.2. Tiép tuyén va phap tuyén clda dudng - Tam dién Frénet

Cho dudng 5 < R (1) = x(1) i+ y(t)} +z(Dk

Néu t = s: do dai cung clia 4 (tinh tir | diém nao dé) thi:
T(s) = x(s)f +y(s)3 +z(s)l‘< )

goi 1a phuong trinh ty ham cia % .

Tam dién Frénet tai M € % 1ap nén bdi 3 vecteur:

- 1 . . .
T = — vecleur 1i€p tuyén don vi
ds
- '(s) - . . . .
vV = |_” )| 1 T: vecteur phdp tuyén chinh don vi
(s

B > T A v:vecteur tring phédp tuyén don vi

vd cdc mat phang mang 2
trong 3 vecteur d6 (hinh106).

Pudng  thang  mang
T(Vv, P) goi la tiép tuyén
(phdp tuyén chinh, tring phéap
tuyén) cua % tai M.

Mat phang mang (T, V)
«¥, B) (B,T)) goi 1a mat
phang mat ti€p (mat phang
phép (phdp dién), mat phang
trire dac) cua % tai M.

Hinh 16.

Cho #4:
T = x(t)? +y(l)3 +7.(I)1E

thi:



- 'y = TWOAT)
A%

T =, P= - , V= [_3 AT
[Fct [ FOAT (D)
2.3. S cong va dd xodn
. AT
b6 cong: k = lim|— (hinh 17).
As—o0l As
v6i F=(s) thi k = | —
ds~
T
vGi T =1ty thi M
_ _ 4s
|r'(l) A 1"’(t)l
k= ———n— (1)
3
7]
| .
R = m la ban kinh cong
clia‘® tai M. Hinh 17.
Po xodn: T =lim A—ﬁ = ifi
As—0 | As ds

Vi T=Fs): T = RI(F(S), T ()T (5)

voi r=r(t): T= ﬁ—f——f—) (2),

~

|f AT
1 L <
p= T ban kinh xoan.
Céc cong thic Frénettai M e 4.

d—s R’ ds —R“

@t _ v & _-T B d
P



BAI TAP
5. Xdéc dinh t6c dd (dudmg cong) cha cdc ham vecteur trong mat
phang:
Dr=at+¢
2) T =at” + bt
3) T = acost + bsint
4) T = acht + bsht
vGi a, b, ¢ =const,a Lb.
Bai gidi
1) Giasira =(a,,a), ¢ =(c,,¢,).
Chi¢u t = at + ¢ trén ba truc ta c6:

X =a,t+c¢,

y

£l},l + Cy

Pay 1a phuong trinh tham s6 (1) cta mot dudong thang. Vay tdc do
clia ham veeteur da cho 1d mot dudng thang.

2) T = at® + bt (1)

tA = [l 7b = H‘t (vi @ L b), khitt: ( 4) -4
a”
Véi b = (b,b), a =(a,a), T =(x,y) tacé:
,_ b
(xb, + yb)" = T(xax + ya\)
a- ’
bat: Y = xh, +yb, X =xa, + ya

thi ta ¢o:



Vay 18c¢ do6 cha (1) 1a mot parabole.

»
3) T ¥ = acost + bsint, nhan 2 v& lan lugt véi a, b va chd y
abh =0, tacé:
Ta = a“cost
rb = bsinl

Do dé ta ¢6 phuong trinh phai tim:

G,

4 3
a b

6 1a phuong trinh cua mot ellipse.

4) Tuong tg, phugng trinh t8¢ dd cha ¥ = acht + bsht 1a dudng
hyperbole.
) . =\2
w6,
a® b*

6. 1) Tim thé tich I6n nhat cha hinh hop dung trén 3 vecteur:

a=i+4+°k
. S -
b:Z[]—J+lk
¢ = -tT+j+k véiO<t <L,

2) Xdc dinh qu¥ dao, van toc¢, gia téc cla chuyén dong ¢é phuong
trinh:

T = 1cosacosot+ jsinacosot + ksinot
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Bai gidi

1) Ta biet V = [@ b, 6_]
1t ot

hay V=[2t -1 | =+ 1)
S E

V' =41(* + 1) 2 0, do d6 V 14 ham don diéu tang:

Vo =V(D =4 vi 011

2) Ta cd x = cosa.cosmt

sino.cosmt

y
z = sinot
Binh phuong 2 v€ réi cong lai ta ¢é:
X +y +zi=1
T 2 phuong trinh déu ta ¢é: y = tgo.x.

Vay quy dao cltia chuyén dong 1a dudng tron (16n):

{x2+y2+zz=1

y = tgo.x
Van toc:
V=i'=1i .(- ocosa.sinmnt) + 3 (- osinotsina) + K .ocosot
Gia toc:
A= 7" = i.-olcosacosnt) + 3 (- osinacosot) + k. (- o3sinot)
.\—/i = \/(n2 cos” asin® ot + o> sin® otsin® o + @° cos® ot = ‘(n‘

Iﬁ] = ®°.



7. Tim cdc vecteur T, V, B cua cdc dudng:
1) x = tsint, y = tecost, z = te' tai géc toa do
2) x = cos’(, y = sin't, z = cos2t tai mot diém tuy y.
Bai gidi
1) Tacd: . x' =sint + tcost, X" = 2cost - tsint
y' = cost - tsint, y" = - 2sint - tcost
z'=e +te',z" =2e' + 1!
x'(0) =0, x"(0) = 2,y'(0) =1, y"(0) = 0, 2'(0) = 1, 2"(0) = 2
Theo (2.2), ta ¢o:

. 01 +1j+1k
T
YO +17 + 1

ij ok
011
2.0 2

—.l
4
Fol)

N

2) X' = - 3cos’tsint, y' = 3sin’tcost, z' = - 2sin2t

_ = 3cos tsinti + 3sin° tcost} - 2sin2tk’
T =

\/9cos4 tsin” t + 9sin® tcos” t + 4sin” 2t

3costi - 3sin t] + 4k
5

Tuong ty:



dcosti — dsin I] - 3K

p = .

sinti + costj

<
I

»

8. 1) Viét phuong trinh coa ticp tuyén va phdp dién véi cdc dudng:
- . . . i
a) x = Rcos™t, y = Rsintcost, z = Rsint tai t = I

byz=x+y,x=ytai(l,l,2).

2) a) Vidt phuong trinh cha ti€p tuyén, phdp tuyén chinh va tring
phdp tuyén tai | diém M tuy ¥ ciia dudng:
4 3

t { 1?
X:—-’y:— 7 =

13

4 3 2
b) Tim M wrén duong tai dé ti€p tuyén song song vGi mat phang:

X+3v+22-10=0

Bai gidi
. . R R
D Tart= E,lacox: —,y=—,z= &/_‘2_
4 2 2 2
X' = - 2Rsintcost, y' = Rcos2t, 2’ = Reost

. R

by T
X'(=)=-R,y(—=V=0,2'(—) =
4 7y 4

2
Do dé ta ¢6 phuong trinh cua ti€p tuyén véi dudng cong tai t = %:
R R RV2 R R RV2
X — =y = - 7 — - X - - Yy - e e
2 _ 2 _ 2 2 2

hay = =

2
~-R 0 RV2 2 0 -2
2

va phuong trinh cia phap di¢n véi dudng cong tai dé la:
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hay xvV2 -7 =0

b) Tirz = x* + yhX = v, col x = x(1), y = y(1), z = z(1), vd 1dy dao
ham 2 v& cidce phuong trinh da cho theo t ta ¢6:

[2xx" + 2yy' = 7
=y

Tai (1,1, 2) ta cod hé:

3

J2x' +2y' =7

=y

—
]
I

« Do do:

__,
\-
[T
£ o=
><-

va phuong trinh cta tiép tuyén vi phdp dién véi dudng cong tai (1, 1, 2)
la:
X — 1 v —1 -2 -1 v—-1 _z-2

X
= = hay = =
x' x' 4x' i | 4

x-DI+y-1+(z-2)4=0
hay x +y+4z-10=0
Chii ¥

C6 thé dua phuong trinh cua dudng cong vé dang tham so: .

-~

X=ty=17=2t.

Na)ylacd: x' =0,y =t7,2 =1
X"=30, y" =2, 72" = 1.
Theo (2.2), vecteur chi phuong cua:
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- Tigp tuyén: T = () = (6, 15,0

- Tring phdp tuyén:

ik
B=F AT =0 tot]=-0620,-1) °
3221 1
- Phdp tuyén chinh:
i ] kK
N=BAT=]-t2 2t =t =@+, -0+, -t*-209.
S T

Do d6 phuong trinh cia ti€p tuyén, phdp tuyén chinh, tring phép

tuyé&n tai M tuy ¥ cia dudmg da cho la:

l4 (3 t: l-l I3 tE
X — - \ 7 - - X — - y—; 7z — ——
4 = = 3 = 2 hay - 4 - - 2
¢? ° t {2 t 1
. ¢ 0 ) 2
4 Y 3 - 2
2t + ¢ -7+ =t -2t
X [4 y t?’ Z lz
hay 4 - 3 = ;
o+ 2t -t 27—t
! t? t: t* t? ¢
X - -— y - AR X = y—z Z - —
:L = ‘7, = 42 hay - S 2 = 12
-t- 2t -t -2t t2

b) Biéu kién dé ti¢p tuyén song song v6i mat phang x + 3y + 27_-

10 = 0 la:
Fl+t3+1.2=0hayt*+3t+2=0
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Do dé: t =- 1,1 =-2valtatim duge 2 diém: M, ( 1/4, - 1/3, 1/2),
M, (4, -8/3, 2) tai dé tip tuyén song song véi mat phang da cho.

9. Viét phuong trinh mat phang mat ti€p, phdp di¢n va mat phang
truc dac cua cdc dudng:

1) x = teost, y = tsint, z = bt (xodn dc conique) tai géc O;

2yx=e,y=e',z= 142 tai mot diém bat ky;
DX Yy +27=6,x -y +2 =4t M(1,1,2);
4 y?=x, x = z tai mat diem tuy y.
Bai gidi
1) Piém (0, 0, 0) tmg véi 1 = 0.
Tacé:  x'=cost - tsint, y' = sinl + tcost, z' = b.
X" =~ 2sint - tcost, y" = - tsint + 2cost, z" = 0.
Tait = 0: x'=1,y'=0,2=b
x"=0,y"=2,2"=0.

~ Do d6 ta ¢6 vecteur phdp clia phdp dién, mat phang mat tiép, mat
phang tryc dac va phuong trinh ctia chiing 1an lugt la:

T=(l,0,b)_,(x-0).l+(y-()).(J+(z-()).b:()hayx+bz=0
ik

B=| 0 b|l=-2bi=0j+2k
02 0

(x-0.(-2D) +(y - 0).0 + (z- 0.2 =0 hay bx -2 = 0.

ik
N=BAT=|-2b 0 2/ =0i +2b>+)j + 0k
1 0 b

xX-0).0+(y-M2b "+ D+ (z-0.0=0hayy=0.



2) Tuong ty nhw 1):

Phdp dié¢n:

e'x -e'ly +\/5 2+ 2(t+ sh2t) = 0.

Mat phang mat ti€p:

c"x—c‘y-\/g.z+2t:().

Mat phang truc dac:

X+y -\/5 sht.z + 2(tsht - ¢ht) = 0.

3) Coi x = x(t), y = y(1), z = z(1), lay dao ham 2 v¢ cdc phuong trinh
da cho theo t:

IZxx' +2yy' +2722' =0 0
IZXX' - 2yy 4+ 272 =0
Tai (1,1, 2) tacd hé:
[x’ +y +22' =0
1x' -y +27=0
Xét mot nghiém khédc khong ciahé x'=2,y' =0,72'=- 1.
Ta ¢6 phuong trinh phap dién cua duong tai (1, 1, 2):
(x-D2+(y-D.0+((z-2)-1)=0 hay 2x -z =0.
L.ai 18y dao ham hé (1) theo t ta ¢6:
fx'z + y'2 + 727 +xx" + yy' 422" =0
1x'3 +y7? 42 xx" -y 472 = 0
Tai (1,1, 2) tacd hé:
[Xn + yn + 7!! =_5
Ix" -y +z"=-5
Lay mot nghiém cha h¢ x" =-1,y"=0,2" = -2.
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Ta ¢6:

1 3 kK
B=1[2 0 —1]=(0,5,0)
-1 0 -2

va phuong trinh mat tiép phai tim la:

(X-DO+5(y-1D+(z-2)=0hayy-1=0

i j Kk
Tacst: N=BAT={0 5 0|=(50,-10).
2 0 -1

do dé phuong trinh mat phang truc dac phai tim 1a:

(X-DED+(y-DO+(z-2)-10)=0hay x +22-5=0.

4) Tuong tu nhu 3):

7 =1
2 _ oy = x'
Iy X =X = x':L
1x3 — 2xx' = 7' 2x
, X 1
vV = =— = ——
2y  4xy

Phuong trinh cua phdp dién:

1l

(X - x).——l— + (Y - y).—l— +(/-72).1=0
2X

4xy
hay V(X -X)+ (Y ~y) + dy (7 -2)=0

Tuong ty, ta ¢6 phuong trinh cua cic mat phang mat tiép va truc
dac:

Oy (X -x) -8y (Y -y -(Z-2)=0
(1 -32y)(X - x) - 2y(12y* + INY -y) + 2y"(8y  + 3WZ -2) = 0



10. Tim do cong cua cdc dudng:
1) x = tcost, y = tsint, z = bt tai (0, 0, 0);

2) x = Incost, y = lnsint, z = t\/E tai (x,y,7);
3) x* = 2az, y* = 2bz 1ai (x, y, 2);

HxP -y +z =1,y -2y +z2=0.
Bai gidi

1) Theo (1) (2.3) ta tinh: l?‘ A 1"'| va

f'l“ tai t = 0.

_[rar]

o

Ta sé& co:

Theo 1) bai 9, ta ¢é

AT = Je2m? + 20 =2l + b
fr = ()

Do d6 do cong phai tim la:

2\/1 +b? 2

k= =

(mf 1+ b’

. —sint " 1
2) x =Incost, X' = =-tgl, x" = - ——
cost cos™ t
cost " 1
y = Insint, y' = = cotgt, y" = -
sin t sin- t

Z=‘J5,Z'=-J5,Z":
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1 ] K
e } ot 14 2
rAr'=| ~tat cot gl \6 J_ ‘/_ .
| 1 sin? t cos® " sintcost
- S - 0
cos™ t sin- t
3/2
= 3 1
AT = _ F[ = (———-—J
sm' tcos t Sin~ tcos™'t
Do dé:
.2 A \3/2 -
V2 (sm' tcos” t) \sm 2t‘
k = . 0 ~ . =
sin” teos” t 1 V2

-

= 2az

= 2bz

L)

X =1t
b
y = t,/—t
a
2
Z=—
2a

Tatinh: x'=1,x"=0

y'= = E,y":()
a
1] l " 1
7'= —,2" = —
a d
Do dé: Ix A 1"[ =

|

, dua v¢ dang tham s&, dat x =t thi hé trén ¢6 dang:

47



4 N3i2 32
3 b t” / a+b 2u
" =1+ =+ — = + =

a a~ a a”

(a +b+ 2z)3/:

= — (vi theo trén t* = 2az)
S 4 L]
a
g 12
Vay: k= )

(a +b+ 22)3/2

2 {xz—y2+zz—]

-

(N
y =2x+z2=0

Coi x = x(1), y = y(1), z = z(1) va 1dy dao ham 2 v& ctia he (1) theo t,
ta ¢é:

2xx' — 2yy' + 277 =0
ot (2)
2yy' = 2x'+ 72 =0

Tai (1,1, 1) ta ¢6 hé:

X'—-y +7'=0
-2x'+ 2y + 2 =0

Lay mot néhié_:m ciahénay: x'=1,y'=1,2=0
Lai 1&y dao ham 2 v¢ cta (2), theo t ta ¢6:
fx" — vyt 2 Axx" -y 422" =0
2y'2+ 2yy" = x"+ 272" =0
Tai (1, I, 1) tacé hé:
[Xn _ yn + Z" =0
12}/"— 2x"+ 7" =0

[.dy 1 nghi¢m cia h¢ nay:
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N
=Y Tt Eg
i k

. Lo 0
1

Dodé: k= = =

i+ 3z

1/3 -2/3 ‘/1_2_ Ja
?.

11. Tim d6 xoan cua cdc dudng sau tai mot diém tuy §:

1) x =e'cost, y = e'sint, z = ¢!

2) x = acht, y = asht, z = at
3) 2ay = x°, 6a'z = x°
4) x = acost, y = asint, z = bt (dudng dinh 6c¢ tru tron xoay)
(Tinh ca do cong).
Bai gidi
1) Theo (2.3), ta tinh:

X' = ¢'(cost - sint), y' = e'(cost + sint), z' = &'

X" = - 2e'sint, y" = 2e'cost, 2" = &'
X" = - 2e'(sint + cost), y'" = 2e'(cost - sint), 2" = e'.

e'(cost ~sint)  e'(cost + sint) e

(f', T, f"') = ~2¢! sint 2e! cost e

—2e'(sint + cosl) 2e'(cost —sint) e

cost — sint cost +sint 1
= e¢Ml—(cost + sint) cost ~ sint 0

—3cost — sint  cost — 3sint 0O
(1ay hang dau trir cic hang sau)
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= ¢™'(- cos’t - sintcost + 3sintcost + 3sin’t +

+ 3cos’t + sintcost - 3sintcost - sin’t)

= 2™
Tuong tir:
. L 3
- - -2
; i K
2 . )
lr' A r"| =|e'(cost — sint) e'(cost + sint) e
—2¢' sint 2e' cost et
2
. 2 . B
= (e'\/(smt: cost)' + (Cosl + sin t)2 + 4) = Ge™'
2eM e!
Vfiy: T = = P
Ge™! 3

2) x =acht, y = asht, z = at
x'=asht,y' =acht,z' =a
x" =acht,y" =asht,z" =0

(1}

x"" =asht, y"" = acht, z"" =0
asht acht a

(F', T, ?"') = lacht -asht 0| = a*(ch®t - sh*) = a°
asht acht 0

-

el

- 2 1 o) 1 ) 1 k) n a
|r' A r”| = [\[214511“1 +a‘eh’t + a“‘(sh‘t - ch‘l) ] = 2a'ch™t

3
Dodé: T= _z: — = lﬁ .
2ach "t 2ach-t

3) 2ay = x?, 6a*z = x* (1)



Ta dua phuong trinh cia dudng (1) vé tham s6.

2 3
bart: x:[,y:l ,Zzt__
2a 6a-
t t°
Dodé:* x'=1,y'=—,2'=
a 2a
1 t
xn=0, yn= —,Z"= "‘T
a a~
ey me " ) l
X"=0,y"=0,z" = —
a2
t ot
1 - 2
a 2a°
~ = = 1 1
(l_v, rn, run) — 0 1 ——’,_ — _‘;'
a a- a
1
0 0 -
a2
34 2]
- 2 t t” 1
lr'Ar"l = —— i+
4a a a”
1 1
T= ¢ 2 1 = 4 2
a}| — + — + — — +— +a
126t al 4a’ a
. R 3 . 1 a
Theo trén: t* = 2ay,do d6: T = —; = .
LA 2y +a (y * a)
a

4) Ta ¢6: x = acost, y = asint, z = bt
X' = asint, y' = acost,z'= b

n

X" =-acost,y" =-asint,z" =0



x"" = asint, y'" = - acost, 2" = 0
IT" A f"\ = \/a:b' sin“t +a’b cos’l +a° = a\/a2 +b°
(f',?",i:”') - a:b, i‘v| - 'az + b2
A a’b b
Do dé: T= —— — = —
a"(a'+b') a~ +b”
o) )
a\/a“ +b- a
k= N /2 T2 2
RS

Vay, tai moi diém cla dudng dinh 6c, do cong vh do xoan cia né la
nhitng dai lugng khong déi, ngudi ta ciing ding tinh chit ndy dé dinh
nghia dudng dinh 6c¢.

12. Chimg minh rang:

1) Néu d¢ cong tai moi diém cia mot dudng bang khong

thi dudng

dé 13 mot dudng thang.

2) Néu do xoan tai moi diém cba mot dudng bang khong

thi duong

dé6 12 mot dudng cong phang.

X
3) Pbuong <y
z
phang chita né.

Bai gidi

H

I

1+ 3t +2t°

2 -2t + 5t 1a mot dudng cong phang
el

1 -1t

. Tim mat

1) Ta bi¢t do cong cha dudng la:

T o= x(D1 + y()j + z(Dk

AT

|

o= AT

A >
3

Pl



k=0 = [f’ A ?"l = 0: ¢6 thé xay ra ba trudng hop:
U'=0=2x"=0,y=0,2"=0
= X=¢,Y=C¢C,2z=cy d6 12 mot dudng 1h§mg
hoac .
"=0=x"=0,y"=0,2"=0
= x=at+a,y=bt+b,z=ct+c,

Vay dudng cong 1a mot dudmng thang hoac ¥ =0, ™ 20 = 7' // T
X" W
l]ay — = y— = — :(p(t).
X y

)

Do dé:
dinx' = p(t)dt = Inx' = f@(t)dt
= x'= o0 Sy = x = J"P(t)dt +C,
Tuong tu:
y = [POdt+Cy, 2= [P0t +Cy

x-C _y-GC, 7-C;3
1 1 1

Pay 13 phuong trinh clia mét dudng thang.

‘o . . \ - sy d
2) Ta bidt (2.3) do xoan T cha dudng cong r =r()1aT = :12 .
]

. e d = D e
Theo gia thiet T = 0, suy ra —P = 0 hay B = const tai moi diém cua
ds

dudng cong, matkhac 3 L v, B L T,dodé T, ¥ ludn luon nam trong

~ . 2 - P b . N\ 2
mot mat phang, nghia 1a duong cong la dudng cong phang.



X

1+ 3t + 2t°
3) {y=2-2t+5t%,

z=1-1¢°

X'=3+4t,x" =4,
y'=-2+10t,y" =10
z'=-2t,z" = -2

i i K
3441 -2 410t -2t
. PAT 4 10

_ _ “2| 41 +6) +38k
e AT [ AT V1198

szlyf*) = const, theo 2)-du6ng cong 12 dudng cong phang.

Liy 3 diém trén dudng cdng (khong thang hang):
M, (1,2, 1) véi t = 0;.M(6, 5, 0) véi t = 1; M4(0, 9, 0) véi t = -1.
Mat phang qua M,, M,, M, chinh 13 mat phang chfa dudng cong,
phuong trinh ctia mat phang dé la:
x -1y -2 z-1
5 3 -1
o | 7 -1

=0hay 2x + 3y +z-27 = 0.

§3. TIEP DIEN VA PHAP TUYEN CUA MOT MAT

3.1. Mt cho theo phuong trinh khéng gidi

Trong R*, cho mat S, ¢é phuong trinh khéng ¢iai:
& 0 I=) o T

F(x,y,2)=0 . (D

Né&u F la ham lién tyc trén S thi S goi 12 mét mat lién tuc.



Néu t6n tai F°,, F’,, F’, lién tyc tai (x, y, 2) € S va:
F, +F +F #0
khi d6 (x,y,2) € S goi la mot diém binh thudng.
piém M(x, y,z) € S: F, + F; +F,” = 0, hay ft nhat mot trong

F_, F_, F, khong tén tai goi 1a mot diéin bat thudng ca S.

Xt M(x,y,2) € Sla my(f)l diém binh thudng.

Phuong trinh cha ti€p dién va phédp tuy&n véi S tai M 1a:

(X=X, +(Y =y)F, +(Z-2)F, =0

va ' — = — = _’ v (1)

X, Y, Z latoa do cua M bat ky thudc ti€p dién va phap tuyén.

N =( l"_; . l";. , l";) 201 la vecteur phdp tai M(x, y, z) cua S.

Bac biét S ¢6 phuong trinh: z = {(x, y) thi phuong trinh cua ti¢p
di¢n va phdp tuyén véi S tai M(x, y,z) € S la:

(X = 0f +(Y =Py ~(Z~2) =0 2)

3.2, Mat cho theo phuong trinh tham sé

Trong R?, xét mat $ cho theo phuong trinh tham so:
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X = x(u, v),y = y(u, V), z=7(u, v), (1, v) € D (hH
Phuong trinh cua ti€p dién va phap tuyén véi S tai M(x,y,7) € Sla:
X-x Y-y Z-12
L. yu z, =0 .

v y Ad Z v

A B C
. 7. V4 X .
trong dé: A= y“ YW B=[V s C=1ln y}\ )
Yo 7y Zy X, Xy ¥y

N = (A, B, ©) 1a vecteur phap cia S.
BAI TAP

13. Vié&t phuong trinh cta tiép dién va phdp tuyén véi cde mat sau:
1) 3xyz-z' = a' tai M(0, a, -a).
2) z= x>+ y* tai M(1, -2, 5).

3) X7+ y* + 727 = 2Rz tai M(Rcosa, Rsina, R).

~ )

X" A e ara . N
4) — + _y_: +— = 1, ti€p di¢n giao véi cdc tryc toa do nhitng
a- b~ c” -
doan thang (tinh tir g6¢) bang nhau.

5) x = acosBcosy, v = beosBsing, 7z = ¢sind tai (¢, )
0) X = rcos@, y = rsing, z = rcotga tat (@, 1).

Bai gidi

]-) Tacé F=3xyz-7" -a'=0

. =3yz, F,(M) = -3a°



= 3xz, F (M) =0

F, =3xy - 37%, F,(M) =-3a°

Z

Theo (1) (3.1), ta ¢6 phuong trinh cta ti€p dién va phdp tuyén véi
mat da cho tal M:

3ai(x-0)+ O(y-a)-3a’(z+a)=0 hay x+z+a=0

X -0 —a Z+a X —-a Z+a
va — = Y = — hay — = y =
—3a- 0 —3a- 1 0 1

2)z=x"+y  M(l,-2,5)

Tacé: z, =, =2x, f, (M) =2

z, = [, =2y, f,(M) =-4.

Theo (2), (3.1), ta ¢6 phuong trinh cta ti€p dién va phdp tuyén véi
mat da cho (paraboloide tron xoay) la:
(X-D2+y+2)-H-(z-5=0
hay 2x -4y -z2-5=0

va

2 -4 -1

x-1 _y+2 z-95

3) x*+ y* + 27 = 2Rz M(Rcosa, Rsina, R).
dday: F(X.y,2)=x"+y +2°-2Rz=0

F, =2x,

X
F (M) = 2Rcosa, F (M) = 2Rsina, F, (M) = 0.

Do d6 ta ¢é phuong trinh cta ticp dién va phdp tuyén vét mat da
cho (mat cau) la:

(x - Reosa).2 Reosa + (y - Rsinw).2 Rsin + (z - R).0 =0



hay xcosa + ysina - R =0

va x —Rcosa _y —Rsina _ z-R
) cosa sin o 0
HOday: F=1 L 2 10
a~ b~ ¢
2 2 2
Fo= 5 Fo= 3 F=2
a” b~ c”

Do d6 phuong trinh cua ti€p dién véi mat (ellipsoide) tai M(x, vy, z)
cuia mat la:

X-0ZX s y-nEiz-nE-o
a- b c”

2

xX | yY  7Z L X7 7
hay —5+yq+—7=1(v1 q_+y5+ — = 1).
a” b~ ¢’ a” b~ c”
Tiép dién ndy cat cdc truc toa do tai:
2 e} )
a” b- c”
X=—, Y= — . Z=—
X y z
o e s a’ b’ ¢’
Theo gia thiét thi: |X| =|Y| =lZl hay: — = — = — =1t
: Ko b H
o) ) )
. a- b~ c”
Do dé: |x|=—, y'=——,l|=-—
t
Vi M(x, y, z) € mat nén:
at b* c?
) + ) + 20 = l'
a’t- b-t- ¢t
Do dé6: t=tqa” +b +¢°
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2 2

5

'l“ . - C..

X = -_F——_—( 'y = i————————-—b ; +
\fag +b2 +¢? \faz +b? 4 ¢l

Vay phudng trinh cia ti€p dién cia mat la:

iXiYiZ:i\/az +b° +¢

va phuong trinh cua phdp tuyén ctia mat la:

X -x _ Y -y Z -z

hay: = =

5) x = acosBcos@, y = bcosOsing, z = csind

Theo (3.2), xét vecteur phdp ciia mat tai (¢, 0).

i j k

—asinBcosqp — bsinOsing ccosO

Z.
1

—acosOsing bcosOcosp 0
= {— e cos® Bcose, — accos” Bsin g, — ab sinecoqe}
Do dé phuong trinh cua ti€p dién va phap tuyén tai (¢, 0) cia my:
(x - acospcosd)beecos Ocosp + (y - bcosOsing)accos’Osing +
+ (7 - csinD)absinfcosb = 0

X . z .
hay: —cosBcosp + %cos()sm(p + —sinB =1
a N



x —acosOcosp _y - becosOsing _ z ~ csin®

vi
beccos™ Ocos@ accos” OUsin g absin 0 cos 6

I xsecOsccp —a  ysecOcoscep — b zcosecd — ¢
hay = = .
be ac al

6) X = 1CosP, Y = Ising, 7 = rcotgo.

Tuong tu 5):
i 3 k
N =1 coso :sin(p cotga| = (- rcolgacos®, - reotgasing, r)

—rsing rcose 0

Liy N = (cos@, sing, - tga).

Ta ¢6 phuong trinh cha ti€p dién va phdp tuyén vdi mat tai (r, @)
cua mat la:

(X - rcos@)cosp + (y - rsing)sing + (z - rcotga)(- tga) = 0

hay xcos@ + ysing - ztga. = 0

X —rcos¢ _ y-—r1sing _ 7 - rcotga

va -
cos s ¢ — lga

14. 1) Trén mat x* + y° - z° - 2x, tim nhitng diém tai dé tiép di¢n
song song v@i ciac mat prang toa do.

2) Tim g6c gilta cdc mat: x> + y* = R*, (x - R)* + y* + 2> = R tai

R 3
mR RS )

2
X~ ’
TS A

=1
Y ki Y
a b- c”

3) Tim céde diém trén mat

tai d6 phdp tuyén clia mat hgp véi cédc truc toa do nhitng géc bang-
nhau.
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4) Ching minh rang phdp tuyén tai mét diém bat ky trén mat tron

Xxoay z = f(,}xl +y° ) (I = 0) cat truc quay cta nd.

5) Tim hinh chidu clla mat x* + y* + z° - xy - | = 0 trén cdc mat
phang toa do.

Bai gidi
1) F(x, y,L)—-x +y zZ2-2x=0 (D

Nz s X 4 Lot A . ya z 2 A ~ 3
Cac diém tai d6 1i¢p dién song song vGi cdc mat phang toa do la céc
A H z e a7 - N 2 s = 2 A
diém tai d6 phdp tuyén cia mat thang géc véi cdc mat phang toa do:

O day:  F,o=2x-2,F=2y,F, =-2z.

Vay vecteur phdp clia mat tai (x, y, z) cta mat la:
N = (2x - 2,2y, - 22)

N L yOz = 2y = 0, 2z = 0, thay vao (1) ta cé:
x*-2x=0hayx=0,x=2

Vay ta cé 2 diém (0, 0, 0) va (2, 0, 0).

N LxOz=2x-2=0,2z=0hayx=1,2=0

Thay vao (1) tacé: y*- 1 =0 hay y = + 1.

Vay ta dugc 2 diém (1, * 1, 0).

N L x0y = 2x-2=0,2y =0, thay vio (1) tacé: -z - 1 = 0
phuong trinh nay vo nghiém, vay khong ¢é truomg hop nay.

. . ~ . R R o
2) Géce gifta hai mat da cho tai M (— 5 f . 0) 1a g6 gitta 2 1ép

dign cia 2 mat tai di¢ém d6 hay géc gifia hai phdp tuy&n cha hai mat tai
diém dé.

0O day: F(x,y,7z)=x"+y -R°=0
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F,=2x,F,=2y,F, =0
F,(M) =R, F,(M) = RYJ3, F,(M) =0

RRf

Vay phdp tuyén cliia mat thit nhat la: Nl = (— —,%0).

Tuong ty, phap tuyén clia mat thi hai 1a: N, = (—, —=, 0).

Vay géc giita 2 mzjlf da cho duge xic dinh bdi:

R®> 3R?
. - - + - 1
cosPp = 4 4 ==
JR3 3R? [R?  3R® 2
+ +

4 3 Va4 4

3) G day:  F(x,y, z _
a - c”

Lo L 2

F, = )3(’Fy=221’Fz=_f

a b~ c”

- X y z
—~, —)
a b- ¢~
Pé phdp tuyén ndy hgp véi céc truc toa do nhing géc bing nhau
thi:

X _y _z _
PERRCEE
Do d6 x = a’t, y = b’t, z = ¢’t, thay vao phuong trinh caa mat ta cé
a*t? b*t® c*®
— + — + —— =1
a” b- ¢
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4) Mat z = f(,/xz + yz) 12 mat tron xoay truc quay la Oz, vi cho

z = ¢ = const thi X* + y* = [f’(c)]* 12 phuong trinh dudng trdn tam

Oz. Phdp tuyén cua mat nay la:

Wz

= z fl‘,, J f>,'—l ,u= - =
JXZ + y2 sz + y2 ’ ! e

R& rang dé N cat truc Oz thi 3 vecteur N, OM, K.

(M (x,y,z) € mat k : vecteur don vi trén Oz)

Mat khdc, diéu kién déng phang clia 3 vecteur nay la:

-1

L f, A
NP S
X y 2z =0

0 0 1

trén

RO rang dinh thice nay bang khong véi moi M (x, y, z) clia mat vay

moi phdp tuyén ciia mat déu cat truc quay.

5) budng ti€p xde cua mat véi mat tru chi€u cha mat nay trén mot
mat phang la quy tich nhitng diém tai dé ti€p dién vdi mat da cho thang
g6¢ v6i mat phang chi€u, hay ciing thé: phap tuyén v6i mat da cho song

song véi mat phang chi€u.
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() day, phap tuyén ctia mat da cho la:

N =(2x -y, 2y -Xx,27)
Xét: - Mat phang chidu I1a mat phang xOy c¢6 vecteur phdp
k = (0, 0, 1), theo diéu kién trén thi ﬁ: 0

hay: 2z.1=0=2z=0.

Vay hinh chi€u ctia mat di cho trén mat phing xOy la:

z=0
x° +y:' -xy—-1<0
- Mat phang chi€u yOz ¢6 vecteur phép i = (1,0, 0), theo diéu
kién trén I(],T =0hay 2x -y).1 =0 = x = % thay vao phuong trinh
clia mat, ta ¢6 phuong trinh hinh chi€u ciia né trén mat phang yOz la:

P:o

2
3
kl—+z2—1so
4
‘Tuong ty, ta ¢6 phuong trinh hinh chi€u clia mat trén mat phang
x0z la:
y=0

2

3,

X +22-1<0
4 .
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CHUONG 2

TICH PHAN BOI
§1. TICH PHAN KEP

1.1. Binh nghia - Tinh chdt

Tich phan kép ciia ham bi chan z = f(P) = f(x, y) trén mién compact
D la:

n
1= [[fPys = [[fx,y)dxdy = lim D f(x;,y,)AS,
D D d - 0[: 1
Véi moi cdch chia mién D thanh n phin riéng biét AS; ¢6 dién tich
_.cing 1a AS;, vé6i bat ky Py(x;, y) € AS,, d = maxd,, d; 1a dudng kinh caa
AS, (dudng kinh ctia mot mién 12 khoéng céch 16n nhat gifta hai diém ty
¢ cua mién).

Moi ham f(P) c6 tich phan trén mién D goi 12 kha tich trén mién dé.

Piéu kién Riemann. Pidu kién cin vd di dé ham bi chan f(P) kha

tich trén mién compact D la:

Im(S —-5s) =0
d-~->0

11 n
véi s = ZlniASi ,S= Z:MlASl
(e i=1
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m, = inf f(p), M;= sup f(p)
- p £ AS; p e A

- Moi ham lién tuc trén mot mién compact déu kha tich trén mién
dé.

Tich phan kép ¢6 cédc tinh chét twong ty nhu cdc tinh chat cua tich
phan don (tich phan xdc dinh).

Vé hinh hoc: Tich phan kép I = Hf(x,y)dxdy vé6t f(x, y) = 0 biéu
D

thi thé tich hinh tru cong gi6i han béi mat .# z = f(x, y) mat phang xOy,
vd mat tru dudng chudn 1a bién ctia D va dudng sinh song song véi Oz
(hinh 18). Neuf<O0thiV = _Ulf(x, y)ldxdy

D

Hinh 18.

Vé co hoc:

- Néu coi p = f(x, y) = p(X, ¥) > 0 12 mat do khéi lugng (mat) coa
mién D thi khéi lugng ciia mién D Ia:

m = ” p(x, y)dxdy .
D
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1.2. Céch tinh
- Xét mién gidi han bdi cdc dudng lién tuc:

Y=y (X),y =¥.(X), y(X)Sy(Xx) asxgh.

va cac dudng fhflng X = a, x =b (hinh 19).

Y
Yo ()
|
|
¥y(x)
0 a b X
Hinh 19.
Va(x)
Néu ham f(x, y) kha trén D khi x = const, O(x) = _[f(x, y)Ydy tén
¥1(X)
b yatx)
tai, thi tén tai j If(x, y)dy |dx
2\ yiixi
b yaxi b yaxi | )
vi: I= ”f(x,y)dxdy = J‘ jf(x, yidy [dx = ~“dx 'ff(}(, y)y .
D a\ yr(x) - a V1(X)

- Né&u D gi6i han bdi cdc dudng lién tyc:

X =X(y) £X £x(y),¢c Sy <d (111;111 20)

thi: I= _U f(x,y)dxdy = ]!dyxgjyf'(x, y)dx
D c Xp(yi
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C6 thé thay déi thi ty 18y tich phan theo x va theo y.

y
d
X,y Xy (y)‘
. \ :
0 X
Hinh 20.

1.3. @uy t&c d8i bién t8ng quét
Xét z = {(x, y) lién tyc trong mién compact D, d¢ tinh:
I= .U f(x,y)dxdy
D
Ta dat: x =Xx(u,v),y =y(u, V) (D
Néu: .

1) Cdc ham (1) ¢é céc dao ham riéng lién tuc trong mién
compact D' ciia mat phang O'uv . —

2) Céc ham (1) xdc dinh mot song dnh tix D' vao D.

ox X
DX.Y) _lau v
Je= —=" = # 0 trong D’
D(u, vy |&y oy| 7T
cu ov

thil= ” f(x,y)dxdy = ” f[x(u, v), y(u, v)] |J! dudv
. s "
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Ddce biét: x =rcosp, y = rsing (u =1, v = @) thi IJI =7

va I= ” f(x,y)dxdy = ” f(rcosq, rsin@)rdrde (Toa do doc cuc)
D D'
X = arcos@, y = brsing thi J = abr

va I= ” f(x,y)dxdy = Hf(arcosq;, brsin @)abrdrde (Toa do doc cuc
D D’

suy rong)

1.4. Ap dung

Thé tich vat tru cong:

V= [ j \f(x, y)ldxdy (D

D

Dién tich mién D:
;s:gd‘xdy‘x» (2)

Dién tich mat cong .7 (tron):-z = f(x, y) ¢6 hinh chi€u trén mat
phéng xOy 12 mién D: S

fc = _f\/] + f,;:(x, y) + f;.z(x, y).dxdy 3
! D '

/,,Trl"(‘mg hop mat S cho theo phuong trinh tham sé:

=x(un, v),y=y(u,v),z=2(u, V), (n,v) e D
thi: o= J._HEG - F*dudv
D

o ; 2 2 2
Vi E=X; +y, +2

G=x'T + y\‘ + 7' (4)

—— 1 1 t ! 't
F=x' X, +y,.y, +2,2



- Moment tinh M,, M, clia mién D, mat d6 khdi lugng p(x, y) (> C;
d6i vdi cdc truc Ox, Oy

M, = H yp(x,y)dxdy , M, = _U xp(x,y)dxdy
D D

Toa do trong tAm G ctia mién D

M 12 khéi lugng cha mién D:

M = [[p(x,y)dxdy )
D

- Moment qudn tinh I, I, I, cia mién D d6i véi cdc truc Ox, Oy va
g6¢ O:

I, = “‘yzp(x,y)dxdy .
D

I, = _szp(x,y)dxdy .
D

L = [[x* + y*)p(x,y)dxdy
D

Pac biét: mién D 13 déng chat: p = I.

BAI TAP

15. Vi€t cong thie tinh tich phan kép I = _U f(x,y)dxdy .
D

1) D 1a tam gidc ¢6 cdc dinh O(0, 0), A(1, 0), B(1, 1).

2) D 12 hinh thang ¢é cac dinh O(0, 0), A(2, 0), B(l, 1), C(0, 1).
3) D1a hinh vinh ron x> + y* 2 1, x* +y* < 4.

4) D gidi han béi cdc dudng y* - x* = 1,x*+y*=9,(0,0) € D.
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Bai gidi
1) Phuong trinh dudng thang OB 1Ay = x.
Do dé6 (hinh 21):

Y 8
I X
"= [dx[f(x, ydy
[¢] @
1 I
= [dy[f(x, y)dx. o A X
oy Hinh 21.

1

2) Phuong trinh dudng thang AB: y =3 x \(} == .

Vay (hinh 22):
8
C 1
1 1 2 T-x :
I= Idxff(x, yydy + 'fdx j'f(x, y)dy !
0 0 1 0 ! A
LAy 0 1 2 X
= fdy [fx, y)dy Hinh 22.
& ¢
3) Phuong trinh nira trén (du6i) cha cic duong tron la:
)’:,\14_"2 , Y = \/l—x3
(y:-,/4—x2,y=- 1_x2)
Do d6 (hinh 23):
W R
jdx jf(x yydy + J'dx .ff(x y)dy +
w2 \4 —x° L \4; X~
a2 —y
IR -
+ .fdx .ff(x y)dy + J'dx _ff(x, y)dy
-1 \l—x 1 »\;’:__xg

71



72

Hinh 23.

4) Phuong trinh ntra trén (dudi) cua dudng tron va hyperbole:

-y=\/9—x3,y:\/1+x: (y=-\/9—x3,y=- 1+x7)
Vay (hinh 24):
2 yo-x? NN 3 Y9-ad
I= J'dx J'f(x, ydy + j'dx _['(x, y)ydy + J'dx _ff(x, y)dy
-3 -~\“‘)~x: o- Vi x* : ~\f‘9——x2.
Y

T

: }

! .

-3 -2‘: 0 21 3 X

! :

[ )

I I

Hinh 24.



16. Thay déi thy ty cdc tich phan:

- q

a ya® - x

Dl= _(dx .(f(x, yidy

A
o az - X7

ol
. ~a

| 2 —x2
1= j'dx J'f(x, y)dS')\

5

1 V3T

NI = .[dv _ff(x y)dx

O
v

el

R\’_ s

R \R"»x

4 1= jdxjf(x y)dy + _[dx [fex, yxdy

0 0 R\ Q

e

Bai gidi
1)1:” + ﬂ (hinh 25)

D,:

Viy:

) Da y
D,
0<y<g -1 D
i
aj2
Jao —2ay<x<\/a
0 a X
g < y <a
S<YS
0 <x<qa” -y Hinh 25.
2 Y I
3 ya© - T yas -y
I = _fdy jf(x ydx + 'fdv _[f(x, vidx .
4} 0
\q - 2ay ;
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2) Theo hinh 26:

[= J'dy J'f(x yydx + _"dy J:f(x y)dx

- \J?. -y [ N
y
//
Ve
/7
Ve
Ve
LN SRR, V4
!
{
1
1 X
Hinh 26.
3) Theo hinh 27:
Voo y
j J'f(x y)dy +
0 0O 1 b e e~
}
i T 1
vi’ ¥3-x” :
1
+ _[ _[f(x y)dy 75 V3
Hinh 27

i3 PR

5

; TR -yl
I= _[dy Jf(x, y)dx .
d v



y
RZ| N
2 1
|
]
:
|
0] . RE R X
2
Hinh 28.

17. Tinh céc tich phan:

n

ni= (XY pocxsct0sy<.
p l+y"

D= H(x3 + y)dxdy, D gi6i han bdi: y* = x, y = x".
D

Hl= “\/4x3 - y2dxdy, D gidi han boi: x = 1,y =0,y =x.
D

4y 1= ”xydxdy, D: {(x m2T ryr sl

D y=0
[x = R(t - sint)
*5) 1= Uydxdy, D gidi han bdi (y = R(1 - cost), y = 0.
b 10 St<2n

X = 21(.?053 1

*0) 1 = nydxdy , D ¢gidi han boi {y =asin’t ,0<t Slzt—
D

x=0,y=0
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NHI= .‘-_Hcos(x + y)‘dxdy, D:0<x <, 0<y<m.
D

8)1I= ”‘/ly—xzdxdy,D:-ISXSI,OsySZ.
D

9) I= [[sign(x* - y* +2)dxdy, D: x* + y* < 4
D

1) I= [[Ex + y)dxdy, D: 0sx<2,0<y<2+
b E(x): phan nguyén cua x, E(x) < x.

1D I= [[xsin(x +y)dxdy, D: 05xs§ 0<ys<x
D
12)I= [f(2-x-y)*dxdy, D:
D
Bai gidi
5 1

Lo 2dy 1 dy N 1 n
NHI=|{d = “dx = | arctgy| = —
£X£1-+y (I £1+y 3, 2l =12

LWy
1= J‘ J. + y)dpdy (hinh 29)
0 2
1 2 v
1= 'f_dx[xzy + —] y
0 .2
1 4 |
- [ﬁ + x5 _Ljd :'
o 2 2 |
L
o} 5 0 1
X~ 2 72 ‘AX 33
=|— + =X - = —
4 7 10 140
Hinh 29.




j.dxj.,Hx: - y:dy (hinh 30):
0

Ni=
0

1 ' -~
1 2 4x- .
= j'dx[%w&x‘ -y o+ XTarcsmEy;J

0

¥ !
= J.[—ij' + 2x:.lr—)dx
2 6

0 O

|
|G

+
oA

(Ap dung cong thic:

j fa2 — x2dx = Ja +%arcsin}—+C).
a

Y

Hinh 30.

3 V"1~(x2—2»2
HiI= j.dx fxydy (hinh 31)
1

6]
I= J‘xdx[ > ]
1 o

Y
\1~(\A "

3 e m
!Ex[l_(x 2)][1)( 0‘ 1T 2 3 X

-

;_lf( x>+ 4x° —’%x)dx

w|;_

Hinh 31.



5) Ham f(x, y) = y ldy cdc gid tri bang nhau tai cac diém d6i xing

nhau qua dudng thang x = 7R

Do dé:
I= ”ydxdy = ZHydxdy (hinh 32)
D Dy
R wix) nR
=2 _[dx _( ydy = j.yz(x)dx
O ] 0
n , y
= J'Rz(l - cost)Z.R(l — cost)dt
0
n
= R3£(1 - cost) dt "'i /,f”
' 0 R 27IR X
n t n/2
= R3J83i11(’ —.dt = 16R? jsin(’ udu. .
o 2 5 Hinh 32.
t b
(~2— =u,dt=2du, 0<tsne=>0<u< 5).
5.3. 5
I=16RT, = 16R*.25L T = 2R3
642 2 2
i, = nﬁin" dx < (n —”l)!! . T . 1 chan
0 ne I:nlé y
. a
6) Tuong tu nhu bai trudce:
a yix) D
I= J.dx _[xydy (hinh 33)
0 0 0 a X
- ]x Y ) s Hinh 33.
Q 2
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0 2
— jacos3 laz sin® t(— 3acos” tsmt)dt = —-aJ' IC()SS lsm7 tdt
i/ [¢]

n/2
—;a4 I(l ~ sin? 1)2 sin’ tdsint
0

/2
3 . . .
Za? I(sm7 t = 2sin” t + sin*! Odsint
¢

8 10 12

n/2
. TS .17
3 4fsin®t 2sin'®q +sm"t} at
= &

7) Ham f(x, y) = |cos(x + y)l nhan cdc gia tri béng nhau tai céc

diém déi ximg doéi v dudng chéo x + y = n cta hinh vuong D (hinh
34}, do do:

!
A
a

1= 2ffle dxdy Dy 10 =%
= l_ij;l«.os(x +y){ xdy , D;: O<y<m-x

/

Hinh 34.

R& rang, trong mién:
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o]
IN
»

IA

:OSx+yS—§:>COS(X+Y)ZO

ISEEE SR

0<y<—-x

A N < -
\1/\ ?S-— /'L
OSXSE

2 :%Sx+y5n:>cos(x+y)£0

s
~—-X2y<7wT-X
5 y
s
—<X<7n b4
2 = —<x+ys<na=cos(x+y) 0.
O0<y<m-x 2

17
Vay:

n/é n/2-x n/? mox
I=2 jdx Icos(x + ydy - jdx Icos(x + y)dy -
¢} 4} O m/2 x

T n—X
- fdx Jcos(x + y)dy
n/2 0

w2 n/2 n
=2 '[(1 — sinx)dx + jdx + _fsinxdx =2m.

0 0 n/2

Do dé (hinh 35):

I= ‘H\/xz —ydxdy + J.J‘ y—x:dxdy
Dy D2

= j'dxx_‘:\/x:—ydy+j'dxj. y—x-dy
1o 2

&0



2l b
24, 23 1 2 232
= ;jl[x x|+ 2 - x%) ]dx = ,—+§£(2—X )2 dx
y
2{
1 K
b,
-1 0 I ox
Hinh 35.

batx = \/Esiul trong tich phéan sau, ta duge:

n/4 n/4 ~
: 1 1+ 2cos2t + cos™ 2t

I:l+—J‘4cos4tdl :—+ij4.( cos cos™ 20) 4

3.3 33 4
0 4]

473 cos 4t 5
=~1~+—j 2 hocos2t+ B g = 2y 2
33302 2 >t 3

0O

9) Ham f(x, y) = sign(x* - y* + 2) nhan nhiing gid tri bang nhau tai
cdc diém déi xing véi cac truc toa do trong mién D, do dé:

I=4 ”sign(x: —y7 + 2)dxdy
x2+_\3:,4
x20, v.0
Trong g6¢ phan tu thi nhat, hyperbole x* - y* + 2 = 0 va dudng tron

cat nhau tai x = 1, y =3 va hyperbole chia mién 14y tich phan thanh
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hai phdn ma x* - y* + 2 ¢6 dau khdc nhau (hinh 36). Cy thé trong D, va
D, y < 4x* + 2 hay x* - y* + 2 > 0, theo dinh nghia:

sign(x” - y*+2) =1

Hinh 36.

Trong D, thi x* - y* +2 < 0 vasign(x* - y* + 2) =~ 1.

Vay:
[ — Iy 4
1 yx~ +2 RIS R o TR
I= 4J'dx j'dy+.fdx jdy—jdx J'dy
0 0 1 O 0 \1/;:—:;

= 4 i(Z\/xz + 2 —‘ﬁ - x° )dx + j:\/‘l_:.x"_de

1

= 4(22\/{* +2 +21n(x +Vx° +2))

0
~

+ 4 [%\M -x° + Zm‘csin%j

1

1
- (-)25\/4 -x° + 2arcsin§]

4]
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1+43  4n
+—.
V2 3

= 8In

10) Ghia D thanh 4 mién D,, D,, D,, D, bdi cdc dudng thing:
xX+y=1,x+y=2,x+y=3 (hinh 37).

1
Dién tich cha ching 12 S,, S,, S5, S, thi §, =S, = 2 ;=S
Trong D:0<x+y<1L,E(x+y)=0

D::l.<xr+y<2,E(x+y)=l
Di:2<x+y<3, Ex+y)=2

Di:3<x+y<4

(theo dinh nghia cua ham E(x)).

Vay:

X=v
11) Déi bién
X+y=u
I= 0 1 =-1 = 1
1 -1

. u=x+y
12) D4i bién
v=Xx-y

SIS

,E(x+y)=3

y

[P

4
I= Z”I‘l(x + y)dxdy =S, + 28, + 3S, = 0.
K=1

{x:v
y=u-v
2v

x
= Z[vdv J'sin udu =1 - g

\4

u+v
X= —
2
= ;
y= U=V
.2

= I= 2j<1v2:[v(2-u)2 du =2
0 0

Hinh 37.

osve X
2

vus<y

uz0
v20

-vsu<2l2-v



18. Chuyén sang toa d6 doc cuc, tinh:

A

2

al 5 a

-S4yt g~

DHi= ”ydxdy,l): (x 2) Ty 4
-

y=20

DHl= H\/az - x" — ydxdy
D

a) D: X eytsal b) D: (X: +Y2)~ =a’(x’ -y
yzo0 x>0

3H1I= ”Sill\/X: +yidxdy, D: ©° < x* + y® <én?
)

y—ﬂdxdy,l): i +X‘;— <1
b.; ) -

X

-~ -
a

Hi=|

D

a b~

S)I= ”dxdy , D 2i6i han béi cic duong:
D

y:X,y:le,xy:l,xy:z.

0) 1= _dedy, D giéi han bdi dudng: xq + y\ = X—ﬁ +
D a” b- h-
(x,y)=0.
Bai gidi
1) Ta ¢6 X = rcosg, y = rsing, y
D D:0< < 0<r<ac
- D" _(p_E, <1 < acosg Y
Do d6 (hinh 38): I
m/2 acos¢ 0 a
I= _[d(p jr sin ¢p.rdr ]
0 0 Hinh 38.
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/
/2

acos g

_"Sin odo J' dr

QO

3G
&

n/2

2) a) Chuyén sang toa do doc cuc D - D: 0 < ¢ £ 7, 0

(hinh 39).
Do dé:

0

= } d(p} Ja_z——fz.l'dr

O 0

I

=
TN

I

| -

R

12

b) D: {(XE + y2)2 =a’(x? - y?)

x>0

= D .
-——2¢=
N

Do dé:

1= o ]

—mj4

OLI'Sa‘/(‘—sOST(P

i
4

1\, cos 2 (p

]

co a’
£ d =2
3 J ' ¢ coscp

(hinh 40)

acosp

do

<r <
y
0 a
Hinh 39.
y
g —
Hinh 40.
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ﬁvfcos @

3

= a_(l - 2J£|sin(p|3)

3

n/4
=2 g—- 42 I(cosg - l)dcoscp}
4]

L
/4
2
(]

3
=a—£_42M—COS(P
312 3

Do dé:

2n  2n

\/——Iﬂl—‘j('-fz)w

wia

n/4

0

aycos2

(1 - 2\/5|sin <p|3 )d(p {— - a2 _(sm (Pd(p:|

1642 - 20

9

-3) Chuyén sang toa do doc cyc: D > D 0 < ¢ < 2%, m <r < 27,

]_

I= jdcpjsmrrdr = 27t|:— rcosr| + —fcosrdr} =-6n°.
n

¢ n

4) Chuyén sang toa do doc cuc suy rong:
X = arcos@, y = brsing

thiD->D:0<¢@<2n,0<r< = abr.

Theo (1.3):

2 5 1
I= fd@jﬁabndr = 2nab[_ %(1 _ 1-3)3/' _
0 0 E

¢

2nab
s



5) Theo gia thi€t D gidi han bédi 2 hyperbole va 2 dudng thing (hinh

41).

y
2
0 X
Hinh 41.
Xy = u . . |1su<2
bat thi D - D"
y =wX lsv<4
Lo 13
1 LD L2
x=ulv 2 Suiiv - laiye 1
va ,1=12 2 = —
L p -4 L - 2y
=uly? —u 2v? —u?v 2
y=ulv > >
Vay theo cong thitc déi bi€n s6 tdng quét (1.3):
Ta cé:
2 4 1 1 4
1= [duf—dv = —lnv| =In2.
T 12V .

6) Chuyén sang toa do doc cyc suy rong (1.3):

J| = abr

X = arcos®, y = brsing,
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Phuong trinh duong cong la: -

N A

4 20 a 2 -2

"= 17| —Ccos” ¢ — —sin” ¢
h- k-

\/a: b*
hay: r= +,|—cos’ ¢ - ——sm P
h- k-

Vi r(0) = r(2m) nén dudng cong la kép kin.

Dudng cong déi xing déi véi cdce truc toa do va xdc dinh khi:

2 ol

- cos™ ¢ — —qsin2 ¢ =20,
h- k-

a

do dé trong géc phan tu thit nhat ta cé diéu kién:

tgp < — va 1= 4”abrd<pdr.

h B

b
'\rctg— \]h—~905 ¢ - Asm [

I = dab Id(p jldl

4]

Q

2
abt: bﬂ
h 0 l\u 0

]

o 2 2
2abj (%COS? ¢ - %;sin2 q)]dcp, o= arctg%
)2 2

1



_ab

a” : < ab
= abl | — — — larctg— +
h- k- h  hk
2ak
. 2tg 2akbl
(Vi sin2a = °Oi = bfl - = — ,l - —>
I+t a“k” a’k” + b"h-
L+ —F
b h~
1{a*> b’ ). 1a’k” +b’h’ 2akbh
—|— + —[smn2a = — . s P
2{h" k- h k- a“k” +b°h”

19. 1) Xét dau cua céc tich phan:

0 1= [l + v oty D {lxl “b=
! _

x* +y* %0
BI= Hm‘csin(x + y)ydxdy , D: {

2) Tim gid tri trung binh cta cdc ham:

a) f(x, y) = sin*xsin’y trong D: 0 < x, y < 7.

b) f(x, y) = x* + y* trong D: (x - a)*+ (y - b)* <R
Bai gidi

1)a) Tu lxl + 'yl <1,suyra: x* +y° + leyl < 1.

hk

&9



hay x*+y'<1,(x*+y*20), dodé: 0<x*+y><]l.

va In(x* + y*) < 0, theo tinh chAt ciha tich phén:

I= Hln(x2 + yz)dxdy <0.
D

b) Theo hinh 42:

I= ﬂ arcsin(x + y)dxdy = Harcsin(x + y)dxdy +
D Dy

+ ”arcsin(x + y)dxdy =1, + 1,
D>

y

1
D,
D

0 \\\ ’ X
Dy

-1 >
Hinh 42.

.. 0<x<1
Vé D,
-1<y<0

- Tai cdc diém déi ximg véi dudng chéo y = -x ham f(x, y) = arcsin(x
+ y) nhan cédc gia tri d6i nhau nén 1, = 0.
0<x

1
Véi D,: { , ham f(x, y) = arcsin(x + y) > 0.
O0<y X

IA

IA
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(Trix tai (0, 0): f(x,y) =0).Dodé61=1+1,=0+ L =1, > 0 theo
tinh chat cua tich phan.

2) a) Theo dinh 1y gi4 tri trung binh cua tich phan, gid tri trung
binh cia f(x,y) = sin’xsin’y trong D la:

- - Loro a2 T T
fix,yy = _,’J..(Slll- xsin” ydy = —1,,—‘(51112 xdx].sm‘ ydy = 1
L n” 0 G 4
b) Tuong tu nhu a):

f(X,y) = m%g(xz + yz)dy’

Dung toa dd cyc: x = a + rcos@, y = b + rsing, ta ¢é:

1

2n R
f(x, ) > jd(pj.[(a: + bg)r + 21'2(acoscp + bsiu(p) + 1‘3]d1'
™™ % 0

It

4 2
——1’ 7tR2(a2 +b3)+7tR a’ +b° +B—
R~ 2 2

20. Tinh dién tich S cta mién D gi6i han bdi cdc dudng:
1) y*=4dax,x +y=3a
2)x2+y2=2x,x2+y3=4x,y=x,y20

3)r=a(l + cosp), r = acos@ (a > 0)

4) (x> + y?)° = 2ax?

P+ y) =ax + yH.
6)y’=ax,y’=bx,xy=a,xy =f

O%a<b,0<a<[3
Dy -xV+x>=1

8) (x-2y+ 3+ 3x+4y-1)°=100
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o X+ =X
a” b~ c”

Bai gidi
1) Tim giao diém cla hai dudng:
g
L = 3a -
da y
= y+day-122a°=0
= vy, =2a,y,=-0a

Theo hinh 43 va theo (1. 4) dién tich cna hinh di cho la:

2a 3a -y 2a e}
_ ~ i = R A
S = _gdxdy = __Lady T‘;dx = :Li}a y 4ade
o
2 T e,
Slaay - - Y ) = Yt qvan.
2 12a 3
— 6a
Y
2q L2
0 X
_60 ___________

‘Hinh 43.
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2) Chuyén sang toa dé doc cyc:

T
D — D" == I (hinh 44).
cos@® <1 < 4cos@
n/4 dcosp y
S= .Uldld(p = jd(p jldl
Q 2cosp
R /
= = j<l6cos @ — 4cos’ (p}kp é
0 2 4 X
n/4 n/4
=06 jcosz pdep =3 j(l + cos2¢@)de
; b Hinh 44,
in2e )" 1
= 3(@ + 20 (p) = 3(5 + —j (dvdt).
2 0 4 2

3) Mién D gidi han bsi dudng

tron r = acos@ (hinh 45).
Do d6i xiéng nén:

a(] + cosy)

oo for
-4/

a-cos P

acos @

a(l + cosgi

Cardioide: r = a(1 + cos@) va dudng

n atl + cospy
‘ J-rdr + J-dcp J‘I‘dl‘j|

n/2 0

arl + cos) ‘
o (L
w2

n/2
{ j [l + u)s(p - Cos” (p}:kp + f + cosq)) de}
0 n/2

ina

= (dvdt).
4




0 a—j2aa X

Hinh 45.

4) (x* + yH)* = 2ax’
Chuyén sang toa doé doc cuc:

r* = 2ar*cos’e hay 1 = 2acos’e.
Do ddi xing (hinh 46), ta cé:

3

n/2 2acos” ¢
S=2[dp [rdr
0 0 ”

n/2

4a J‘cos6 ede
0

» 531
6.4.2

= 4a

N A

S :
—mna” (dvdt) ((2.3)C.STD
8 Hinh 46.

5) X+ ¥y =a(x* + yH.

Puong cong d6i xding véi cdc truc toa do.

Piém (0, 0) thuoc dudng cong nhung la diém co lap (hinh 47),
chuyén sang toa d¢ doc cuc, do d6i xting nén:
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a2 ayeosto s st o
S=4 [do [ rdr

O Q

(1) = a’(r*cos*p + r'sin*p)

. : : f
=r= ia\,cos”l @ +sin* ) Y

S = 2a° ](cos @ + sin (p)d(p

4]

n/2 0 X
) 4~ 31 T
4a* (sin? = da~ — . —
'(Z Pdep 42 2
3,
= —a'm (dvdt).
4 Hinh 47.

6‘)y:=ax,y2=bX,Xy=(¥-,Xy=B(0<a<b,0<0‘-<!3)

Chuyén sang toa d6 cong
téng quét: (u, v) bang cédch

g2 y
dat: =1u, xy = v thi mién D
X
(hinh 48) thanh D" a £ u £ b,
a<v<p.
_12 L
Xx = u 3v3,y = uiv3,
=5 v
A o X
b B
dv
S= |du}]— Hinh 48.
" uj 3u
a o
b
l(B (x)lu— (dvdv).
3 a



7Y (y - X)* + x° = 1 (dudng ellipse).
Paty-x=u,x=v,D>D:u'+v <1

X=vVv

”[J|dudv =m.1" =71 (dvdt).
D’

8) (x - 2y + 3)* + (3x + 4y - 1)* = 100 (dudng ellipse).

Patu=x-2y+3,v=3x+4y-1thiD > D":u’ + v = 100.

Theo dai $6: J= —— = —.

Vay: ——H udv = —Tt 10° = 107 (dvdt).

9) Chuyén sang toa do doc cuc suy rong: x = arcos@, y = brsing thi
phuong trinh doc cyc cia dudng cong la: r* = —singpcose (dudng
o2
Lenniscate).

Pudng cong doéi xing véi gdc toa do:

[
/“EE sin pcos ¢ -

n/2 ¢~ 2 3 /2 ”bl

S=2 jd(p fabrdr = — .[Sln(pLOb(pd(p
¢ 9

0

(dvdt).

21. Tinh thé tich V cta hinh gigi han béi cdc mat:

Daz=y>,x+y =R, z=0.
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2)y=\/;,y=2\/;,x+z=(),z=()
3
NX+y+z=a,3x+y=a, —2—x +y =a,y=0,z2=0

Hx+y’=ad, C+y 2=

5)2az 2 x>+ yI, X"+ y  + 2> = 3a°

6)z=xy, X =y, x*=2y,y =Xx,y°=2x,2=0
Nz=x+y, (X +y) P =2xy(x,yz20),z=0

) x"+yl=a, x +z =4

) ) 3 ) 2 )
X~ - VA X~ -
9)—¢+y—~.+‘7=1* > y'a

a b~ C” a b-

Bai gidi

1) Hinh cdn tinh thé tich la
mot hinh tru cong gigi han béi
mat tru parabole y* = az, mat tru
1rdn xoay x* 4+ y* = R” va mat
phang xOy (hinh 49).

Do dé:

D: x*+y*<R?

Chuyén sang toa do doc cuc

ta co: Hinh 49.

1 2n R
V=- J.dcpj - sin” @adr
a Q 0

an 4R
4

r

4

Q

El
= R (dvdt).
4a

1 7 .2 R 3 d sin 2
= — Ism' (pd(pjr"dr = l i - M]
: ag 0 a\2 4

d
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= ¥,

2) Hinh da cho giéi han bdi cidc mat truc parabole: y

y = 24/x , mat phang x + z = 6 va mat phang xOy (hinh 50).

Hinh 50.
Do dé:
_ . 0<x<6
V = ﬁ (6 - x)dxdy vé& D
D X £y< 2\/;
Vay:
6 2Vx 6
V= jdx (6 - x)dy = I(G —xWxdx
0 Jx 0
2 ° 48«/_
= (6.;)(3/ﬁ - — 5/2] = —— (dvdt).
- ¢l

3) Hinh da cho gi6i han bdi cdc mat phang (hinh 51):

Do do:

V= H(a-— X = y)dxdy
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Hinh 51.
D OSySA
a—nySZ(a—y)
3 3
Vay:
2a - y) 2ia - )
a 3 a x2 3
V='[dy _f(a—x—y)dx:j(a—y)x—— dx
0 a-y 0 2 A -y
N 3
—li‘[('ll~y)2dy—l"12 —a2+£ | —i(dvdt)
61" AR RS T '
- 1]

4) Hinh di cho gidi han bdi mat tru: x* + y° = a° vi mat hyper-
boloide 2 ting tron xoay: Xx* + y* - z° = - a° (hinh 52).

Do ddi xtng nén:
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V= Zﬂ\lxl +y? o+ azdxdy
D

Vé6i D: x> +y*<a’

Hinh 52.

Chuyén sang toa do doc cuc, ta ¢6:

V= 22J1[dcpj“/a: +rirdr

Q Q

3

= 4,{%.%(&: N 1)1 _ 4ma’ V2 - 1) (avav.
0

5) Hinh da cho gidi han b&i mat paraboloide tron xoay x* + y* = 2az
va mat cdu x” + y* + 27 = 3a’ (phén chda nira duong clia truc Oz) (hinh 53).

Khit z & hai phuong trinh trén, ta ¢6 phuwong trinh hinh chi€u cua
giao tuyén cla hai mat da cho trén mat phang xOy chinh 1a phuong trinh
dudng bién gidi cha mién D:

xX*+y'=2az=> 2 +2az-32" =0 z=a=>x" +y* = 2a°
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2a
-- -y,
______ |
RN
><~. 1 Naw3
0 _ g2~ y

Hinh 53.

Chuyén sang tga do doc cuc, ta cé:

r rdr
2a

4 a2 3
_ ‘_} = (6J§ - 5) (dvr).

'

6) Hinh di cho gi6i han phia trén bdi mat paraboloide hyperbolique z
= xy (ding phép bign ddi x = X - Y,y =X + Y, z = Z, thi phuong trinh
clia mat 1a Z = X* - Y?), phia du6i bdi mat phang xOy. Hinh chiéu cla
hinh da cho trén mat phang xOy 1 t¢ gidc cong D gi6i han bdi cdc dudng:

X*=y,x*=2y,y’ =X,y =2x (hinh 54).
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x2
Y y=x2 V=5
yi=2x
yi=x
0 X
Hinh 54.
. i 2 2
Chuyén sang toa dé cong tong quit: dat — =u, DA
X
thil<u<2,1<v<2vax=uv" y=u*vE,
% % %u—1/3v1/3 %uz/svvvz/a :
J = = |- - = —
| . A 2 -
gyu_ % Lu 213,213 ;u1/3v 1/3 3
1y 122 3
Vay: V= Idujuv ;dudv = -q—J.uduJ‘vdv = :L- (dvtt).
11 ¢ 1 1

7) Hinh di cho gi6i han phfa trén bdi mat phang z = x + y, phia
dudi boéi mat phang xOy, va xung quanh giéi han bdi mat tru:

(X*+y)=2xy (x20,y20)

nghia 12 mién D gi6i han bdi cdc dudng (x* + y*)* = 2xy, x = 0,y = 0.
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Chuyén sang toa do doc cuc x = rcosg, y = rsing thi mién D gi6i

han boir= {sin2¢ ,0< ¢ < g (r = 4/sin2¢ : dudng Lemniscale, vi thay

(P:

|3

- ¢ thir= [sin I_ 2¢' | = 4cos2¢', dudng nay déi xing doi
t 5 g )

v6i dudng thang y = x, (hinh 55)).

y
v
Vi
Ve
%
7
s
Ve
Ve
i X
s
7
s
Hinh 55.
Vay chuyén sang toa d¢ déc cyc ta cé:
V= H (x + y)dxdy
D
nj2 v‘}sin’ltp
= _[(COS(p + sin@)de jrzdr
¢ ¢}
72 4 Jsin2g
= I (cos¢p + sincp)lT - do
¢ "o



n/2

=5 Jsin 312 2¢(cos g + sin)de

[] ~ (sing — coscp)lr/zd(sin(p ~ cos).

Patsinp-cosp=uthi: 0<p< - o-1<u<l.

id
2

Jl'(l —u? )3/2d11 = %i(l - uz)s/zdu

-1

Khi d6: V =

w |-

. . . id
Laidatu=sintthi0<u<1 < 0<t< —2—

-

v 2
costidt = =,
3

W

A

————-l = r (dvit).
4.2 2 8

D Uy e

8) Hinh da cho giGi han b&i mat tru truc Oz: X* + y* = a* vd mat tru
truc Oy: x* + z* = a* (hinh 56, trong géc phdn tdm thd nh&t). Do d6i
xung nén:

V = S.UJaz - x? dxdy
D

Hinh 56.
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VéiD: 0<x<a,0<y< a’ - x?

Vay: V= 8}\[213 -x° “;‘-J’.(;}—f = 8}(512 - xl)ix = 1(_)21; (dvtt).
d ] Q

A ) A
. ~ L T & oz N
9) Hinh da cho gidi han boi mat ellipsoide: — + _y_ +—=— =1va
a~  b° o
coxT oy 2t .
mat nén — + yﬁ = — v6iz> 0 (hinh 57).
a~ b~ ¢

Do dé:

Vz_U CJI—%—L;—CJXf +i dxdy .
D

a- b-

Véi D 1a mién c¢6 bién ¢i6i 1a hinh chi€u ciia dudng giao clia hai
mat trén.

Hinh 57.



Khir z & hai phuong trinh trén ta ¢6 phwong trinh cda hinh chiéu dé:

2z° z’ 1 x° y2 1
— = 1 = — = — = =+ = = —
c” c” 2 a- b* 2
Chuyén sang toa do doc cuc suy rong:
arcos@, y = brsincp", Jl = abr

Ta c6:
1

V= abczfdcpj; (1’,/1 -’ - rzjdr

G ¢}
d]

2

-r-

—

5
N

o]

nd

winN

—;iabc(z - V2) (avu).

= mX, z =nx

22. Tinh dién tich o ctia:
1) Phdn mat x> + y* = R® gdém giita 2 mat phang z

(m>n>0)
2) Phdn mat x° - y> = z° trong géc phin tdm th¥ nhat vi gidi han boi

mat phang y +z = a.
3) Phin mat x* + y* = 2ax gém giita mat phang z = 0 v mat x* + y>

R* & phia ngoai cdc mat x* + y* = + Ry

=27
+3 =1

1

5
&%,

4) Phdn mat x* + y* + 2°

5) Phan mat x* + y° + z° = 4 & phia trong mat

6) Phdn mat z = yx* - y* & phia trong mat (x> + y*)* = a*(x* - y*)
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7) Phan mat gidi han bgi cdc mat: x* + z° = R7, y* + 22 = R

8) Phdn mat x> + y* = Rx bao gém trong hinh cdu x* + y* + z* = R*
(mat bén cia vat thé Viviani).

9) Phan mat cdu x* + y* + z> = R* gi6i han béi hai kinh tuyén va hai
vi tuyén. .

Bai gidi
1) x* + y* = R 12 mat tru tron xoay truc Oz

z = mx, z = nx 14 cdc mat phiang qua Oy (hinh 58)

Hinh 58.

Xét: y=y(x,2) = \/Rz -x°

Do d6i xiing nén theo (1.4):

o= 4H 1+y'7S +y'2dxdz
D

Véi D 1a mién gi6i han béi cdc dudng: z = mx, z = nx, x = R trong
mat phang xOz (hinh 59):
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Hinh 59.

mx R

G = 4—fdxf = _—
nx " X 0 R:3 - X
= 4(m - n)R? (dvdi).
2) Mat x* - y* =z hay y* + z° = x* 1A mat nén truc 1a truc Ox,
y +z = a 1a mat phang song song véi truc Ox (hinh 60).

Dodé: o= U 1+ xf + x'idydz
D

V6i D 13 mién trong mat phang yOz, giéi han bdi cic dudng: y = 0,
z=0,y+z=a.

3 3 n y , Z

X= gy 427 X, = X, =
. R 1 >

Jy© 4z Yy  +7°
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Vay: c= H\dedy = a;f (dvdt)
D

3) Phan,mat da cho 1a mat tru (x - a)® + y* = a* dudng sinh song

L N - i 1 N _ 2 2
song vdi Oz, gidi han gita mat phang z = 0 va mat nén z = \}x +y .

Phian mat da cho c6 phuong trinh y = %42ax — x> d6i v6i mat

phang xOz.

4
-
-
e
e
rd
Ve
e
rd
7
0 y
2Q
X
Hinh 61.
Do d6i xting nén xét y = 4/2ax — x~

! a—X ' 02 2 a
Yo = =1 Y, =0, yltyi ty; = /—=
‘/Zax -x" ,/2ax -X"
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Theo (1.4) ta ¢é:

6=2.U 1+y'T +yidxdz = dxdz.
D

2H__i_

D ,/Zax - x?
Véi D 1a mién trong mat phang

xOz gigi han bdi truc Ox, dudng

thang x = 2a vd duong L 12 hinh z

chiéu cua giao tuyén cua mat tru va

mat nén trén  mat phfmg x0Oz.

Phuong trinh cha L ¢6 duge bang D

cdch khir y & cdc phuong trinh:

20 X

)
[w]
—

x>+ y'=2ax, X"+ y' =

z2=2ax,v6iz20 Hinh 62.

Ta ¢o:

z = 42ax (hinh 62).
Vay:

? 33——_—‘/2,1; dx
\} - x? »,/2ax - x*

= 2aJ£(— 22a - x] = 8a® (dvdt).
4]

Qa
Il

2aI dx

2a
2aj.
0

4) Phan mat di cho 1a phdn mat cdu x* + y* + z* = R* & ngoai cédc
miat tru: x* + y° = = Ry (hinh 63).

Vi 1y do déi ximg nén xét phan mat ciu trong géc phan tdm tha
nhat:
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Do dé: o= xRJ""____d_XdY__

Hinh 63.

D 1a hinh chi€u cia phdn mat trén mat phing xOy (trong géc phin
tdm thi nhat):

0<ys<R, JRy-y> <x< R -y

Chuyén sang toa do doc cuc y = rcos@, x = rsing, ta ¢6:

n2 R dr ni2 - Reosg
o_stdcpj————=8Rj(R-—r2j do
¢ Rcosq;,/R2 -1 0 R
n2
= 8R~ Isin(pdcp = 8a” (dvdt).
Q
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5) Phdn mat da cho 1a phdn mat cau x* + y* + z° = 4 & trong mat tr

2] el

. X~ vy~
ellipse: — +
P 4

— =1
1

Do dé&i xing, ta xét trong géc phan tdm thi nhat (hinh 64):

zZ= 4—x2—y2

02 2
P+25 + 275

Hinh 64.

Do dé:

Véi D 1a hinh chi€u cua phan mat cau trong géc phan tdm thi nhat

- -

2 IRTERS . X~
trén mat phang xOy, dé 1a hinh ellipse: T + 2

TSlVélXZ(),yZO.
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Vayv:

ﬁ vy
2 . y
G = lﬁjdx J. = l()J‘arcsm———— dx
. \/ -x? 0 ‘/4 - X~ 0
T 16
= l().farcsmldx = 16.—71.2 = —)n (dvdt).
o 6 3

6) Phan mat di cho 13 mat nén z = \lxz - y? hay y* + 2° = x> V6i

> 0, mat n6n nay dinh tai géc O va truc 12 Ox. RS rang 1/4 dién tich
can tinh nam trong géc¢ phan tdm thd nhit vi ¢é hinh chi€u trén mat
phang xOy 1a mién D:

(x* + ¥y < a*(x* - y), x 20, y 2 0 (Lemniscate)

1 X ‘ -y
G day: 2, = me——— 7, = ——,

Dodé: o= 4\/5.”—&9)/—:

Chuyén sang toa do doc cuc, ta cé:

cos¢.d 2ycos2g A
c= 4\/—_‘. Rt 4 Ildl 242a” _fcosq> cos2¢pdg

€Os2@ 0
n/4
= 2a° J. V1 - 2 sm(p 2 Sm(p

bat ¥2sing =t ta duge:



1

c= 232""[1 - Cdt = n‘;: (dvdt).

0

7) Phin mat di cho gidi han b&i mat tru x° + z° = R” truc, Oy va mat
tru y* + z° = R truc Ox (hinh 65). Do d6i xing nén ta cé:

c = l().”.,/l +277 + z'idxdy
D

Ml

X
Hinh 65.
&day: z= 4R* —x°
2 2 R
1+ 275 tzy =
R? - x*

ConDlamidn: 0 <x <R, 0<y<x.

Vay:
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Q
i
[
=
—
~
'—ﬁ
".
c<“
e
=
—x
z
3

Q

= 16R* (dvdt).
R

l()R‘fR2 -x?

8) Phan mat da cho 14 phdn mat tru: x* + y° = Rx, dudng sinh song
song vdi Oz, bao gdm trong hinh cau tam O, ban kinh R.

<

Vi ly do d6i xitng nén xét trong gé¢ phan tdm (hid nhat (hinh ()())

Hinh 66.

Phuong (rinh ciia phan mat tru d6 la:

y = yRx — x> (d&i véi mat phang xOz)



Do d6 4 R dxdz
0dé: o=4—|| —.
D ,H{x -x°

V&i D ha micén trong mat phang xOz, gidi han bdi cdc truc Ox, Oz

- B 4
) eyt = R R
va hinh chi¢u cua dudng § . . _trén mat phang d6, nghia
lx‘ +y + 727 =R~
ia dudng parabole: z = /R = Rx (hinh 67).
Vay: Z)
——e \
R (RZ - Ry

o= 21<jdx j

2ij -

0 0 \/Rx - x° X)
R dx R 0 R X
= 21{&]7 = 21{\5{—.2\/;\ = 4R? (dvdt). Hinh 67.
o VvX ¢

9) Gia st phan mat ciu giéi han bai hai kinh tuyén ¢,, @, (p, > ¢,)
p d o : - @2 (P2 > Py

va hai vi tuy&n wy, W, (4, > w,). Khi dé phuong trinh tham s6 cua mat
cau la:

X = Rcospcosy, y = Rsingeosy, 7z = Rsiny
Theo céc cong thitc & (1.4) ta tinh:
I = x'(p + yq, + 1 = R cos”y

A 12 2 2
G = x", +ylu Z, =R

F=x xu,+y(py“,+z 7w:0

P Yo
G = H R* cospdpdy = R* J'd(p IC(’S yrdy
D PO

R3(p, - @) (sinys, - siny))
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[0 <0< 0
W, Sy < s

23. 1) Tim toa do trong tam cua hinh dong chat (p = 1) gidi han boi:

a) Yy =dx+4,y =-2x + 4

b) r=1+ cosp

2) Tim moment quédn tinh cta hinh déng chét (p = 1) giGi han bdi:

a) x = a(t-sint),y = a(l - cost), 0 <t <2m.
y = 0 do6i véi Ox

by y’ = ax, x = a

d6i v6i dudng thang D: y
y=-a
Bai gidi 3

1) a) Hinh da cho gidi
han boil 2 paraboles 1a doi

xtmg véi Ox (hinh 68). -1\ 0 2

Theo cdc cong thirc (5)
(1.4) va do déi xtmg ta c6:

2
ye=0,M;=0
M, Hinh 68
Xg & ——, in .
M
. é:"4 _Wa
M, = ”xdxdy = j.dy_\ J‘xdx = 15
3 ST 5
40 y
N 14 +
M= ”dxdy = Idy_\ jdxl =¥.
D -2l o0
4 /
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Vay:

Xg =

I
e

16
5

2
= ;,)’(;:0-

b) r = a(l + cosg): duong Car-
dioide (hinh 69).

Do d6i xiing véi Ox nén:

Va=0=>M;=0 ‘\
) Mv n atl + cosp) 0
xg= —-,M=2[dp [rdr
M 4] 4]
n
3 3 4 :
M= j(l + cos@) dp = —2-na“ ) Hinh 69.
Q)
his atl ~ cos) 2 n
M, = ZIdcp '(cosq).rzdr = —a?’J.coscp(l + cos @)’ dg
0 0 30
bl
2 3 2 3 6
= ;a J(cosw + 3cos” @ + 3cos” ¢ + cos” P)de
) 0
2 n
= —21"J(3COSZ @ + cos” pydg
3 0
n
(vij(coscp + 3cos” p)dp = 0)
0
Sn 3
= a’
4
Vay:




2) a) Theo (6) (1.5) ta ¢6:

[ = J.J.yEdXdy
D Y
Theo hinh 70: Y=Y(x)
237: VIX) 1337!
— 2 — 3 A
= jdxjy dy“qjy (x)dx 0 an 20 x
O 0 T
Ddi sang bién t ta ¢é:
Hinh 70.
1 2n
I, = - J.aj(l — cost)”.a(l - cost)dt
3 Q
4 2n 4 2n
F , 162 .ogt
=4 J‘(l - cosl)“‘dl = A !51118—dt
3 [¢] 3 Q 2
32a* T . t
= a j.sm8 udu, (u= —)
30 2
4 64 , 7.53.1 35
I, = —a’ j‘sm8 uwdu = at. .zt— = qma’
8642 2 12

O
e s . JU pre g N z n
(gid tri cha sin*u d6i x(mg 481 v6i dudng thang u = 5).

b) Tinh tién go¢ toa do vé O': x = X,y = Y - a thi phuong trinh clia
parabole la:
(Y - a)’ =aX

Parabole ¢6 hai nhdnh: Y = a £ vaX (hinh 71).

Do do:
a a - \Ti
1, = jdx [yzax
0 a - \T)E
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PatY =t+athi - JaX €1t < +aX

va: I, = jdX \}X(I +a)dt = %j’[(‘l + \/a_)—(')’ - (a - \/&)B}dx = ga* .
{ S0

; 5
0 - Vax

iy
—
0 [} X
-a
’ T o,
0 X
Hinh 71.

§2. TiCH PHAN BOI BA

2.1. Binh nghia

- Tich phan boi ba ciia ham bi chan f(x, y, z) trong (trén) mién
compact V c R*:
I= IH f{(MYAV = H_f f(x, y, 2)dxdydz
v \%
n .
= lim Zf(Ml)AVI , Mi(x,.y,.7%,)
maxdj —)Ui 1
- V&i moi cdch chia mién V thanh n phan rigng biét AV, (1hé tich
cling goilaAV)i=1,2,..n.
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- V&i moi céch chon cde diém M (x,,y;,2,) € AV,, d, 1a dudng
kinh cia AV,

Ham f(x, y, z) ¢6 tich phan trén mién V goi 1a kha tich trén mién dé.

Moi ham f(x, y, 2) lién tuc trén mién V déu 12 kha tich trén mién dé.

Tich phan boi ba ¢6 cdc tinh chat tuong tu nhu cdc tinh chat cha
tich phan kép.

- V¢& hinh hoc, tich phan boi ba I = jﬂdv = V 14 thé tich clia mién
v

Cor

- Vécea hoe, I = ”J‘f(x, y, 2)dV 13 khoi lugng cia mién V ¢6 mat
v

d0 khoi lugng (thé tich) {(x, y, 2) > 0.

2.2. Cach tinh trong toa d& Descartes
Mién V ¢i6i han bdi cdc mat lién tuc:

a<x<bhb
Y (x) <y < y,(x)

Z,(X,¥) £ 2< Z5(X,Y)

thi twong ty nhu tich phan kép:

I= Hf f(x,y,2)dV = ”:rf(x, y, z)dxdydz

v v
b oyax) zax, ¥

= J.dx jdy jf(x, y, 7)dz.
a }JIX\ 71IX._\'1

220Xy b

= dedy J.f(x, v, z)dz = !dx H f(x, vy, 7)dydz

b ZP(5Y) a Eexy

E(x) 1a thict di¢n ciia mat phang X = x vd mién V (hinh 72).
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X %(X) Yo(x)
Hinh 72.

2.3. Cach tinh trong toa dé cong bét ky
Néu déi bién: x = x(u, v, w)

y =y(u, v, w) (u,v,w) e V' (H
7z =7(u, v, w)

Cic ham (1) ¢6°cdc dao ham riéng lién tuc trong V', xdc dinh mot
song anh tir V' vio V va dinh thitc Jacobi:

& Ox  Ox

du v ow
D Z gy, C C
= Dix, y. 2) =1 Y Yoy trong V'.
D(u, v, w) v w
8/ s/ A/
. W Cw
thi: 1= f” f(x, y, z2)dVv
¢
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= jﬁ f[x(u, v, W), y(u, v, w), z(u, v, w)”]'dudvdw
v
(u, v, w) la cdc toa do cong bat ky.

2.4.Toa dd try

o=lox " 0OP)ocpcan

‘:{(Tl:",()ﬁr<+x

7=PM,-x<z<+ >

(r, ¢, 7) goi 14 toa do tru cia M:
M(r, ¢, 7).

Hinh 73.

Lién hé: x = rcosp, y = rsing,
zZ=17

Cong thide tinh tich phian boi ba chuyén tir toa do Descartes sang toa
do tru:

I = J-” f(x, y, 2)dxdydz = .UJ f(rcosq, rsing, 7) rdrdepdz
v v

2.5. Toa dé cdu
A
P = (()x ()P), 0<p<2r

0=l0."0M).0c0<n
— \./ ’
p= ‘()Ml,()ﬁp<+oc
(P, @, 0) 2ot 1a toa do ciu cua M: M(p, ¢, 9)
X = peosesing

y = psingsin0
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X = peosl

z4
M
\\
~
SO M
)
0 —
y
¥ P
X
Hinh 74.

Cong thite tinh tich phan boi ba chuyén tir toa do Descartes sang toa
do cau:

I= Hj f(x, y, z)dxdydz
v

= jjj f(pcospsin0, psingsind, peosO)p™ sinOdpdpdo .
v’

2.6. Ap dung hinh hoc

V= JH dxdydz.
i ~\

2.7. Ap dung co hoc

- Cho p(x, v, 7) 1a mat do khai lugng (thé tich) coa mién V.
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- Moment tinh coa V déi véi cdc mat phang toa do:

M,, = ”j- 7.p(x, y, 2)dV |
¢

M,, = j”x.p(x, y, 2)dV |
vV

M, = UI y.p(x, y, z)dV
¢

- P61 vai cdc true toa do:

M, = ”J'\/yz + zzp(x, y, 2)dV
v

M, = HI \/x2 +27p(x, y, AV,
¢

M, = -m. VX3 + ¥y px, y, 2)dV
Vv

- Toa do trong tam cva V:

M = fﬁ P(x, y, z)dV 12 khoi lugng clia mién V.
v
- Mc nent quén tinh ctia V d8i véi cdc mat phang t a do, cdc truc
toa do va goc¢ toa do:
I, = [[[# .y, v,
\7

I, = J‘Ux:p(x, y, 2)dV
v

1, = ”j y:p(x, y, 2)dV
¢



I = _U (y> +725)p(x, y, 2)dV |
v
I, = H (x- + x:)p(x, v, 2)dV ,
v
I,= U (x> + y:)p(x, y, 2)dV
¢
I, = _U x> +y o+ 27)p(x, y, 2V
\' .

BAI TAP
24. Tinh cac tich phan bdi ba

1= j-” dxdydz v. {x>0 y>() 7> 0
Vik+y+z 17 X+y+z<l

D)1= dxdydz, V: 2az T+ y 4y 4z <387

z -
L S
NI= J‘”zdxdydz, V: gidi han bdi 7° = -Eiz(x: + y:) lel‘Z =h>0
¢
Hl1= J"dedydz , V gidi han bdi: x* + y* + 27 = 2Rz, x* + y* = 7°

va chua (0, 0 R).

5) l = J.”/\/x +y~ dxdvd/ V gidi han bdi y = \/2x—x2 ,y =0,2=0.

z=a(a>0)

0)1= J‘H(x: + yh)dxdydz V:,.)f: +_y: -I/-_/" <R .7 -
v

1= J‘”\/X: +yT o+ z%ixdydz, Vix®+y +2z27 <x.
Vo
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1= J‘;‘:jx:y:x:dxdydz, V ;— + i + <1

NI= J.”xyzdxdydz, V giéi han bé}i:
v

ol

+ A -
z=X+y7, Z—X—z—y,xyza',xyzb',yzocx,y:[5x,

O<a<b,O0<ac<f,(X,y,220).
Bai gidi

1) Mién ldy tich phan V la t& dién giéi han bdi ba mat phang toa do
va mat phing x + y + z = 1 (hinh 75).

Hinh 75.
Do dé:

1= m——d’% - {dx jdy [

x+y+z+l 0 X+y+ 1)3

O
_ L
":(IX(, x+y+7+1)( kydy

127



I
——
(o3
>
|

L 1--x
1
j ————l———T—ldy
o o 2lx+y+D 4

1
: 5
=lln(l+x)—lx——l—x—x— =—1~1112—;.
2 2 4 2 2 16
6]

2) Mién tich phan V gi6i han bdi paraboloide tron xoay x* + y* = 2az, va
mat cdu x> + y? + z° = 3a’ phén chia Oz duong (hinh 76).

Hinh 76.

Hinh chi¢u ciia V xudng mat phang xOy la mién D, phuong trinh
dudng bién 2idi clia D ¢6 duge bang cdch khir z & hai phuong trinh trén:

2az = 3a - 77 = z = a, do d6 D xéc dinh bdi x* + y* < 2a’
———
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v 1= ]dx J-dy

Chuyén sang toa do tru: x = rcosg, y = rsing, z =z thi 0 < ¢ < 2m,

I 2 T
0<r<av2, — <2z 3a- - 1”0 va:
2a
L - “;\‘1 =
\?'1 ayv2 Z: v
[ = Jd(p Ild] j —dz =2n. | — dr
4] ‘AE 1 e 2 1:
% 2a
av2 4 3 5 a2
~ - - r T 1
=n - -1~ ———dr = w3 r - — -
O da- 3 20a 0

32\[5213
—T
15

3) Mién ldy tich phan
V ¢igi han bdi tAng trén

h ) 2 -
7= E\/x‘ + ¥y~ cua mat Z

2 - N 2
nén va mat phang z = h
(hinh 77).

Hinh chi€¢u cua V
xuéng mat phang xOy la

hinh 1rdon x* + y* < R’

(thay 2z = h vao
h 2 o]
Z= —4X~ + Yy
R
Do dé chuyén sang Hinh 77.

toa do tru ta cd:
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R R (2 h RO L)
I= j-d(pjldl I/d/, = 2n(§,1[—£—] B.-dl = njl(h -1 ]dl

0 O hr ( I

4) Mién 14y tich phan V gidi han boi tdng trén cla mat nén
Z= 4X° +y~ vamatciuw

X* + y? + (z - R)* = R” (hinh 78).

Hinh 78.

Hinh chicu cuaa V xuéng mat phang xOy 1a mién D:
x* 4+ y? < R?

(Thay X+ y" =z vao x> + y° + 22 =2R7: 22° = 2Rz = 2= 0,z = R)
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Chuyén sang toa do tru ta cé:

“"; ~
2n R R - yR™ -1~

I= jd(pj rdr jdz

QO 0 r
(z=R + \/h2 -1’ phuong trinh nira trén cla mat
R
1= 2njr(R +4R% - 1% - 1‘)dr

0
R

=2nf R 2 1% — ryR* —1')dr
LO
~ o 3 R

- 5 \3/2

S SAPRLULY FEy = 7R’

L 3 -

5) Mién lay tich phan V gi6i han boi mat truz y = 4/2x — x* dudmg

sinh song song véi Oz, cdc mat phang xOz, xOy vi mat phang z

(hinh 79).

Chuyén sang toa do tru ta cé:

n/2 2cos¢ a ’12 /2 1.3 2cos
I= |d rdrf zrdz = ~ L 4

[do j | > J 3 P
U ¢ ¢ 0 0
2 m/2 2 omi2
) d4a

= — '{Xcos‘ @dp = —— cos® pde
) ld 3 0

_ da” 2

T o33

= ——a:

= a
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Hinh 79.

6) Mién ldy tich phan 1a hinh cdu x* + y* + 27 < R*

Chuyén sang toa do cdu:

X = peos@sind, y = psingsin0, z = pcosO

I'a c6
2n om R
1= jd(pj sinOdOj (p2 cos” @sin” 0 + p° sin” @sin” O}J:dp
0 0 0
2nR* T
=L fsm3 0do

Q

27{:{5 "‘I(] - cos’ O)dcos()
N 4]

27R° cos® 0
= cost —
5 3

0 5
_ BaR-
15

n



i e e < e . I 2 5 I
7) Micn lay tich phan V 1a hinh cau (x - 5—] +yV +2 = —

4

(hinh

80).

/2

Hinh 80.

Chuyén sang toa do cdu:
v = pcosesing, 7z = psingsing, x = pcosl

0<p<

2n
T
2

KhidéV: 00 <
L) < p < cosB

(X +y +7°=x = p’ = peosd = p = cosb).

n
2non cos ) 0 CO%J 0
Vi = J(i(pjsill()d(") .fp.p'.dp = 2n I ——d cosO

O 0 o n/2

0
_=n cos™ 0 _ T

2 5 | 10

n/Z
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a ‘. "

N ;e . . e 0. . . X - z
8) Mién lay tich phan gidi han bdi ellipsoide — + y— +— =1,

a- b ¢~
chuyén sang toa do clu suy rong x = apcossinQ, y = bpsingsin®,
z = ¢peos khi d6 ellipsoide bién thinh mat cau p = |, do d6i xdng nén:

n/2 n
1=28 _[dcpfsm@d(%ja bc? cos® @sin” Osin” sin” 2 9cos” Bptabepdp
0 [¢] 4]
n/2 /2
= ga’b’c? jc.os @sin” do _fsm fcos” Gd()jp dp
0 0
n/"

ga’b’c I(sm @ - sin” @)do J(sm 0 - sin 0)(19 —

0

8

= 5a~‘b3~’(1ﬁ - L) - 1,)

=§_“b“l£_3_}.f_ 42._642 _j_n_a‘b3c3
2°2 4722\5"3 7°53) 945

9) Mién lay tich phan txono g¢6éc 1/8 thit nhat giéi han bdi hai
paraboloide tron xoay z = x* + y?, 2z = x* + y°, hai mat tru xy = a’,

xy = b® vd hai mat phang y = ax, y = Bx. Hinh chi¢u cla V trén mat
phang xOy 14 mién D (hinh 81). Dung phép bién déi téng quat:

Tur do:

Phuong trinh cua cdc paraboloide trong h¢ toa do (u, v, w) l1a

-1
u(v+v
w=uv+v?h w=‘——),

’ 2



y=ox
0
o X
Hinh 81.
[ 3
1 -3 3 l "3
—u -v- - —u-v - 0
2
[ t [
1 35 575
—u -v- —u-v - 0 = L
2 2v
0 0 1
~ + 711
lb_. uu v ) 2 h: B |
- Iuduj— J'wdw = — J.u?’duj vV + -
2 p N 16 <, v
a~ « u]‘\'*\vl'\ a~ o

V=px

)

2
dv

v

w
N



25. 1) Tim gid tri trung binh cta ham f(x, y, z) = x> + y~ + z° trong
mién x>+ y +2°<x+v+z

2) Tinh F'(0) néu ) = [[[f(x* + y* + 22 dxdydz.
:

vai Vi x®+ v2+z7 <t7, £1a ham lién tuc

3) Chang minh rang néu [ 1a ham lién tue trong mién compact V vi
“‘J‘f(xz +y +720dxdydz =0 Vo c Vthi f(x,v,2)=0,V(x,y,2) € V

A

l k)
4) Ching minh: ”J’ )LV f(2)dV = (L(J‘ f(u)du]
v v

vl V: 0<x <), x<y <1, x <z <yvaflién tue trén |0,1).

Bai giai
1} Theo dinh 19 14y ¢id tri trung binh cia mot ham trong mot mién
compact V thi gid tri trung binh cva ham da cho a:

f(M) = %I{I(x: + y3 +z° )dxdydz (1

vGi V 1a thé tich hinh cdu x* + y* + 2 < x + y + z hay:
1) 1)3 1y 3

X ——=| +ly-=| +lz-=| ==

( 2) [ 2 2 4

do do: V = in{ -~
3

e - . . . I 11 ,
B¢ lay tich phan (1), tinh ti&€n g6c toa do vé O [5 —, —j theo cic
. , 1 I . 1
comgthic x =X+ —,y=Y + —,z=7+ —.
2 2 2
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Khi d6 phuong trinh mat can véi goc O' 1a:

X+ Y +7" =

J-lw

va:

~

=25 0 {(X+%)2+[Y+%]:+[z+%j_}dx(wd'/,

x2ivyii 72

AR

Chuyén sang toa do cdu:
X = peosepsinQ, Y = psingsin®, 7. = pcosO.

Ta cé:

u\

. 2 in :
f(M = dep| sin 0dO {— +p7 + plsinO(sing + cosp) + cosB }dp
) = 2 fasf (y nofsin + cosg)  cos0)
LI 5 4 e
= ——J Py P cos@ sin 0do
3,04 5 4 0
A m
= ij(q—\/—;— gﬁ}inedo
3il32 100

2) Mién lay tich phan V la hinh cidu tam O bédn kinh t (> 0).
Chuyén sang toa do ciu thi V: 0 p <27, 0<0 <1, 0<p<t.
Do dé:

2

T 1 t
F( = J'dq)jsin()d()ff(p:).p:dp = 4njp2f([\2)dp

0 0 4] 0
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Ap dung dao ham tich phan theo can trén, ta ¢6:

F'(1) = 4nCf(t%)

3) Xét diém tuy §¥: M e V v hinh cdu V, tam M, bidn kinh ¢,
V. c V theo dinh Iy lay gid tri trung binh va theo gia thié, ta ¢é:
1
dne?
3

0=

fifrex, oV = (M), M € V..
VE

Choe — 0 thi M — M, theo gi4 thi&t f lién tuc trong V nén f(M)
- (M) = 0. Vay (M) = 0, YM trong V. Theo gia thi¢t f lién tyc trong
mién déng V nén f = 0 tai cdc diém bién cha V, nghia 1a f = 0 tai
YM e V.

4) Theo gia thiét ham f lién tuc trén [0, 1] nén t6n tai ham
t
F(t) = jf(u)du xdc dinh trén [0, 1].
0

Ciing theo gi thi&t thi:

i 1 ¥ . 1 1 :
1= [fxdx [ fy)dy[f2dz = [fooax[F ([Fy) ~ Fookly
0O X % Q ¢}
1

i
= | f(x)B(F(y))2 - F(x)F(y)jl
4]

1| ]2
.dx =3 ! [Fex) —-I*(l)] £(x)dx
I I
= ~[Fx) - FOF
6

[¢]

= L[ro - FO
6

| 3
= %Uf(u)du] .



26. Tinh thé tich mién V gidi han béi cic mat:
Dy =4a’-3ax,y’=ax,z=1h (h > 0)
2Qyx*+y'=2ax,x"+y =2az,z=0
x> 2,0 x2  y2 2
z
3) Z_T = -

o] ] o} >

a- b~ c a b C

“«

=0(zz20)

>

NHz=x"+y,z2=2x"+2y, y=Xx,y =X’

ol

Saz=x+yL,z= x" +y

6)z=6-x>-y* 2= 4x* +y°

a1

(X +y + 27V =X +y - 29

x2/3 273 273
RO
a b c

*9) ax +by+cz==1h
aXx + b,y+c.z=1h,
ax+byy+ciz=1xh,

a, b

(¢}

1
véiD=la, b, ¢, #0 (h, h, h;>0)
a; by ¢
#,0) (a,u + b,v + ¢,W)* + (a,u + b,v + ¢,W)* + (a5u + byv + ¢c,w)* = R?

a, b

¢
v6iD=la, b, c,| #0.
a; by ¢

Bai gidi

-

1) Mién V giéi han bdi hai mat tru y* = 4a° - 3ax, y° = ax, dudng

sinh song song véi Oz va 2 mat phiang z = + h vuong géc véi Oz (hinh
82).
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/ 0
______;2 y
4d | 7

/4_4
X

Hinh 82,

Do d&i ximg:

V= 4“ dxdyj.dz ,
D 0

D 12 mién & hinh 83.

a i‘ :?g :\;2" h a 4 2 2
v=ifay Jaxfar = 414[_‘"*_%
0 :\2 4 0 A

32 .
= —a h (dvtb).
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y
—
fo 3 NN
D
i
of 0 4g X
3
Hinh 83.

2) Mién V gi6i han bdi paraboloide tron xoay x* + y® = 2az, matl tru
X+ y = 2ax vi mat plnno xOy (hinh §4).

Hinh 84.

) )
\ + \

Do déi xing: V= ijftixdydz = 2”dxdy J.dz
v D 0
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v6i D 12 nira hinh tron: (x - a)* +y* < a’, y 2 0.

Chuyén sang toa do tru, ta cé:

.

T

n/2 2acos¢ l, n/2 ﬁcos«p 3
=2 Idcp jldl jdz =2 jdcp I
4] 0
n/2 4 2acosq /2 4 N
164 COS
=2 j r dp = 2." __"‘qu,
~ 8a o 0 8a
me 3l = 3na’

= 4a’ Icos ¢pdp = 35~.~ =
o 4.

3) Mién V gidi han boi ellipsoide — yﬂ
a” b~
, x? oy 727 .
cua ma - yﬁ = 0 (hinh 85).
a” b~ ¢~

G IN
[}

[*]

Hinh 85.
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Hinh chi€u clia V xuong mat phang xOy Ia hinh ellipse:

X2 2
—+ <
a~ b
(Kht 7 tir hai phuong trinh trén:
22 .2 x> 2 22
2- = —>=Dz=¢c= “‘+X—;—=‘§=1).
c” c” a- b~ ¢

Chuyén sang toa d9 tru suy rong: x = arcos, y = brsing, z = z la

. 2
In =

2n 1 cy- 1 1

V = J'(I(Pj rdr jahdz = anlbcj(c\h - - cr)rdr
¢ ¢ cr 0
, 0 3 !
1 2 Y3/2 .
= 2nabc —(2 - r‘) -
3 . 3
¢
4
= —;(ﬁ - l)‘lbc (dvtt).
4) Mién V gidi han bai
hai paraboloide tron xoay:
z=x"+y),z=2x"+ 2y,
mat phang y = x va mat tru: y
y=x’
Do dé:
22 a2 Tr=-----
SXT e 2V f
V= J.J. dxdy j.dz !
D 22 !
0 1 X
- [0 <x <1
61 D
vor 1,(2 <y<x Hinh 86.
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(hinh 86).
Vay:

] el
2x7 o+ 2vT

V:j'dxj[dy_ jdz =

0 2

1
X X~ & y_‘ QO

dxj(x: + y:>‘ly

X

ENES
j 2y + y dx 3 (dvtt)

= X —_— = — .
0 Y 3, 35

5) Mién V gidi
han bd&i paraboloide
trdn xoay az = x° + y°
vd lang trén clha mat

nén z = \)x“+y'

(hinh 87).

Hinh chi€u cta V
trén mat phang xOy Ia
hinh tron: x* + y* < a*.

(Tt  hai phuong
trinh da cho ta cé:
arz. = 27 = 7 = a =
X +y*=a’).

Chuyén sang toa
do tru, ta cé:

V= :de(p]' rerr'dz = 27[}[1‘ - i]rdr
2 6] a

¢ 0 2

i

P . ’
=27 — —

3 da (

()
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Hinh 87.

ma”
= ——— (dvit).
0



6) Mién V ¢idi ban bdi paraboloide trdon xoay: z = 6 - x* - y* va

A - o _ ’ o a ~
tang trén cta mat nén z = \/x' + y~ (hinh 88).

y
&6
A
l !
Nt |
o 2 X
D
X
Hinh 88.

Hinh chi€u clia V xuéng mat phang xOy 12 hinh tron D; x* + y* < 4.
(6-z=2"22=2:x>+y =4).
Do d6 chuyén sang toa do tru, ta c6:

2n 2

A"

jdcpjldl jdz 2nj(

O

o

2n 3r-

T

32n

o

— (dvtt).
’%

; 2
2 T 4 T 3
4 3

6]

7) Mién V déi xting d&i véi cdc mat phang toa do. Do d6 thé tich
cia mién V bang 8 14n thé tich cla né trong géc 1/8 thit nhat.

Chuyén sang toa do cdu, ta ¢ phuong trinh cia mat ciu la:
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pt= prat(sint - cosT®) hay  po=a - cos20

D . n n
Do d6 p chi xdc dinh khi - cos20 2 0 hay — <0 < 3
I'rong gée phan tam the nhat thi: 0 < ¢ < 5
Vay:
®/2 mj2 u\'f":éo.;b‘ 41{"3 )2 N
V=28 j(kp jsin 0db Jp:dp = ——% sin &)(J— cos20> do
o0 w4 0 Y on/e
n
bat — -0 =1, thi:
2
3 FES 3 on/4
dma’ " 4ma’ s P,
v = 2 j‘coslcox‘ C2ad = ! j (l - 2sm- t) dsint
[§] ° [¢]

47{'13 /32
¢

3

( 2 \3/2 . .
(1 - 2[1’) du  vé u = sint

Lai dat 2 u = sinv thi:

. 4 " " 4
Vo= e JeosT vdy = —

Tc_
W24 W2 42 2 442

N Mién Vodoi xdug doi vai cdce mat phang toa do, do dé:

V =K. J.H dxdydz
e

V'ia ~ thu nhat cua V (trong gé¢ — thit nhat) chuyvén sang toa do
N 8 .
can suy rong:
x = apcos’psin’0, vy = bpsiniesini0, 7 = ¢peos’o (hH
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v /3 SN2
+ = + | = = 1 ta dugc
b ¢

a

p=1.
} = 9abcpicos Osin®0sin’peosip
Ta ¢o:
n/2 . n/2 t
V = 72abc jcos‘ Osin™ 0d0 jsin' (PCos” (pd(pfp“(lp
0 O O
1 d4nabe
V = 72abe(ls - L)(L - 1) — = —1o0%
’ . 3 35
9) Thyc hién phép ddi bién:
u=ax+by+c¢z -h, gu<h,
v=a.x + by 4ce.z thi -h,<v<h,
W= a,X + by + ¢y - hy < w < h,

mat khéac theo dai s6,'doi v6i phép bicn doi tuyEn tinh:

_ Dx,y,2) 1 1 1

= D(u, v, w) 7[7)7(l}, v, W) - a, b, ¢ D
D(x, v, 2) a. b, cs

a; by ¢y

Iy IR

Viav: V= ET])—] Idu jd\' j‘-‘il\\‘ =

8h h.h,
b

f hia

10) H6i bicn: X=au+bv+ow

v=asu+ by 4w



z =as;u+ byv +c,w

thi mat gi6i han mién V bién thanh mat ciu x* + y~ + z° = R* gidi
han mién V'.

_ D(u,v,w) _ 1 _ —1_
" D(x,y.2) D(xy.2) D
D(u, v, w)
Vay: ’”‘dddz— 3\\ (dvtt).

27. 1) Tim toa d¢ trong tam cua hinh déng chét (p = 1) gidi han bdi
cac mat:

aAz=x"+y,x+y=a,x=0,y=0,z2=0
by x*+y'=a’, y'+z°=a’ (z 2 0).

2) Tim moment qudn tinh cta hinh déng chat (p = 1) gid han boi
céc mat sau, d6i v6i cdc mat phang toa do:

a)£+_}i+£=1,x=(),y=0,z=0
a b ¢
e} y-v _Z:’ch
a” b- c”

Bai gidi
1) a) Hinh d4 cho gi6i han bdi mat paraboloide trdn xoay z = x° + y~,
cdc mat phang toa do va mat phang x + y = a.

Theo céc cong thitc (2.6), (hinh 89) va do dé6i xing ta ¢6

a-—x \ +\r

j{jxdv ) '(|:xdx {dy (j]dz

Yo = Ya = .Ujdv - a  a-x x4y

fax [ay [dz

0 0 ]

Tinh todn ta cé:
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XG=YG=;21

a—Xx \ +\
jdx jdy jzdz

-0 —

] I\'Uzdv
Il o

Hinh 89.

b) Hinh da cho gi6i han bdi 2 mit tru tron xoay va & phia trén mat
phang xOy (hinh 90) trong géc phdu tdm thit hai mot phén tdm cla hinh,

chi€u xuéng mat phang xOy 1 tam gidc: -a<y<0,0<x<-y.

Do dé thé tich cha hinh 1

n

-y a - ¥- 0
8_(dy_(dx\ Idz = 8j—y\/a2 - yidy
-a 0 0 ’ ~a
§(a3 - Y3)3/2 i = —a’.
3 a2 ]
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Hinh 90,

Do d6i xding: trong tam cia hinh & trén truc Oz nén x; = y; = 0,

con: =
76 = % j:(iyfv(ixva-].'/:\.(;z = _2_% j')_ y(a3 _ yz)dy
ca 0 0 a
LI N RS ’
T v2 2(’1 v’)
at
= = —a.
ia»‘*

N 3
Vay trong tam cua hinh la: G (0, 0, —a).

2) a) Theo cdc cong thite (2.7) thi moment qudn tinh cia hinh da
cho déi véi mat phang xOy la:
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\"‘ X L
N [UNAN a b, 5
WV = 1d 1y 2y, = abce
e g e
fuong w1, = 2()% "= a?:)c
)

b) Hinh dd cho gidi han béi ting trén cua mat nén (z =

i mat pllﬁllg z = ¢ (hinh 91), hinh chi¢u cua nd trén mat
phang xOy la:

(thay z = ¢ vao phuong trinh z =

Vay: I, = f[[zav
v

Chuyén sang toa do tru suy rong va do doi ximg ta ¢6

Hinh 91.

n/2o1

1
= 4ab J’d(pj-ldl".l dz = %nzlbc3f1‘(l - 1'3)d1'
o 0 cr ) 0

Tuong tu ta cé:



CHUONG 3

TICH PHAN PHU THUOC THAM SO

§1. TIiCH PHAN THUONG PHY THUOC THAM &

1.1. Binh nghia

b v
Ix) = jK(x, t)dt goi 1a tich phan phu thudc tham s6 x, néu K(x, t)

kha tich trén [a, b], Vx € [c, d].

1.2. Binh ly Leibniz

1) Né&u K(x, 1) lién tuc trong hinh chtnhat D:a<t<b,c<x<d

b
thi: () Lim Ix)= II: lim K(x, t)}dt, X, € [c, d].

X = Xg SLx 2%
(2) I(x) lién tuc trén [c, d].

p b B
(3) jl(x)dx = jdth(x, 0dx , [o, B] < [c, d].

a o

(Quy tac tichphan duéi dau tich phan).



K(x, )

2y Né&u K(x, 1) lién tuc trong D va ton tai cting lién tuc

trong D thi:

b
@ I = |

a

K(x, 1) dt
X

(Quy tac dao ham dudi dau tich phan).
3) Néu K(x, t) lién tuc trong D; o(x), f(x) khda vi trén [c, d],

K(x,t) | C . N
ago(x)<b,a<B(x)<h, ——ix—) ton tai va lién tuc trong D thi:
0

Bexo ' Btx)
I'(x) = [ [k, t)dt) = GK;‘( D40+ gk, peo)] -

aeX) LX)

- oc'(x)K[x, (x(x)]

§2. TICH PHAN SUY RONG PHY THUOC THAM sO

+ o

2.1. Binh nghia I(x) = j K(x, 0)dt

goi la tich phan suy rong phy thudc tham s6 x né€u né hoi tu
vx € [c, d].
I(x) goi 1a hoi tu déu trén [c, d] néu Ve > 0, 3N(e) > 0, Vb > N(e),

J'K(x, t)dt

b

vVx € [¢,d] = <e.

Tiéu chudan Weinstrass

N¢&u t6n tai ham () sao cho:



1) lK(x, 1)| < (), VX € |c,d], VYt € |a, + x|

2) j‘(p(t)dt t6n tai

4
thi: J.K(x, Ddt hoi & tuy@t déi va déu trén [c, d].

a

2.2. Dinh ly
1) N&u K(x, 1) lién tuc trong mién D: a <t < 4 o0, ¢ < x <d va

I(x) = IK(x, tdt hoi tu déu Vx e [c, d] thi:

+ 4

() Im Ix)= j‘ lim K(x, tdt, x, € |c, d].
X > Xg IR

(2) I(x) lién tuc trén {¢, d].

B ca P
3 [100dx = [di[Kex, 0dx, fo, 8] < e, d].

o A u

. CK(x, 1)y | e e L s ..
2) N¢u _—gx—) ton tai va lién tyc trong mién D, jK(x, t)dt hoi tu

&
a

— dt hoi tu déu trén [c, d] thi:

LK)
va j——‘
X

re = | KED 4

d

Tich phdn suy rong
b
100 = [Kx, Hdt (N

V6i K(x, 1) khong bi chan theo t tai b (a, ¢ € (a, b)).
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Ta cling ¢d cde khai ni¢m va K&t qua tuong wy nhu ¢ (2. 2), vdi su
thay d6i bang ngén ngit thich hop, chang han (1) ¢oi 12 hoi tu déu trén
{c, d| néu:

YVes>(),38e)>0,b-b <d(s), VX € Je,d], (a<b <b)
b
= jK(x, Odl| <.
b
2.3. C4c fich phan quan trong
+ o

1= | SX 4x = = (Dirichlet)
o X 2

1 'J.'l‘c’ ‘:dx Vr

—~2—— ( LLuler - Poison)

F= Isinxzdx = jcosxzdx = i kil (Fresnel).
2V2

[¢] 0

§3. HAM GAMMA VA BETA
3.1. Hdm Gamma (Tich phan Euler logi hai)

Pinh nghia 1'(x) = Jl‘ ‘e 'dt (1) hoi tu va ¢6 dao ham moi cip
0O

Vx> 0.



Tinh chat
Y IH=1
AT X+ D=xI'(xX), (x>0

@ I'n+ DH=n!'(neN)

(5) IG] = Vn

Y
(6) r(n + %j - 2n)! ‘/;

278

3.2. Ham Béta (Tich phan Euler logi mét)

1
Dinh nghia B(p, q) = J‘tp - 1(1 _ t)q Ty
0

héi tu va ¢d dao haim moi cdp Vp, q > 0.
Tinh chadt
(2) B(p, q) = B(q, p)

T(p)'(q)
(3) B(p.q) = ﬁH—)
+ o p-1
(4) B(p, ) = ,([ (1400
ve o x
mwmnwm=£LHm=mm
BAI TAP

28. Xét sy hoi ty déu coa:

(D



D) Kx) = j c"“zdt

0

+m

2) I(x) = je' % costdt (o = 0)
4]

3y I(a) = I Smax cosxdx
Q

1 .
Sin x
HIy) = [——dx,y<yo<2.
o X7

Bai gidi

DVX2x,>0: e ™ <™t
PO 4w 5
il 1 N 1 bid
je *oUdr = J'p (“‘C’t)_d( x(,t) = [—
0 Xo o0 X 2

(theo (2.4)). Vay theo (2.1), I(x) héi tu tuyét d6i va déu Vx > x4, > 0.

+ o
2) Vx = x5 > O: ‘e’ e cost‘Se‘ Rl je" “o't*dt hoi tu vi
O

v > 1: lim t*7 *e” *' = 0 (Tiéu chuin Dirichlet TT).
U +w

Vay I(x) hoi tu tuyét ddi va déu Vx = x, > 0.

R AN + L . .
s ax | sin(a + x + sinfa — 1)x
3) I(a) = j cosxdx = — j ( ) ¢ ) dx
O 2 0 X
+
sin ax

mat khac I dx hoi tu déu Yu = o, > 0.

()
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L o
. e s sinax sinz :
vi Ve > 0 va vor b, du 16n, Vb > b J. dx| = j dzj < & chi
X Z
b bo
) b
khib> —-.
o
Vay I(a) hoi tu déu Va = + 1.
sin x 1 ¢ dx x- Yo 1 |
D VEiy <y, <28 - < — , I = =
X'\ X.‘o -1 OX.‘O ! 2—-\/“ R

Vfi,\’ 1(,\’) hf)l 11,1 déll Vy < Yo < 2.
29, Xét su hién tyc cua:

1
1) I(x) = j\/x: + lzdt, tim limﬁl(x)
X >
0

i
dx

2) I(x) = [—————,tim _lim_I(x)
g xj no
L+ 1+ -
n
I+ .\2
dt .
N Ix) = j ————— , tim lim Kx)
L+t +x7 x>0

X

X
4) Tinh I'(x) n¢u F(x) = jf(t + X, 1 - x)dt
0
vGi £, f, lién e, u=t+x,v=10-x

5) () = J‘ ¢ Mdy (w > 0).
o
Bai gidi
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) K(x, t) = \(x: + 17 lien tuc V(x, 1) € R? do dé, theo (1.2), Kx)
la lién tue VX € R.

1

|
N . . [ 5 1
va lim I(x) = |limyx- +t-dt = Ildl = —.
x>0 x>0 2
4] 1]
1 . N P =
2y K(n, x) = —_— lén tue VX 2 0 vin > 0, do dé I(x) lién
X
I+]1+°
n
e vVx 20van> 0.
Va:
I i
. . I dx
lim I(n) =J' lim ———dx = -
n oy “n»e‘/ X n “l + et
T+ 1+°
n
rdt
= I = In €' =1
t Wl +0 ¢ +
1 . > . -
3y K(x, 1) = ————— li¢n tuc V(x, ) € R~ do d6 1(x) Ia lién tuc
I +17 +x°
Y(x, 1) € R,
EES dt t ot n
Vi lim I(x) = hm j - - =J. — = —.
Voo Voo T+ +x7 1+t 2

4y Theo gia thidt v theo (3), (1.2), ta ¢é:

I(x) = J[flll(u, V) — f;.(Lx, v)}ll + 1.f(2x, 0)

&

WOtu=t+X,v=1-x.



Mat khic: ar - £, +f, bhay f, = ar_ {,.
dt dt

Do dé:

X X X X
[, = tHde = [2fdr - jd—fdx = 2[f,dt - f(2x, 0) + f(x, - X)
Q QO dl ¢

4]

va: F'(xX)=f(x,-x) + 2jfl',dt .
Q

2K Y) | a?

SHKE, y)= e * va y-e ™ lién tyc trong D: Vo > 0,
o
+ o A + w N
vy € R. Ro rang J e” ¥ dy hoi tu va '[ yle” ®"dy hoi tu déu trong
o (o3
D.
Mat khac:
+ o , a 5 + o 5
I(a) = '( e” ¥ dy = Ie’ “dy + j e *dy
[0 o a

Do dé, theo 3) (1.2) va 2) (2.2), ta ¢6:

s m
3 B
2

—yle Wy —e ™ ¥ j. - yre” ¥ dy

a

I'(a)

I
Q t—

1§

_ J' yleﬁ a)zdy _ c—oc3

03
30. Chimg minh rang:

n
1) Ham Bessel: J, (x) = ljcos(n_( — xsindt
0
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thoa min phuong trinh Bessel:

xz.lylll(x) + x.l'“(x) (X7 - n:)J”(x) =0,ne /.
. l ] L ;n'
2) Ham u(x, t) = —[f(x —atl) + [(x + at)] + — ".l'(x)dz
2 2a .

thdéa méan phuong trinh (dao dong cua day):

“u L~ CTu

= a

™

- A

cl X
va cdc didu kién ban dau:

Aux, 0)

-

ol

u(x, M =(x), = I(x)

vai f(x) kha vi 2 lan (¢6 '(x)) va Fix) kha vi

Bai gidi

1) RS rang K(x, 1) = cos(nt - xsint) thoa min cdc didu ki¢n d¢ ldy
dao ham dudi dilu tich phan ((2), (1.2)):

~ 17 .
J,.(x) = —jsm(ul — xsin Hd(cos1)

0
Tich phan timg phaun, ta dugce:

n

' 1 . .
J,(X) = — —sin(nt — xsit)costf +

T

0

T
1 .
+ —.‘.(n — X cost)cos(nt — xsint).costdt

O

b
n .
= —jcnsl.cos(m - xsmUdt -

e

m
X . al - .
- ~J'(] — sin~ t)cos(nt — X sin t)dt
b

«
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n
= chos(nl - xsintycostdt - xJ, (x) - xJ, (x) (1)

7!0

Mat khac vi:

1y . 17, . .
—J'cos(m — xsint)(n - xcost)dt = —Idsm(nt — X sint)

n 0 n ¢
] n
= —sin(nt — xsint)y =0
4 o
X p np '
nén: —jcos(m - xsint)costdt = —Icos(nt - xsint)dt =nJ (x) (2)
n

¢ 0

Nhéan (1) véi x va theo (2) ta ¢6:

m
xJ,(x) = %J‘cos(nl - xsint)costdt — x2J, (x) ~ x*J (x)
0

=n), (x) - xX*J, (x) - x*T, (%)

hay: sz:](x) + xJ'" (x) + (x*-0%) J (x) =0 (d.c.m).

2) R3S rang cdc diéu kién dé 14y dao him dudi ddu tich phan déu
théa mén.

Ta tinh:

% = %[f'(x —at) + f'(x + al)] + zl—a[F(x + at) + F(x - at)]
&’u

a)

— = —;—[f"(x —at) + f"(x + at)] + 51—[F'(x + at) + F'(x — at)] (1)
= a

oY

1
&t

= 2P x + a0 - Ix - a] + —[Fex +at) + Fx - av)]
2 2a
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A ~

RO rang: u(x, 0) = f(x), %[U— (x, 0) = F(x).

31. Tinh:

1 1
1
1= [x"""Inxdx,biet [x"'dx = = (n>0)

[¢] - 0 n
2) 1= j tPe” Md o P =
= e Mdt, bigt f dt = — (p> Q)
] P
*3)1= | ZZdx (Dirichlen)
0
¥4y 1= J. ¢” ¥ dx (Euler - Poisson)
0
+ o @
)L, = [ —:—O—S—b}—— j xsmbx a, b > 0 (Laplace)
> as #x° 0 a’ +x?
*6) F = Isinxzdx = jcosxzdx (Fresnel)
0 . 0 :

Bai gidi
1) R3 rang K(n, x) = x" "' v64i 0 £ x < 1, n > 0 thoa min cdc diéu
‘ 1
kién ctia 2) (2.2) do dé ldy dao ham theo n 2 vé cua: Ix" ldx = —

o n
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Ta duge:

|
I= J.x”’l Inxdx =-
5 n

2) Tuong ty nhu 1):

o

!
Ip)= fe Mdt ==, (p>0),
p

0O

o

I'(p) = I— te” Mdt =- Lﬂ

0 P

I'(p) = ftle Mdt = =

3
0 p

+

3) Xét J(a) = jc'k‘wdx (Hk>0.a20.
X

€

R& rang J(a) hoi tu: Va = 0 (k > 0).

.
va K (a, x)

+

Y sinax
K(a, x) = Cox

a :x =0

e¢™cosax 1a lién tuc trong mién D: a > 0, x > 0,

je” % cosaxdx hoi tu déu trong D.

4]

Vi theo (2.1):

. K
=

-

< Mva jc M dx hoi tu (k > 0).
O

* cosax

Vay ¢6 thé 1lay dao ham dudi ddu tich phan:
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S
¢ M(Z kcosax + asin ZlX)l

¢ M cosaxdx =

J(a) =

|
o —

a” + k- ‘“

= ———— (tich phan timg phan hai lan).

a

Tich phan theo a ta ¢6:
a .
J(a) = arctg— + C.
k
Theo (1): () = 0, do do:
0O=arctgd+C hay C=0 va J@)= arclg%

S~
kx SInax

oo

dx 1a mot ham cia k: J = J(k) =

i

Khi a = const thi }
X

a . .
zu‘clgi— lién tue khi k = 0.

Do dé:
¢ sinax T
lim J(k) = J‘ dx = arctg(+ )= — khia>0
K ->+0 ’ X 2
Vay:
“ 7 sinax yid
j X = —(a>0
X 2

O

o
. sin x T
Khia = I: 1= j dx = —
LoX 2
Chit ¥
Ta ¢6 the dang phuong phdp tich phan dudi dau tich phan d¢ tinh 1
nhu sau:
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Ta ¢o:

Do dé:

Theo (2.2):

+ @«

(vi: J.e* X
0

hay:

+ w

+

1 .

- = je “dt (x > 0)
X 4]

1= J' sinx e Mdt [dx

4] 0
+ o 4o
- Idt J‘e’ ¥ sin xdx
[¢] 0

"sinxdx hoi tu déu trong mién dugc xé1).

e tsinx — cosx e o
. s -
I= I e “(—-—————" ] dt = I
o - +1 o o 1+1°

+ T
= arctgf = 5

+ o

2 32
HI= Ie"‘ d ,datx =uttadugc I = uj e” YU dt, nhan 2 vé& véi

0

-

(]

e " valdy tich phan theo u tit 0 d&€n + oot

0

+ o

I.je

hay:

0
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0

. s+ w 5 5
“Wdu=P= I I we V1Tt du
(] 0



O 4

e 2,2
— jdt.[ue*ull—%t)du

¢} 0
(vi I ue """ ' du hoi tu déu trong mién duge xét)
0
Do dé:
2 1+¢' i’ 1 —u2(1+t2i 2 2
= ~'[ j___e dlu* @+ t9))|dt
2 ¢ ¢ 1+t°
- li[w d =
25 1+7 4
va: I= -‘/i
2
s b L cwbxd(ij
cos bx
5L, = j—;-i—de=— v a: ,dal£=u,taduqc:
a~ + x~ a - a
0 i ¢ 1+(i
a
17" cosab 17¢ co 1 .
L =—j 0 :lduz-— iﬁ—‘:d =—1 v6i B=ab
ay, l+u ay, l+u a
1 + o
vi S = )e “sintdt nén:
1+

o

+ o ~ + o t . ‘ l[
. . sin t
I= Ism tdt Ie " cosPudu = J‘ —_

¢ ¢ ¢] B- + U

dat t = fz, ta duogc:

I= r.“,,, PzsinPzpdz +J'T zsinfz dr
o B2(1 +z%) o 1+ z° dp
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1 .
hay (T =-dBvat=Ce?

] . o .
Mat khiac B=0thii= _[ a — = Twloce hay C = —
5ol +u” 2 2

s | ik
vay I==¢ " v L,=—-1= T (B} = ab).
2 a 2a
Ta ¢é:
" x sinbx —dl. - T T s
.= | =——dx = L = (—ay = ¢ ™
Loat 4+ x” db 2a 2

6) Xét IF = jsin x2dx ,dat x* = ¢ thi:
0

i simt
= — J dt
2 (&)
mat khac: o2 e " du
1 T 0
2 ¢ W 2 10 e 2 1 n
(__J.‘ "y = »7 W d\/t;:—.—ilheoal))
T TV Jr VU2

Do dé:

BV + 0 4 - s
st 2 . s 2 R
I = j dt = — jsm ldlj ¢ "du = — |du| ¢ ™ sintdt
(y \/17 \/; 4] 0
2 (=T sing - cosl)} 2 du
= — j ¢ 3 du = — ;
\/; 0 u o+ ‘“ no, u o+
; ] .
batu= — taco:
v
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2 du 2
I=— 1 = —=
\/;“ u” + 1 \/n,
2 ' vid
_ 2 \:(v -
Tt() A% +1
Do do:
. 12
I=—-d+))= —.—
2 2y ?v?
i
| I+
= — V_dv =
ooy L
v
l+
v— —
11 v
= —. arctg
s RER
0
_F
2
va F=l =i r
2 23¥2

Tuong tu:

32. Dung phuong phédp ldy dao ham hoac tich phan dudi diu tich

phan, tinh céc tich phan:
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170

n/2
Hi= Iln(az sin® x + b* cos® x)dx , a, b > 0
¢

1= [Z—T—dx.a,b>0.
o Inx
n/2
1 +¢
1= Iln—ﬂ}— dx (Ja < 1)
o 1 -~ acosx cosx
{
4) 1= j-arctgx dx
n X 1 - x>
1 2.2
1= 222X ) g0 (ol < 1)
0 x"\ll—x2
o —ax - bx B
6 I= | S sinmxdx, (a, b > 0)
° X
T arctgax
D= [ F dx,a>0
v XL +x7)

+ @

)
HI= I e ™ cosmxdx,a>0 .
d

+ o —axz vaz
e —
9 1= j——e dx (a,b>0)
(] X

IO E I de (a>b>0)

0 X

)

1)1= j sin~ ax
[¢]

dx (a>0)



1
12) 1= j_ir_‘_ts_x_dx
0 x\fl - X~
Bai gidi
n/2

1) Xét I(a) = Iln(a2 sin® x + b% cos® x)dx (1), (a> 0, b > 0)

@]

R3 rang:

2asin” x

K(a, x) = In(a*sin’x + b cos’x) v K, (a, x) =

2 .2 2 2
a“sin” X + b~ cos™ X

. . n
l1a lién tuc trong mién D: a2 a, >0,0<x < 7
Vay theo (1.2):
n/2 )
2asm”
I'(a) = J» asin” x dx .

2 .0 2 2
p a sin” x + b~ cos” x

dat t = cotgx, thi:

+ o

I'(a)=2a | dt
o (@7 + b+ t?)

Phan tich:

1 __A+B C+D

2+ b+ %) at + b3’ 1+1t°

Tinh todn ta cé:

b- 1
A=C=0,B= ————,D= — _
a- - b a~ — b~
Khi dé:
+ _bg d + w
Il(a) = 221 J. ] 2] k) : e + J‘ ) : ) dt ]
pa —b a +bt” o a —b 1+t
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b: s [
=2al - ————.——.arctg— + — —arctgt
a~ — b~ ab al, a® - b" 0
_m
a+b
va: I(a) = nln(a + b) + C (2)
Cho a = b trong (1) ta duge:
n
2
I(b) = {2lnbdx = nlnb
<}
va (2) viét duoc:
nlnb = nln2b + C  hay C=- nin2
Vay:
a+b
I =1I(a) = 7tln('1 j
2
L b

2) Xét: I(b) = jf—l—dx, b>0 (1)
o Inx

R& rang:

b _ a
X D<x <l
Inx x® Inx
K(b, x) = {0 x=0 va K, (b,x) = =x°
In x
b-a :x=1

o [b2b,>0
la lién tuc trong mién D: 10 |
<X <
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Do dé theo (1.2):

|
. I
1.(b) = | x"dx =
" !} b +1]

va Itb) = In(b + 1) + C, thay b = a trong (1) ta dugce: I(a) = 0, suy ra
O=lIn(a+ 1)+ Chay C=-In(a + 1).

b +1
Vay: I=Ib)=1n .
a+1
Clit ¥
x” - x* p .
Vi BT = "'xldl , nén ¢d thé dp dung quy tac ldy tich phan
nx

a

duéi dau tich phan nhu sau:

a

1= j—’i—idx = j‘[bx‘dt]dx = ?dtjx‘dx = j.——d—t—— =1In b ! .
N O a .

O ¢}

n/2
1 +acosx dx
3) Xét I(a) = [ In——20 (1 (Ja < 1).
d 1 — acosXx cosx
1 + acosx 1 T
In 0 . ,0<x <—2-
g — acosx Cosx
g day: K(a,x) =
T
2a L X = —
2
va: K, (a, X} = ~—————— 14 ]1ién tuc trong mién D:

I —a cos™ x

n

a <a(,<l,0§xsg

Do d6 ¢6 thé 1ay dao ham dudi ddu tich phan:



n/2
d
I'(a) =2 I +,
o 1 —a cos”x

dat tgx = t, ta duogc:

I'(a) = 2 jf dt - _T

2 2 a
Ol—a +t 1 -a-

Do dé6: I(a) = marcsina + C.

Theo (1): 1(0) = 0 do d6 0 = rarcsin0 + C hay C = 0.

Vay:
I = I(a) = rarcsina.
1
arctgx dx
Hi= [22F :
o X 1-x-
1
Ct dt
Y J. — nén:
X ol +x7t°
1 ) 11
= J- dx j dt - J-dtj dx
) ~ A ~
0\’1—)(2 ol +x7t7 0 o(l+ X"t )yl —x~
1 .. ‘s
(K(t, x) = li'n tyc trong mién D:

(1 + x2t7 )1 - x*

0sx<x4 <1
0=t

Pé tinh:

dx

o(l +x3t2) 1-x°
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dat x = sinu, thi:

_du
J = "¢ du - nfz cos” u
b 1+ °sin’ u o 1+ lgzu + t31g3u
J w2
n/2
d(tgu 1 )
= J' 3( g 5= = = arctg(\[t' + 1.lgu)
o L+ (7 +Dtg”u /l'+1 .
_ bis
2412 +1
Do dé:
. 1 1
1 b b4
1= 22— - -—ln(t + 1+ tlj‘ = It + v2)
2(\ \“ + 00 2 0 2
Chit y

C6 thé ding phuong phép 14y dao ham duéi d&u tich phan dé tinh 1
bang ¢ach xét:

arctgax  dx

1
I(a) = j

0 1-x

¢ In(1 - a’x?)

0 X411 -x"

dx, faf <1 (1)

Xét 1 = I(a), rd rang cac ham:

In(l - a’x’)

— e, X #0 ' - 2a
K(a, x) = § x? h_xl va K (a,x) = — -
A Sl =—ax )yl - x-
—-a”, x=0
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. . al < a, <1
la lién tuc trong mi¢n D:

|x}£ Xo <1

: - 2adx

£(1 —atx I - x?

R& rang I(a) hoi tu va (2) hoi tu déu trén

|x| <X < 1.
1 1 .
(K(a,x) ~ ———— (x> D,ao= — <1 = (1) hoéi tu
(1 _ X)l,'; 2
[ 2 !
K,(a,x)| = = (p(X).I(p(x)dx héi tu
(I ~ajx" K1 - x? O

do dé theo tiéu chuan Weierstrass (2.1) thi (2) hoi tu déu trén
‘x} <Xp < D.

n/2

Vay: I'(a) = - 2a dx

o (1 - a:xz) 1-x*?

dat x = sint thi:

, e dt - ma
I'(a)=-2a | = :
p l—a sm 1t 1—a-

Do d6: I(a) = 7‘\/1 —a> +C

Theo (1), (M) =0nén 0 =n+ Chay C=- 7.

Vay: I =1(a) = n(y1 - a~ - 1.

4 —ax - bx

6) XétI=1I(m) = I e—sin mxdx (1) (a, b > 0)

4] X
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Xét tuong ty nhu 5) ta di dén:

+ o .
I'(m) = I(ef A _ e M™ycosmxdx
0
4+ o
= e (- acosmx + msin mx)
a- +m- |o
X +
_px (— bcosmx + msmmx)l
) 2 2
b- +m ‘O
a b
2 2 2 2
a~ +m b” +m
Do dé:

m m
I(m) = arctg — - arctg—l;— +C
a

Theo (1): I(0) = 0 nén 0 = C.

Vay:
- m(b —a
I=1I(m)= arctg2 - arctgE = arclg ——1(——7—)
a b ab + m”
Chi y
C6 thé dung phuong phép tich phan dudi ddu tich phan dé tinh I nhu
sau:
e ax e bx b ‘
vi: — = jc" Mdt, (x 2 0)
X
a
b 4 oo
nén: I= jdt J'e’ * sin mxdx
a Q
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o

b . b
S X (— tsImx — mcosmx) + mdt
= j ¢ dt = j—_
a

2 ] 2 2
t” +m 'O LT+ m
b
m m
=+arclg—| = arctg— - arctg —
mj, a b

+ o
\ arctes .
NXét ) = [ E dx (a>0) (D).
o X(1+x7)

R® rang tich phan nay théa min cac diéu kién dé c6 thé 1ay dao
ham dudi dau tich phan:

+

I'(a) = J- dx
o (L+x?)(1 +a’x?)

Phan tich:

1 _Ax+B+ Cx +D
a+xHa+a’%%)  1+x* I+a’x’
e s . 1 a’
lacé: A=C=0,B= —,D=
1-a" a- -1
Do dé:
] + o d ‘2 + dx
I'(a) = - j xﬂ + ;1 I —
l-a” 4 1+x° a” -1, l+a“x"

1
= —arctgx

+ o a o
a
- —arctga
0 l-a 0

1 -a-
1_(

= a .E = T va I(a) = Eln(l +a)+ C
l-a 2 2(1 + a) 2

Theo (1): (M =0,dod6: 0 =0+ Chay C=0
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vay: I(a)=1= gln(l + a)

Chii y

arctgax _ j dt

Tu nhan xét: nén cé thé tinh I bang céch lay

2.2
X ol +x71

tich phan dudi dau tich phan.

o
i

8) Xét I(m) = J‘ e ™ cosmxdx (a> 0) (1).
Q
Céc ham K(m, x) = ¢~ ™ cosmx vd K _(m, x) = - xe ™ sinmx la

m

lién tyc trong mién D: x 2 0, - 00 < m < + .

4+ o
RS rang I(m) héi tu Vi € R, con j K, (m, x)dx hoéi tu déu Vm €
¢
R theo tiéu chuin Weierstrass (2.1).

Do d6, theo (2.2):

+

\

I'(m) = - j xe  ** sin mxdx
[ :

2
L4y tich phan ting phdn, dat u = sinmx, xe ** dx = dv thi:

+ o + o
' 1 - ax2 . m - ax2
I'im)= —e Sin mx -— | e cos mxdx
a 0 2a
- m
hay I'(m) = I(m)
a
T dé: .
dl -m
— = dm
I 2a
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2

2
- m

. m
va: In] = — + lnjC ,C=const #0 hay I = Ce
Theo (1):
+ o +
2 2 1
1(0) = je—axﬁzij’e*“d(a_x)z___ﬂ _1_ E
. a Ja 2 2Va
(Tich phan Poisson).
Do d6:
1 1 o o
—JE = Ce® hay C = -—‘/E val=1(m)= —‘/E e B (a>0).
2V¥a 2Va 2V¥a
+“‘e—ax“ _ —bx2
9) Xét I(a) = j dx (a, b>0) (1)
0
e ax > _ ~bx2 y e}
RO rang K(a, x) = va K,(a,x) =-xe ™ lién tuc
X

trong D: x 2x,>0,a2a,>0.

I(a) hoi ty va J.
Q

i 2
xe ™ dx hoitudéuVa=a, >0

- ax? - zaox"Z
<
(xe <Xxe )

Vay:
+ o - + U " 1
I'(a)=- | xe”™dx = e ™ d(- ax?) = - —
'([ 2a '(‘: 2a
1
va I(a) = - -2—111a + C.

Theo (1): I(b) = 0, do d6:
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I
0=- llnb +C hay C= —Inb.
2 2

Vay: I=1Ka)= lll\/E.
a

+ oo
j sinax cos bx dx (a>b>0)

1) 1=
0
_ 1 +_“w sin(a + b)x dx _I_Tq sin(a — b)x dx
2 o X o X
Theo (2.4):
1 n 1 = n
I=—— 4+ —— = —.
2 2 22 2

. 2 3. .
11) Vi sin“ax = Esmax — Esm 3ax

Do dé:
T sin® ax 37 max ¢ sin3ax
1= - = = ——dx

J' T4 -([ 4 { X

3
Tl s,
4

1 .
arctga
12) Xét I(a) = |22 dx (1)
1-x°
RS rang I(a) thoa man cdc diéu kién dé cé thé 14y dao ham dudi dau

tich phan, do dé:
; xdx _ h dx

I'(a) = |
o(1+a:x2)x\[1—x3 o(l +a2x2) 1 - x>
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2
dt . .
Pat x = cost thi: I'(a) = I —_—, lai dat t = tgu thi:

]
n Il +a cost

“+ o
+ o

I'(a) = ,[ du _ 1 arcte u

- ~ T
o l+a” +u 1+a’ ‘/l+u:0

1

n
\/l +a° 2
va: I(a) = gln(a + \[az +1)+C

Theol(l): I(0) = 0, do dé:

0= §.0+C hay C=0.

Vay: I(a) = %ln(a + \/az +1)yval=1I(1)=1In(l + ﬁ)g

Chit ¥

Vi arclex I dt\ — nén ¢6 thé tinh I bang phuong phdp tich
X ol +x7t°

phan duéi dau tich phan (cdc diéu kién déu thda man):

)

a9
olol +x7t° 1 - x-

—
|

11 n/2

faf = T
0 o(l+ X7yl - x7 0 N1+t

1

—;Eln(t + 1+t2) = g In(1 + «/5).

0
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33. Tinh cdc tich phan: (Trong cde dé thi Gidi tich hoc ky 11, 1997 -
1998. DHBK)

"”'c-ax _ CAbA\
1= j—-f—-‘———dx (a,b>0)
0 X
ni2 .
¢ In(l + cosx)
2) 1= ;|.) ———;s—x———dx
*"—'1 _ aax
D= [———dx (a>0)
o xe’
\
tIn(l +
1= j———"( Y ix
n 1+ x°
Bai gidi
+£ —ax bx

. < -e
D Xét by = [ ————dx (1)
. X
Q
Xét tuong 1y nhy cdc bi trude, ta thay I(b) thoa man moi diéu kién
dé c6 thé 1ay dao ham duéi dau tich phan, do dé:

I'(b) = jc B dx =% vi Ib)=Inb+C

Q
Theo (1): I(a) = 0 nén Ina + C hay C = - Ina.
Vay: Iz I(b)=1Inb - Ilna= lnB (a, b>0).
a

C6 thé tink I theo phuong phdp tich phan dudi dau tich phan:

-ax bx b
. e ™™ —¢ )
vi: ———— = jgdt
X £
a
A
- b b
R -1x 13
nén: I= jdxfc Yt = jdtje *dx
0 1] a 0
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4]

h -tx b
c t
=J'L dt = E——]nE
t

+ a

( [e‘“‘dx hoi tu déu Vt > ty > 0).
0

2) Ta ¢6:

In(1 + cosx) _ j" dt

COSX Ol+tcosx

nj2 1 1 nj2
Dodé: I=

de"‘1+ tcosx - I ’( 1 + tcosx

4 dx e 2 [N ¢
vi j ——— hdi tu déu trong mién duge xét.
5 1 + tcosx

X
batz = tg; , ta duogc:

n/2
1_.
=2 arctg
J.1+tcosx J1+t+(1_t)z /l—t' l+l

\/___ arctg — vals= J'\/:t__alctg ’ dl

-1
thi du =

,/1 e 01— T

Theo cong thice tich phan tirmg phan:

bat u = arctg

v = arcsint

! |

+ .(arcsin t.

dt
0 0 vi- t*

_— [ .
arcsin t
1+t

184



1 .
.= . —(arcsint)”
.2

¢

"J/-E In(1 + acosx)

Chit y XétI(a) = dx,0<a<l.
cosX
¢
Va ta thdy I(a) thda min cdc diéu kién dé ¢6 thé 1dy dao ham duéi
dau tich phan:
n/2
dx
I'(a) = _
o 1 +acosx
X
dattg— =ttacéd:
2
¢ dt l-a
I'(ta) =2 arctg

O(1+a)+(1—a)t2 /

Tich phan tirng phan nhu trén ta duge:

. l1—-a arcs 1 K 2
I(a) = arcsina. arctg + (arcsina) + C
1+a
I(0) =0 nén C = 0.
Do dé: = limka) = >.
a—l 8
b [ — C—a.\'
3) Tacé L=la)= [ ———dx, (a>0)
~ o xe'

R3 rang I(a) ¢6 di didu kién d& ¢6 thé 14y dao ham dudi dau tich
phan (?)

+ U - A ) l
I'(a): J‘e (a l]'\dx=’
0 a+1
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Dodé Ity =In(a+ 1)+ C, (0) =0, nén C = 0.

Vay: I =1I(a) =In(a + ).
Clut ¥
1 —¢ ax a ! )
Vi ——— = j‘e'“dt, nén ¢6 thé dung quy tac 14y tich phan dudi
X

0
dau tich phan dé tinh I:

oo a a it
I = jdeC <\~hxdt — J'dt“‘c—(whxdx
o o o 0
e
( jc"”"“dx hoi tu trong mién duge xét).
4]
a
dt
I=[—— =Int+n =In@+D.
t+1 0

v

4) Ta ¢6 (y) = 5

[¢]

thé 14y dao ham dudi dau tich phan (?)

Theo 3) (1.2):

In(l + f . .
-ﬂ(———}-:x—)dx , I(y) thoéa man ciac diéu kién d¢ ¢6

¥ 2
I'(y) = j xdx Y In(1 +): )
o (L+yx)1 +x7) 1 +y-

Tinh todn ta ¢6:
~ —arctgy
I+ y- 1+y~

1 2
I'(y)=%h]( *y7) + 3

L&y tich phan va xdc dinh hang s6 C, cu6i cliing ta duge:

I=1y) = —;»arclgy.ln(l +y9).
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34. Biéu dién cac tich phan sau qua cdc ham B, I' va tinh cédc tich
phan dé trong trudng hop khong can diing bang.

DHI=

Xéttruong hgpv=n;n=0,1,2..; p=0.

NHl= j x™e* dx,n > 0.
¢
n/2
HI= jtg“xdx
0
o
Hl= jx“e’“" Inxdx (a > 0).
[¢]
+
5)I=J. ,(n>0)
o 1+ x"
6)1= jx3 4 - x*dx
Q
40 4
v (I +Xx)°
j‘ dx
B)l= | ——— (n> 1.
0 "‘[1 - x"
xPnx
NI=} ——dx O<p<l.
1 1+x P
e d
1)K = j @ (Tich phan elliptique loai 1).

n/2
j.sin Y xcos* xdx .
o

/ 1 »
4] 2 2
1 — —-sin
5 ¢
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n/2 .
E = I ‘/1‘ - %sin2 ¢de (Tich phan elliptique loai 2).

Bai gidi

1) Pat sinx = \/l— , t =0, khi dé:

1 ov-1 u-l
1 5 - 1 r+ 1 +1
1=—j[—(1—t)-dt=—B[‘ a J
2 2

4 2 2

Thoitukhiv+1>0,p+1>0hayv>-1,u>-1.

Truong hgp v =n, p =0 tacé:

I=1B u+l,i
2 2 2

Xét n = 2m (chén), ta ¢é:
1 1
| | F(m + 5}1"[5]
I=In=—Bm+—,—l— =l—————-————
2 2 2 2 I'm + 1)

Theo (3) va (4) (3.1) ta ¢6:

L =1
T 123..m
Qm - Hm — 3).3.1. 5
e nTA e em-tn
2m2m — 2)..4.2 m! 2
Tuong tu:
I _ 2m(2m — 2)..4.2 o (2m)!!
2Qim+ 1 T

(2m + D2m - 1)..3.1  (2m + D!

D6 1a cdc cong thie di bi€t (chuong Tich phan xdce dinh T1).
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d
2) batx = \/E,t>0thi: dx = —

t
24t
o 1
n--— 1 1
I=}—jt 2e'dt = =In + =
2 2 2

N NI
@2n - DVn _ - -

= —1— . (theo (6), (3.1)).
2 211 2n+1

n/2
HI= Itg”xdx , dit tgx = Vi thi:
o

O<x<£<:>0<t<+ao,x=arctg\/t_,dx=———l——dt
2 2Jt(1 + 0
E
1%t 2 +1 +1
va 1= = [f—ar=tp it
241+t 2\ 2 2
_lr(n+ljr[l_n+1)= bid 1 _ b4
2 2 2sin bid 2cosn—
NN . - o as . n+1
» RO rang tich phan da cho chi h¢i tukhin+1>0,1 - > 0 hay

’n| < 1.

H1= j'x“e*‘“ Inxdx . (a > 0)
O

bat ax =, ta dugc:
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1=

+n l a +4f
. N3 N
X -t t
It‘ ¢ lntdt - J.l“c
Lol o+l
a o a 0

Mat Khdc:

F(o + 1) = jt“e“dt, Mo+ 1) = jt“e“ Intdt
€] ¢}

Mo+ 1 1 {T(x +
Dodé: 1= (a+1) Ina Co + 1) = _(_(M]
a0¢+1 a(x+l do amrl
[ tén tai khi o + 1> 0 hay o > - 1.
SHI= j (n > 0). bat x" = t thi:
o l+X
1y
17t dt
1= =ir(l)r(1-i]=l. n
n 1+t n n n n sin n

. . 1
Tich phan héi tu khi I - — > 0 hay n > 1.
n

T T

6)1—j 4 - x7dx. Datx—ZJ_ t>0t111

1]

1= j41,/4 Pl Sjl%(l t)é it SB( 3 3)
_ - — g2 - 0n2dt = 88 >, 2
0 ZI 4] 2 2
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(e o5

7 1=
£ (1 +x)° o 1+ x)‘ 4
68
- \H ) l[(i)r(_l_) = _l_ n
I'(2) 4 \4)\4) 4 . m
!
_ s
242

1
{n>1). bat x = t" (t > 0) thi:

dx
Ni= | ——
!)'{[l -x"
-t

;1 !
1 1
i= = (g-va= ——B(—,l—l—)
? n n

n n
1 1
= —1“(—jr(1 - lj =" m>1).
n \n n . T
nsin —
n
P 11
())I=J.x nxdx,0<p<l
o 0 1+ x
Xét
! n
B(p,1-p) J. dx =I'(p)I'(1 -p)= —
Y SN PR
U xP lnx d
thi: I=B = —[I'(pI'(1 - p)
f dp[ p P

0

d( T J_ —nzcospn
dp\ sinpn sin pn .
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n/2

o
o ’ 1.
1 — —-sin

5 P

4
()S(ps5@12[2(),<p=a1'ccost.

10y K = dat cosp =t (1).

—dl dt
Vl“' ,/1—131f1-%(1—t2)

1
laidatt* =z (2) thiK = _‘/Zj

= i = i)

sqp . 210 1]

J—iu:

‘(1 - 2) ~dL

13 L r 17 _L
E = ——L{IZ (- 2z) 2dz+J.z 1 -2) zdz}
0

Chii y
Ngudi ta da lap bang cdc gid tri cia ham F(x) (trang 25()) theo bang dé:
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|
[(I + 1) = 0,9064

1
Do dé:  T'(—=) =4I 1 + 1) = 3,6256.
4 4
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CHUONG 4
TICH PHAN DUGNG VA MAT
A. TiCH PHAN DUGNG

Pudng. Pudng CcR%: x = x(1), y =y(t) a<t<P(l)Ia:
- lién tuc néu cic ham (1) 1a lien tuc.
-tronn€u 3 x;, y; lientucva xi* + y? 20(a<t<P).

- tron ting phdn néu né 12 lién tuc va chia dugc thanh mét s6 hitu han
phén tron.

S
~

- khép kin néu x(a) = x(B), y(@) = y(B).

- mién D 12 don (da) lisn néu né gidi han béi\\ (c6 bién gi6i 1a) mot
(nhiéu) dudng tron titng phén va khép kin.

/4

C C
Quy u6ce: chiéu duong (+) trén bién gisi C cia D 12 chiéu di cha mot QSV
sao cho phdn ctia D ké bén QSV & bén tréi, chiéu am (-) 1a chiéu nguge lai.

§1. TICH PHAN DUGNG LOAI MOT
1.1. Binh nghia

Tich phan dudng loai mot cia ham f(x, y) ldy theo hay trén cung
vo .2 T 1s
dudng cong C ndi 2 diém A, B: C = AB la:

I= jf(M)ds = Lf(x, y)&s3= lim if(xi, ¥i)ASs,
C AB -

maxAs; -0 i1
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V&1 moét cich chia bat ky C = AB thanh n phan do dai As; (i =1,

2...)) va mot cdch chon bat ky diém M(x,, y,) trén phan duge chia As;:

C la duong khép kin, ky hiéu

M~

C la dudng trong R*, dinh nghia tuong tu: jf(x, y, z)ds

C

Pac biétf =1 thil= jds = s 12 do dai cia C.
c
Moi ham f(x, y) ¢6 tich phan trén C goi 1a kha tich trén C. Moi ham

f(x, y) lién tyc trén dudng tron timg phan C déu kha tich trén C.
- Tich phan duong loai 1 ¢6 cédc tinh chat twong ty nhu tich phan
xdc dinh, trir tinh chat déi chiéu dudng 14y tich phan:

J;f(x, y)ds = J;f(x, y)ds
AB BA

V& co hoc néu xét f(x, y) > 0 1a mat do khoi lugng cta C thi khéi
lugng cua C 1a: m = _ff(x y)ds
<

1.2. Céch tinh
I= jf(x, y)ds (f(x, y) lién tuc trén dudng tron ‘tl‘mg phfin O
C

[y = y(x) _ ¢ 12
CbsXsb:>L£f[x,y(x)],/1+y ds (1)
, i A _
C {X XE:: as1<PB=1I= jf[x(l), y(t)]‘/x'l‘ +y'7dt (2)
y=y s
X = x(t) B '
Ciy=yn,a<t<p=1= [fxm,yw), ZOWX? +y? +2%dt (3)
z = z(t) o
§2. TICH PHAN DUGNG LOAI HAI
2.1. binh nghia

- Tich phan dudng loai hai (hay tich phan dudng theo cc toa do)
cha ham vecteur F = f(M) 5<P(M)Lt_Q(M)3,, M(x, y) € R* hay cna

cdc ham P, Q 14y trén hay theco dudng cong C € R* néi hai di€ém A, B la:
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I= J‘E’Eds = j‘IP(M) cos (M) + Q(M)sin (M) |ds
C C

Ky hi¢u: 1 = fP(M)dx + QM)dy = LP(X, ydx + Q(x, y)dy
-

AT

T = (cosa(M), sina(M)): vecteur ti€p tuyén tai M € C
j; : C khép kin
-
Vé co hoc, néu coi F = P(x, y)? + Q(x,y)} 1a lyc tdc dung vio mot
chat diém chuyén dong trén dudng cong C = AB thi cong cha hue d6 la:

T=| P(x, y)dx + Q(x, y)y..

C

- Tich phan dudng loai hai cia ham:
E(M) = P(M)i + QM) + R(MK,

M(x, y, z) € R* hay clia ba ham P(M), Q(M), R(M) trén dudomg C < R*
1a:

It

IP(x, y, z)dx + Q(x, y, 2)dy + R(x, y, z)dz
¢

J’(Pcosa + QcosP + Rcosy)ds
-

Véi T =cosai + cosfBj + Cosylz 1a vecteur ti€p tuyén véi C tai M
e C (o, B, v 1a géc gifta 1i€p tuyén véi ba tryc Ox, Oy, O7).

Moi ham lién tuc F = P, y)f +Q(x,y)j trén dudng tron timg
phidn C: x = x(t), y. = y(1) déu kha tich (¢6 tich phan) trén C.

Céc tinh chal cua tich phan dudug loai hai déu twong tu.nhu cic

tinh chat cta tich phan xdc dinh.
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2.2.Cach tinh

(vdi gia thi€t: tich phan tén tai)

{y = y(x)

I= | P(x, y)dx + Q(x, y)d
a<x<b Z[( y) Q. y)dy

{PIx. yoo! + QIx, yoly' (oJdx

© Gy T

{x=x(l)
C: ,ast<p
y =y

B
I= J'P(x, vidx + Q(x, y)Xdy = I{P[X(t), y(OIX, + Q[x(1)+ y(t)ly, }“
C o

X = x(1)
CcRYy=y), o <t<P
z = z(1)

I = jP(x, y, 2)dx + Q(x, y, 2)dy + R(x, y, z)dz
e

B
= f{l’[x(l), y(0), Z(D)X, + QIX(1), y(1), z(D]y, + Rx(t),y(1), z(l)]Z,}it

§3. CONG THUC GREEN - Sy POC LAP CUA TiCH PHAN pOI VOI BUSNG
LAY TICH PHAN

3.1. Céng thic Green

Néu P(x, y), Q(x, y) cung cic dao ham riéng cua ching lién tuc

trong mién Compact D gidi han bdi dudng khép kin, tron timg phan C
(lién tuc va chia duge thainh mot s6 hitu han phan tron).
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oQ 0P
thi: P(x,y)dx + Q(x, y)dy = - - — ldxd
f y Q(x, y)xdy fnf[ax oy [y

v6i tich phan dudng 1ay theo chiéu duong clia C (chiéu di trén C cla
mot quan sdt vién nhin thdy phan ctia D k& bén quan sdt vién & bén trdi).

3.2. Sy déc 1ap cla fich phan déi véi dudng Idy tich phan

Néu cac ham P(x, y), Q(x, y) cung cdc dao ham riéng cta ching

lién tuc trong mién don lién D thi 4 ménh dé sau 1a tuong duong:

1) %Jz %,V(x,y)eD.

2) $Pdx + Qdy = 0, VL e D (L: khép kin).
' L

3) J.de + Qdy khong phu thuoc dudng néi cic diém A, B € D.
. Cc=AB

"4) Pdx + Qdy l1a vi phan toan phdn clia moét ham u(x, y) nio dé
trong mién D: du = Pdx + Qdy.

§4. AP DUNG
4.1.Tinh dién tich mién D
1
S= 5§xdy - ydx = fxdy = - fydx
c 0 C
"C 14 bién gid6i cha D theo chiéu duong.
4.2. Tinh tich phdn dudng

I= "‘de + Qdy , P, Q ¢6 cic dao ham riéng lién tuc:
.
=48
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oP 3 . "
£ - (—:(—2- (khong phu thudc dudng lay tich phan C no1 A, B) trong
x

mién don lién D, thi:  Pdx + Qdy = du

A

va:
(By - (By B
1= [ = [Px+Qdy = [du=u[] =u(B)-uA).
T
C=AB (A) (A)

Tim u khi biét du = Pdx + Qdy:

ux, y) = [P, yo)dy + [QexyMy +C

X0 YO

x ¥y
hay:  u(x,y)= [Px, )y + [Qxg.y)dy +C

X Yo
v8i (X,, ¥Yo)s (X, ¥) € D don lién.
Trong khong gian R*:
I= IP(x, y, 2)dx + Q(x, y, z2)dy + R(x, y, 2)dz
c=%B

P, Q, R c¢6 c4c dao ham lién tuc trong mién: don lién V va:

QR _NQ PR

&y & &x &z & &
thi:

du(x, y, z) = Pdx + Qdy + Rdz
va:

X v z
u(x,y,z) = jP(x, Yo, 2)dx + IQ(x,y, z,)dy + jR(x, y,z)dz + C

X0 YO 20

(Xgs Yoo Zg)» (X, ¥, 2) € V.
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4.3. Céng cua lyc

T= [Pdx +Qdy
C=AB

=,

voi F =Di +Qj 1a luc tdc dong vao mot chat diém chuyén dong
theo dudmg C.

. P Q. . \
Néu — = — thi cong khong phu thudc dudng Cnéi A, B.
oy ox

4.4. Moment finh M,, M, - Moment quan tinh
I, I, cua duong C = AB doi véi Ox, Oy va toa do trong tam cua C:

M, = Iyp(x,y)ds, M, = jxp(x,y)ds,
C c
I, = Iyzp(x,)')ds . Ly =Ix3p(x,y)ds ,
c ¢

M)’ Mx
Xg = T Ys =

M M

voi M = J'p(x, v)ds 13 khéi lugng va p 1a mat do khéi lugng (dai) cna C.
c

- Vé6i C c R*:

1
Xg = ﬁixp(x, y, z)ds,

1
Yo = ﬁiyp<x, y, 2)ds ,

1
Zg = ﬁ-jzp(x, y, 2)ds,
c
M= Ip(x, y, z)ds 1a khoi tugng va p 1A mat do khéi lugng (dai) ctia C.
c
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BAI TAp

35. Tinh céc tich phan dudng loai mot:

X]) 1= fxyds , C 1a chu vi cua hinh: |x| + |y| <a (a>0).
C ;

D= , C 1a doan thang ndi O(0, 0) dén A(1, 2).

ds
cyx? +y? +4

X = a(t — sint)

NHl= J'yzds, Cla cung <y = a(l - cost).
¢ 0<t<2n

X = a(cost + tsint)

Hi= j\/x: +y2ds, Clacung {y = a(sint — tcost) .
b

0<t €£2n

S)I= f(x + y)ds, C 1a cung 1* = a*cos2e, -

<(p<n
p 4

0)I= &(x"”3 +y*3 }ls, C la dudng: x** + y** = a’*

C

DRE szs, Clacungx =tcost,y =tsint,z=1,0 <t < t,.
C

\§) I= jzds, C l1a cung x* + y* = 2°, y° = ax tir diém (0, 0, 0) dén
c

diém (a, a, a2 ).
NI= ﬁ‘IZyz +z%ds, C 1a dudng {x- ty =
c X=Yy
Bdai gidi
1) Theo gia thiét, C 1a chu vi hinh vuong ABCD (hinh 92):
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D
Hinh 92.
Phuong trinh ciia AB: x+y=ahayy=a-x,0<x<a,y =-1

Theo (1.2):

a a
J-xyds = jxyds =,jx(a - X)Wl +1°dx = \/Ej.x(a - x)ydx (1)
AB BA o 0

Phuong trinh cia DA: x -\& a,y=x-a,0<x<a,y=1.

jxyds = }x(x - a):l +17dx = ﬁ}x(x - a)dx
) ’ 0

DA @

=- jxyds (theo (1))
AB

Do d6: nyds + J.xyds = 0, tuong tu jxyds + J.x'yds =0
DA AB BC D
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2) Phuong trinh dudmg thang OA lay =2x,0<x <1,y = 2.
Do dé:

L V1 + 2%dx

c'[\/x:' +y> +4 o\/;2 +(2x)° + 4

SE D))

\/§+3 ch
> . —m——2

Vot +q

=In

b/ 0

3) x" = a(l - cost), y' = asint. Theo (1.2):

2 2 2 24 2.2 ’ ot
= X7 +y"dt = qJa"(1 = cost)” +a”sin” tdt = 2a sm.z_ldt
2n ¢
I= J‘yzds = 'fa:(l - cost)? .2a sin —{dt
C 0 2

N t Lot
vi: 0<t£2n =20 — < =>sin— 20

N

nén:

2n 2
I=8a' Isius Ldt = 8a' J.sm -—dt + Ism —dl Am
2 2 2

8] 0

n/2 n/2
= 16a’ J.sin5 udu + j sin*lu + = |du
2

¢ ¢

(trong tich phan th¢ nhat: u = —, thit hai: u =

)

SR

t
2

N

203



/2 n/2 T[‘ nj/2 n/2
= 32a’ j sin® udu, J. sin® (u + -Jdu = jcoss udu = jsini udu
0 0 2 4 0
4.2 256
=132a'. —— = ———a’.
53 1
o, X = a(cost + tsint)
4) Ta ¢6: C: R , 0<t<€2n
y = a(smt — tcost)

C 1a dudng tdic bé cta dudng trdn: x* + y* = a°
x' = a(- sint + sint + tcost) = atcost

y' = a(cost - cost + tsint) = atsint

ds = \/x'f +yldi= \/212t2 cos®t +a’t’sin" tdt=a
ol 2
I= _f\[x' +y~ ds
C

t] dt.

=T
= j\/az(cost + tsint)2 + a°(sint - tcost)” . alt'dl
0 ;
|
2n

=a3f I+ tz‘\i\clt = 332_[(1 +4n’)? - 1].
o \

5) Cla — bén phai cua dufmg Lemniscate (hinh 93).

° = a’cos2q,
2rr' = - 2a%sin2¢,

2.
. a” sin 2¢
'
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y /
/
/
/
%
4
7/
Id
4
0 a X
N
N
N
AN
N
N
N
N
Hinh 93,
Trong toa d¢ doc cue:
4 .02
> 2 a”sin” 2
ds = yr”~ + 1" dp = + ———;—(p.d(p
. -
4 e 42 2
a” cos” 2¢p 4+ a” sin” 2 a”
= P = ‘ (pd(p = ——dq)
r- r
n/4 2
A . a
Vay I= §(x + y)ds = jl‘(COS(p + sing) . —de
¢ -n/4 L
n/4

:‘H =a’ \/5 ]
)

2 jaz cospdp = 2a’ sin

0

0) C la duong astroide, phuong trinh tham s8 cua né la:
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X = acos't, y = asin’t, 0 < t < 21

X' = - 3acos’tsint, y' = 3asin’tcost
ds = \/x':" +y'T dt

= \/‘)a2 cos’ tsin® t + 9a° sin® tcos” t .dt = 3a‘sintcost|dt
Vi 1y do d&i xing nén:

/3

I=4 [facos®)*"? + (asin® t)4/3]3asinlc0stdt
¢l .
n/2
=122’ j(cos“" t + sin? Dsint costdt
0
n/2 R
=12a’"3 j(cos*q tsint + sin” tcost)dt
4]
1 1 ni2
=12a’3 - —cos®t + —sin®1 =d4a’",
6 - 6 0

\x
7) C 1a dudng dinh ¢ nén tron xoay (x* + y* =z7)
X =tcost,y =tsint,z=t, 0<t1 <t

x; = cost - tsint, y'l = sint + tcost, z; =1

A
1=

ds = x'7 +y'7 +z7dt

YU+ 2dt

J(cost — tsint)? + (sint + tcost)zdt

1 5]
3 1 a kWil
1= jzds = jx,h- +2dt = S 2)“~\
C 4] = [¢]
1

=;k§+m”2—f”]
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8) C 12 giao cha mat nén x* + y* = z* vi mat tru y* = ax, dua phuong
A}

trinh coa C vé& phuong trinh tham s¢, datx = t, y = \/5 .
=Jt¥ +at,0<t<ae(0,0,0) > (0,0,av2)
\/; ! 2t + a

Ko=ly =YL g o BEa
2Vt 2,/r‘ + at
+ g 8t + 9at + 2a-
ds= 1o &, @urar ‘/ dt

4 «Wt‘ + at Z\It" + at

' [—““\/ + 9at + 2a°
I— d = &
QZS f T wal’-(»at

17 [ >
= —f 8t + 9at + 2a? dt
2

1= j[zfu

442

[2J_ t+

f]n A

3f%ﬂ+fM:E:5-

a

_17a‘1 2+——+,/8t“+9at+2a
32 ’ 42

0

2

5+
= 100438 = 72 — 1710 2t 3¥38 + 4438
256\[— 17

9) C 1a dudng tron tén trén mat cdu x* + y* + z° = a® vi mat phéang
X =y qua gdc O.

207



Pua phuong trinh coa C v¢ tham sé:

a a . . . . a
dat x = —=cost, y = —=cost, z = asint thi khi 0 <t < 2n'ta ¢6 ca
V2 V2

dudng tron.

. . a .
X, = —=sint, y' = —sint, z = acost

V2 V2

2 n
a” a” . .
ds = \ﬁz—smz t + 75111' t +a”cos” t dt = adt

I= §\/2y2 +27%ds = 2"z‘\/écoszt +a%sin” t .adt

C 0

2n
= jazdt = 27a’
0

Chi y

Vix =ynén:
.

I= §\/2y2 +z2°ds = §\/x3 + y: +z°ds
C

c
= §\/a_2ds =a§ds =a.2na = 2xa’
c c

(§ds = 2na: do dai duong tron bdn kinh a).
c

36. 1) Tinh dién tich S cta phan mat tru y = EX' 2idi han bdi cdc
mat phang z=0,x=0,z=x,y = 6.
2) Tinh d¢ dai s cha dudng x = ae'cost, y = ac'sint, z = ae' i diém

(0, 0, 0) dén diém (0, 0, a).
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3) Tinh khai luong M cua dudng x = acost, y = bsint, 0 < t < 21 né€u
mat do khéi lugng (dai) cia dudng dé 1a p(x, y) = Iyl .

4) Tim toa dd trong tam cua:

a) Cung dong chdt (p = 1): x = a(t - sint), y = a(l - cost) (0 <t < 7)

b) Chu vi tam gidc cdu déng chdt (p = 1), x> +y* + 2> = a’, x 2 0,
y20,2=20

5) Tim moment qudn tinh I, d6i v6i trye Oz cia cung déng chit
(p=1:x=acost,y=fgint,z=>bt,0 <t <2x.

Bai gidi

1) Tich phan dudng jf(x, y)Yds (f > 0), v& hinh hoc cé thé xem la
. C ’
dién tich phan mat tru ¢6 dudong sinh song song véi truc Oz, dudng
chuéan 13 dudng lay tich phan C va chiéu cao la nhitng gid tri cia ham
dué6i dau tich phan f (hinh 94).

z
0 &
y
X
Hinh 94,
Do dé, & day: S= jzds = 'fxds
& C
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Clacung y = «8~x— tr dicm (0, 0) dén diem (4, 0). Ta ¢o:

3 9
y'= =x,ds= Jl + —x~ dx
4 16
4
4 32
f n 5 2
Dodé: S= Ix I +—9—x" dx = -8-[1 + —g—x') —
o 16 9 16 3
0
= ;—3—.(1()\/]() — 1) (dvdt).

2) V¢é hinh hoc If(x. y)ds khi f = | 1a d dai cung duong cong C.
C
d day:  x'=ae'cost - ae'sint,
y' = ae'sint + ac'cost,

7' = ae'

Do dé:

4]
s = j\/azez[(cosl — sin)” + (cost + sint)® + 1]dt

—

(to>-x,x,y,2>0,t=0,x=a,y=0,z=a)

[¢]
s = fael.\/gdt = ay3 e‘lb‘ = a\/§ (dvd).

3) Theo ¥ nghia ¢o hoc

M= jp(x, y)Yds = ”ylds.
¢ C

Xéta>b, x' = - asint, y' = beost
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va do d6i xdng, nén:

2n
M=b ‘”bsinl\gz sin” 1+ b? cos” t.dt

0

n/2
= 4b j \/a2 sin>t + b° cos> t.sin tdt
Q

[¢]
=4b ".\/a2 - (a”~ - bz)cos2 t.d(cost)

nj2

4ab*f —
= a j\/l — e~ cos” t.d(ecost)
e
0

Al - b2
v@3i ¢ = ——————— & tam sai cua ellipsc
a
[t)
dab{ ecost 3 5 1 .
= 1 — ¢ cos™t + —arcsm(e cost)
¢ 2 2

m/2

It

2b(b + iarcsim:) (dvkD).
e

4y a) Theo (4.4), & day: (hinh 95)

Hinh 95.
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212

M= .‘llds = ]E,/x'f +y'.dt
C 0

m
= I\/az(l - cosl)2 + a° sin” t.dt
Q

H t
= J.Zasin—dt =4a
2

Xg = M'V xds = ——ja(t - sin t)2asm dt
"M 4a) 4a
= —J.(t - smt)sm—dt
4}
a t|° t Fat ot
= Z{2tcos— + dsin—| - 2_( sin® —cos—dt
2 2|, o o 2 2
a 1 3 t m
= 4 - 4‘[ sin? —d(sm——) =2a|l - —sin” —
2 2 3 2
0 0
M 1 17 t
= 2 = —|yds = — | a(t — cost)2asin—dt
SV 4a£y 4aI ( ‘ 2
0
a ¢ t
2cos— - 2!(2 cos? - - — d| cos—
2 2|, P 2
) ) ¢ 4
—32— icos‘gl—2cos— -
2 3 2 . 3

b) Theo (4.4), & day:

Xg = ﬁjxds = ﬁ J‘xds + jxds + J.xds
C

Cy .Cn C3

}_

4a
3




1
= ﬁ é"lxds +é£xds

( | xds =0 vi trong mat phang yOz: x = 0) (hinh 96).
Ca

Hinh 96.

.. N . T ,
Phuong trinh tham s6 ctia C, 12 x = acost, y = asint (0 £t < -2-), cua

C,lax=acost,z=asint (0 <t<

).

oA

Khi d6 trén C, va C;:

ds = \/(7- asin l)2 +a° cos” t.dt = adt
Khai lugng:
3na
2
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Vay:

w2 n/2

2 . 4a
Xg = — I;r cospdp + Jaz cospdp | = —
3ma| 7 0 3n
4a
vi 1y do dé6i ximg nén yq =25 = xg = ‘;_ .
1

S)Taco: 1, = J.(x2 + yz)ds
c

gday: ds= ‘/x':" +y7 o+ zZldt
= \/a2 sint +a‘cos’t+b>dt = \[az + b3dt

Do dé:

-

R
= j(az cos” t + a” sin® t)\[a2 + b3dt

¢

2n

=a%ya’ + b’ jdt =2a%ya’ + b’m.
4]
37. Tinh céc tich phan dudng loai hai:
DI= /L(xz — 2xy)dx + (2xy + y2)dy, AB: y = x> néi A (1, 1) dén B
2, 9.

X = a(t — sint)
1= J.(Za - y)dx + xdy, C: <y = a(l - cost)
0<t<2n

= §(x * y)dx - (x - )y , C: x* + y* = a” theo chiéu nguge kim

& Xy &)
dong ho
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dx - xd . i 2 2
4 1= §M C: phan bén phai cliia duong r° = a“cos2q,
c Xty

nguge chiéu kim déng hé
dx +dy

+h
D (0, - 1), nguqc chiéu kim déng hé.

5)1—§ : C: chu vi hinh vuéng A (1, 0), B (0, 1), C (- 1, 0),

6O I= Iydx +zdy + xdz, C: x = acost, y = asint, z=bt, 0 £ 1< 2n
I
theo chiéu tang cua t

-

NI= §(y - 2)dx + (z - X)y + (X ~ y)dz
C

C: x* + y* + 2 = a°, y = xtga, nguge chiéu kim déng hé néu nhin tix
phia duong cua Ox

I = §(y2 - zh)dx + (27 —xz)dy +(x? —yl)dz

¢

C 13 chu vi tam gidc cdu x> + y* + 27 = >0, y 20,z 20 theo
chiéu sao cho phia ngoai clia tam gidc & bén Ual.

Bai gidi
1) Theo (2.2):

I= )L(xz - 2xy)dx + (2xy + y*)dy
A

[x3 —2x? + 2x?+ x? ).2x}lx

I
e o )

(x* = 2x% +4x* + 2xH)dx

— 1)

x? x* 4x* I 4
=l—=—-—=+ + =X
3 2 5 3
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2) Theo (2.2):

1= j(zu — y)dx + xdy
-
2n

= '[{[221 —a(l —cost)]a(l — cost) + a(t — sinl)(asint)}dt

0

-

2n i o
= J'a"tsintdt = a‘(— tcost + '[costdl =-27na".
0O
] 0

3) Phuong trinh tham s6 cla C: x = acost, y = asint, 0 <t < 27,
Do dé:

(X + ydx — (x — y)dy

2 2
C X" +y

'f[(acost + asint)(— asint)

— (acost — asint)a cost] dt
5 .

0 a

2n 2

J._;j dt =-2n

o a

4) C 1a nua bén phai caa dudng Lemniscate (hinh 97).

Phuong trinh cia C la: r = aJcos2p Véi - % << %
Phuong trinh tham s6 ¢ cua C la:
. b
X = 84/CO82¢ .COSP, ¥ = a4/cos2¢p .sing, - % <@ < 7
dx — xd
mat khac: M =- d(arctgl) =-do
X" +y X
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Do d6:

_pxy(ydx — xdy)
I= i‘) 2 2 y
c Xty
n/4
=- Jaz Cos2(p.(§i11cpcos<p1(1(p =0
—n/4 ) 0
Vi ham duéi dau tich phan 12 1¢.
+
S)I—J'dX dy +f 4]+ Hinh 97.
Iyl AB BC (D DA
(hinh 98).
y
1.8
C A
-1 0 1 X
-1YD
Hinh 98.

Phuong trinh cia AB: x + y = 1, do d6 trén AB: dx + dy = 0, vay:

j dx + dV

AB

Phuong trinh ¢ha BC: y - x = ] = dx =dy. Do dé:
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J-dx+dy __:f 2dx

|
= =2|dx =- 2.
Bclxl+|yl o Xtx+l ?‘:

Phuong trinh cta CD: x +y =- 1 = dx + dy = 0. Do dé:

J'dx +dy 0.

o Kbl
Phuong trinh cha DA: y - x = - | = dx = dy. Do dé:

LRI PRY

on BI+I

(| = x.

y|=]x—1|=1—x,’x|+|y‘=x+1-x:l)

VayI=0-2+0+2=0.
6) Theo (2.2).dx = - asintdt, dy = acost.dt, dz = bdt

2n
I= J'ydx + zdy + xdz = j{(asin t)(— asint) + btacost + acost.b}dt
c 0

2n
= j(— a”sin® t + 2abtcost)dt = - ma’
Q
7) C 14 dudng trom x* + y° + 27 = a%, y = xtga N

(nim trong mat phang y = tgo..x) ban kinh a.
Phuong trinh tham s& cia C 1a:

X = acosocost, y = asinocost, z = asint (2).
Vi X, y, z xdc dinh boi (2), thoa mén he (1).

RO rang t tang tir O dé€n 2x thi hudng di trén dudng tron 1a nguge
chiéu kim déng hé khi nhin tir phia duong clia Ox.

Do d6:
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I= §(y —-z)dx + (z — x)dy + (x - y)dz
c
2n
= “(asinotcosl —asint) (-a cosasint) + (asint - acosacost).
0

. (-asinasint) + (acosocost - a sinacost)acost]dt

2n

" . - . L
J.a“(cosoc — sina)dt = 2wa“(cosa - sina) = Zs/fa2 sn{z - (xj.
O

8HI= j + J + I (hinh99) trén C,: z=0,dz=0
. G G

Hinh 99.

Dodé 1, = J‘yzdx -x*dy, phuong trinh tham s6 cua C;:
€1
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X =cost,y=sint, 0 <t <

SRR

Vay:
n/2
I, = J‘(sinz 1(- sint) — cos” tcost)dt
0
n/2 :
. 2 -4
=-2 j‘sm3 tdt =-2.— = —~
3 3
4]
SN —4
RO rang: Izz‘ =I3=J :Ilz:‘.:?
€2 Cs Cy
Vay: I=L +L+1,=-4.

38. Tinh céc tich phan duong:

NIl= §2(x: + yz)dx +(X + y)zdy, C: chu vi tam gidc A (1, 1), B
& ‘
(2, 2), C (1, 3) theo chiéu ngugc chiéu kim déng hé.

D I= §— xydx + xy'dy, C: x* + y° = R, theo chidu nguge chidu
kim déng h(‘;
DHI= j.(cx siny — my)dx + (e cosy — m)dy, C: nita trén cha dudng
trom x° + yl(z ax tr A (a, 0) dén O (0, 0).
dx - dy
X+Yy

4H 1 = § C: chu vi hinh vuéng: A (1, 0), B (0, 1),
¢
C (- 1,0),D (0, - 1) theo chiéu duong (nguge chiéu kim déng hé).

3.
5 1= j(x4 + dxyddx + (6x°y? - 5y*)dy

(-2.-1 ' .
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3.h

2y)dx + yd :
6) 1= j(X+ y)dx yy,C: khong cat dudmng y = - x.

(1L x +y)

NHI= “f') —r iy :ix+ — Y ix dy
ool Yx° +y? x2 +y°
(x2.32.22)

xdx + ydy + zdz

j , V6i (x,, ¥,,2,) € mat cu x* + y* +
(X].¥].Z] \’X- +y  +77

z° = a’, (Xa, ¥2,Z,) € matcdu x> + y> +z> = b*

8 I=

NI= /nydx +yzdy + zxdz, AB: x>+ y + 2 =2Rx,z=x,y>0
A :
(R > 0).
cos(T, 1)

10) G = §—————ds (tich phan Gauss)
C r

r=x - Ay - L AG MM, Y) €C, T = AM
A
(T 1) géc gilta T va n, n 12 phdp tuyén ngoai don vi tai M cilia

Bai gidi

1) Phuong trinh cdc canh cua tam gidc (hinh 100). —

AB:y=x,1<x52,

- -2
,BC:y 2=x hay y=-x+4,1<x<2
3-2 1 -2

Fday: P=2(x*+y),Q=(x+y)

o AQ S T 1ia .
—q;,— =4y, o = 2(x + y) la cdc ham lién tuc trong mién compact D
é

la tam gidc ABC.
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(=}

e I
N
>

Hinh 100.

Vay ap dung cong thitc Green ta c¢é:

1= j} = ”[——_Jd xdy = ”2(){ - y)dxdy

2 -x+4

2_[dx I(x - ydy = j{-&x - }i - ﬁ—_—Xi}dx
i

2 2
1 X

-

2 33 4+ — 3\ 4
:22)(‘_L+u = — .

6 6 3

1
2) Tuong ty nhu 1), & day:
. . Q ., CP
P=-xy,Q=xy, — =y, —=-X"
Y. Q=xy ) 2y

Ap dung cong thirc Green:
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I= &—x ydx + xy*dy = H(x + y¥)dxdy

b
vGi D 14 hinh tron: x* + y* < R?

Chuyén sang toa do doc cuc

an 4 4
1= Id(pj adr = ZRB— = R .

4] 8] 4 2

NTacodH: 1= I § f (hinh 101).

c /N Oa

OAmMO

y

m
D
0 A X
Hinh 101.

Trén OA: y =0, do doé:

a
_‘- = j().dx +€* =m0 =0
oA O
Ap dung cong thic Green:
§ = H (" cosy — ¢ cosy + m)dxdy = m”dxdy
D

D
OAmO
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N o N N . T
D 1a nua trén hinh tron, ban kinli —.

Do dé: § = m%_ Vay I = mra” . mra
Band
1 C- . . \
4) O day P = . Q= khong lién tue tai (0, 0) € hinh
X+y X+y

vuong (hinh 102) nén khong 4p dung duge cong thidc Green dé tinh 1.

y
8
%///\\\g
-1Y/ X
D
Hinh 102.

Tinh tryc ti€p, ta cé:

1=£=é+i+]+%

Phuong trinh cia AB: x + vy

N
—
—
v
>
v
=
&l—
I
[\
joh
>
|

Phuong trinh cia BC:y - x

it
!
U
joR
e
1
jol)
<
U
% —
1l
o

ey 2dx
Phuong trinh cta CD: x +y=-1,-1<x<50, j = j
Ch

X+ (E1-x)



Phuong trinh coa DA: x - y=1=dx=dy = j =0.

DA
Vay I = - 4.
. . oty aeus Y22 4
5) O day: P=x"+4xy’, Q= 6x"y" - 5y
P . ¢ s
L—=12xy'=g=12xy“
oy ox

Vay I khong phu thude dudng lay tich phan. Chon C & dudng gap
khic ACB: x=-2vay=0. _
N6&i 2 diém A (- 2, - 1) vd B (3, 0) (hinh 103).

y
s pIVENS I
-c ‘ ‘ B .
-2L 0 3" X
AP
PR RS
Hinh 103.

, 3
J J.( )0 + (24y 5y4)dy + Jx4(lx + ()0 =62.
CB - - -2

AC

(Trén AC: x=-2,dx =0, tén CB: y = 0, dy = 0).

X + 2y _ y
x+y)? T x4y’

6) 8] day: P=
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cb (x+y)2—2(x+y)(x+2y)_ -2y aQ

oy x +y* x+y) X
Vay I khong phu thuéc dudng 1ay tich phan khong cat dudng y = - x

trén AB, A (1, 1), B (3, 1) (hinh 104).

y
A B
== —
1
I :
0 12 3 X
Hinh 104.
Tacé:y=1,dy=0.
Vay:
3 3
+ 2)d
J‘(x yx j - =1112+/—l—.
L (x + 1)? 1 1'1(x+l)‘ 4

7) Biéu thitc dué6i ddu tich phan c¢é thé viét:

+ydx+————y +xdy—deerdy

X

—_ ——————= + ydx + xdy
x? +y? /X: +y? /xz 4+ y2

d\/x2 +y7 4+ dxy).

Theo (4.2):
1.1y (L.l
I d(\/x +y o+ xyj (‘/xz +y o+ xy) = \/5 + 1.
(0.0, 0.0y
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8) Tuong ty nhu (7):

fX2.¥ 20 - (X2 .v2.2n) B
T xdx 4+ ydy + zdz e 3 2 2
1= j' = I dyx” +y~ +2z°
2 5 2
(X].¥1.2] ¢ X" +y" +z” (X).V].27)

(X2,¥2.22)

= VxT +y +2°

2 2 2 2 2 2
= yX3 +yy +23 - YX7 +yy +z; =b-a

(Xp.v1.21)

(Vi (X, ¥1»2,) € mal cdu x> + y° + z° = a°, (X, Y., Z;) € mat cau
X*+y +2z27=b).

. o -y
9) Phuong trinh tham s6 coa cung AB:

x=tz=ty= J24Rt-1>,0<t<R.

Do dé:
R
I= J%xydx + yzdy + zxdz = J'(Z\/Et.,/Rt -7+ t:)dt
A 0 ;
R . R
= JEJ'{(Zt ~ R3WRt - 12 + RyRt — 1 }dl + [Ca
¢ 0
5 R
- \5(_ Z(Rt - ‘2)3/:) +
3
0
R
- 5 t R R
> R . t’
+ R\/—z_ 2 Rt -t~ + —arcsin 2 + —
2 8 R 3
2 (€]
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10) Ta cé cos(t, n) = I , do d6:
'

6= fPlas = fET N L Deosh
:
C

C

N
ot

— x)dn — — y)yd& =
x)dn - (n — y)dg v6i 1 = (cosa', cosP).

2

r

1l
) =

Néu A (€, n) € C thi:
0 5]
G=|—((nnrdn - —(nndz
ia; n - o (nnd

va 4dp dung cong thitc Green:

o° .
o (Int) [dédn =0

a’.’
G=[[|—@nn
-‘I;J‘a‘é'-’ nr) +

Néu A nam trong dudng C, thi G khong phu thudc dudng 14y tich
phan, do dé 14y C 1a dudng trdn tAm A, ban kinh £ thi:

‘G = §(= — X)dn - (M - y)dg
C -
bat: £ - x =ecosp, 1 -y = esing, 0 < ¢ < 27 thi:
2n
G= Jd(p = 2mx.
0
39. Tim ham u biét:

1) du = (3x* - 2xy + y)dx - (x* - 2xy + 3yH)dy

2ydu =

ydx — xdy
3x° - 2xy + 3y2

D du=e"[(1 +x + y)dx + (1 - x - y)dy]

228



X+y-z2dx+(x+y-2dy+x+y+2z)dz

4) du = - - -
X~ +y +2z° +2xy

5) du = (x7 - yz)dx + (y* - x2)dy + (z° - xy)dz

y(l - x* +ay>)dx + x(1 - y* + bxz)dy_

6) du = - — : Xdc dinh a, b?
1+x" +y)
7) du = * - y)(}x hi (i( + Yy : Xdc dinh n?
(X... + y.'. )l‘l
Bai gidi

1) P=3x"-2xy +y5, Q = - x> + 2xy - 3y°

a—P:-2x+2y=§
oy ox

Vay Pdx + Qdy 1a vi phan toan phan cta ham u(x, y) nao dé.

Theo (4.2), 18y x, = y, = O trong mién lién tuc ctia P, Q.

Ta cé:
X ¥
u(x, y) = j3x2dx + I(— X~ + 2xy - 3y3)dy +C
0 0
=x*-xy+xy* -y +C.
X
2)P= — Y =.Q=-—
3x7 - 2xy + 3y~ 3x7 — 2Xy + 3y~
P _XQ _ _ 3’ -y

&y & 3} - 2xy +3y

do d6, 14y x, = 1, y, = 0 (¢ mién lién tuc cia P, Q).

Ta co:
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X 3
u(x,y) = I()dx + j - X —dy +C.
\ n3XT = 2xy + 3y~

¥ v

u(x, y)= - xj dy

.
; —dy = - =
53x7 — 2xy + 3y~ 3

of XY, 8
y 3 9

1 y - x
= - arctg + C.
26 2J2.x

HP=e"(1+x+¥),Q=e"(1-x-Y),
® _ &«

= —==-"Yx +Yy)

&y &
L4y Xo = yo = 0 thudc mién lién tuc cua P, Q:

X y
u(x, y) = Ie"(l + x)dx + _[e"'y(l - x — y)dy

¢ 0

=e"(x+y)+C.

4) Theo (4.2), 18y x, = yo = 0, z, = | trong mién lién tuc cia:

x+y-2 X+y+z

P=Q= LR =

x3+y2+22+2xy x3+y2+zz+2xy
RS rang P, Q, R thod mén (4.2).
Ta ¢é:

rx-1 ; - P(x 4y +2)dz
u(x,y,z):!x1 dx+j x+y-1 dy+_"u_.

oXo +1 X +y)T +1 (X + ) +z7

X

= {% Inx* + 1) - arclgx}

+ Bln[(x +y) + 1} -

O



7

- arctg(x + )|, + {%ln[(x +y)° + zz] + arctg —2 |
N X

+v]

|

+ C.

~ Z
= 111\/(x +y)y + 27+ arctg
X

+y

50 day:

du = x*dx + y*dy + z°dz - (yzdx + xzdy + xydz)

= d[%(x3 + y3 + zs)jl - d(xyz)

Vay: u(x,y, z) =%( x* +y* +2zY)- xyz + C.

2 3 _ 2 3
6)Gday: Pp= L Y T o XX +t:xﬁ
(1 +x7 +y7)” 1+ x> +y%)°

P 1= x* + 3@+ Dx’y’ +3(a - Dy* - ay*
oy a+x>+yH)?

8Q _ 1+3(b-1x* —bx' +3b+ hx’y’ -y*

x a+x> +y)

3a+DhHh=3b+1
) 3a-1)=0
Theo (3.2): s = g khi <a=1

o x
@ b-1=0
b=1
Do dé a=b=1 thi du = Pdx + Qdy.

Ldy xo = 0, y, = 0 trong mién lién tuc cia P, Q vd cdc dao ham cia
nd, ta cé:



u(x, y)= F()dx n jil*_yli_

T dy
0 p(I+x" +y7)”
d(l +x7 +y°
:x(l+x)j————— — —(——)f—%lf)-
oL+ x> +y7) (,2 (I+x7 +y7)”
5 1
=x(1 +x%) Y + arctg Y +

20+ x A + x5 +y3) 2 +x7)?

‘/1 +x°

X X
+ y - arctg

Yy
201+ x7 +y7) 241 + x* c,ll+x2

=—22 ¢

1+x° +y2

(v61i tich phan thit nhat, ta da 4p dung cong thic:

dx 1 X
L= J' - — = - z( ;- + —arctg—~ + O).
(X~ +a’)” 2a-(x~ +a”) 2a a

7 Tacé: P= —"2 Q= —21Y
(x... + y_)ll (X_ + y_)ll
6_1" _ - (x? +y3)—2ny(x -y)
ay (X_ + y:)lhl

Q _ (x2 +y:)— 20x(X + ¥)

ox (XZ + yl)n‘l
. . CP
Ta phai c6 diéu kién: & @— hay:

2(x* + y) = 20(x7 + xy - xy + ¥) = 2n(x7 + y?)
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suyra2=2nvan=1.

Vay khin=1:

quo XA+ b ydy | oxdx +ydy o xdy - ydx

-

x> +y° X~ +y” X" 4y

Tich phan ta cé:

u = l]u/x2 + yz + arctg—y— + C.
X

40. Tinh dién tich S (bang tich phan dudng) cdc hinh gidi han boi:
1) x = acos’™, y = asin’t
2) x = a(2cost - cos2t), y = a(2sint - sin2t)

N x*+y -3axy =0

, x )’ y: X y
Hl=t +]1=] =|—]+|=.,x=0,y=0,(a,b>0
(1) <G -Gl xmermnarno

Bai gidi
1) Hinh gidi han boi dudng astroide (bay 75. T1).

Theo (4. 1) va do d61 xting (hinh 105):

1 1
S= —¢xdy — vdx = —| 4 | xdy — ydx
2§:> y =) 2[ y -y }

AB

T3
=2 jacos3 t.3asin” tcost — asin® t(— 3acos” tsinl)}lt
0
n/2
6a- J‘sin" teos™ tdt = 6a’(l, - L)
4]
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= 2T vy,
8
y
B
A N
[4] a X
Hinh 105.

2) Hinh giGi han béi dudng Cardioide (bai 75. T1).

S = %(2/&(@ - ydx] (’inh 106)
Am

n
= f[(Zacost — acos2t)(2acost — 2acos2t) -
0

Ta cé:

— (2asint — asin 2t)(— 2asint + 2asi112l)]dl

bi¢
= j((mg - 6a” cost)dt = 6a’n (dvdt).
0

I7
w2
I



y !

>4

m
_30!

Hinh 106.

3) Hinh giéi han bdi dudong C (14 Descaste) (hinh 107) (bai 75. TD).

\\0 X

Hinh 107.
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Phuong trinh tham s6 cta dudng C:

3at 3at’
X = .y = ,0<t < + oo,

y
1+ 1° 1+ 13

(bat y = (x, ta c¢é phuong trinh nay).

Vay:
1 U2 s (3 ) gl [ za )
S:—§xdy—ydx=—‘[ a} aﬂ - a3 13 dt
27 201+ 1+ ) 1+ (10
(t 3’2
——j A = 22 (dvdn).
(l+t)“ 2

4) Pua phuong trinh cia C vé phuong theo toa do doc cuc suy rong:
X = arcosQ, y = brsineg.

Tacé: r=cose + sing.

Do dé phuong trinh tham s6 ctia C 1a:

a(cos™ @sin@ + sin”~ @cos)
sin @

X = a(cos@ + sing).cosp =

b(cos® psing + sin” pcosp)
cos ¢

y = b(cosp + sing).cosp =

v6io< s =
2

Mat khac:




1 1 . (y
—(xdy - ydx) = —x"d| =
Lty -s00= a2

X
ab 2 . .2 T
= —2—(005“ @ + 2sin@cos® + sin” @), 0 <@ £ 5
Do dé:
e mE sin? © " I =«
S=ab jsin(pcoscpdq) + Jcos" ede | =ab| —— +—-.=
0 0 2 0 22

41. 1) Tinh cong cta luc dan héi hudng vé goc toa do, do 16n cua
né ti 1& véi khoang cdch tr chat diém dén gdc toa do, néu chat diém

2 2

. X .
vach m¢t cung ellipse: — +=— =1, x 2 0, y 2 0 theo huéng nguogc

~

a b~

chiéu kim déng hé.

. , = k [ 2 2 ;
2) Tinh cong cuia luc F, IF] =, T = X" +Yy o+ z® tc dung

r
vio mot chit didm M khoi lugng m, chuyén dong tr M,(x,, y,, z,) dén
diém M, (X,, Vs, Z5).

Bai gidi
1) Theo gia thiét do 16n cha lyc:
=T o

k 1a he s6 1y l¢.

Do dé:
— 2 2 7 :__T . ey
F =k\/x' +y” .cosa’'l +kqyx” +y" sina'j
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=k\lx2 +y2 ,___X i+ r___._:y 3
x.; + y_' X_‘- + )7—"
=Kk (-xi - y})
Theo ¥y nghia co hoc, cong T cia luc phai tim la:

n/2

- ijdx +ydy = -k j[acost(— asint) + bsin t.bcost]dt
C

-
1l

¢

n/2
-k J‘(b2 - az)sintcost.dt = g(a3 - bz) (dvQ).

[¢]

2) Theo gia thiét:

F If*‘lcosa.; + \fr.cos[}.j + ll‘:lCOSY-iE

- i[i; AR 512] = K yie )
v r r 3

27 .
Do dé:
(M)

T=k xdx + ydy + zdz

372

2 2 2
wmp (X° +yT +27)

'Mz)l d(x2 +y2 +22) _ 1] 2

3/2 r

- o) o) A
lMl)2 (X_ +y~ +Z—)

1 I
=kl = - —
k Iy
r, = \/xf + v7 +zl3 )
e} o) o)
r, = ,lxg +y5 +23
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#42, 1) Xac dinh cdc ham P(x, y), Q(x, y) hai 1an kha vi lién tuc (¢6
cdc dao ham riéng cip hai lién tue) sao cho tich phan:

I= §P(x + o,y + Pidx + Qx + o,y + Pidy
C

khong phu thude cdc hang sé o, B v6i C 1a dudng khép kin bat k3.

2) Ham kha vi f(x, y) phdi théa min cdc diéu kién ndo dé

If(x, y)ydx + xdy) khong phu thufc dudng néi A, B.
AB

3) Tim llm—§l~nds S 1a dién tich mién D gidi han bdi dudng C bao
d-0 8§

quanh diém (x,, yo), d 12 dudmg kinh cta mién D, n 1a phdp tuyén ngoai
ctaC, F = Pi + Qj kba vi lién tuc trong D.

4) Ching minh:

a) ” Audxdy = &ﬂds , trong do:
5 ~én -

Au = 6-? + El , 0 = (cosa, cosP): vecteur phdp cua C
ax.; 8y..'.

cdu ¢u cu

— = —.cosa. + — .cosf

on  ox oy

cu (V Cu v
b) || vAudxd - dxdy + v——ds
J;J Y= ”(m &x oy (“vj § on

-
3 Cv
<) U(VAU — uAv)dxdy = §(vg - ué—}ds
D 4

Bai gidi

1) Gia sir P, Q thoa man cdc didu ki¢n cua bai todn thi:

%]
'



§P(x + o,y + Pydx + Q(x + o, y + Ndy
-

= §P(x, vidx + Q(x, y)dy
C

Do dé: I, = §P1 (x, y)dx + Q,(x, y)dy =0
C

véi: P,=Px+a,y+p)-Px,y);
Qi =Qx +a,y +P)-Qx,¥)

oP .
Theo (3.2): & = =L (1), datu=x + o, v=y + B thi (1) viét
) OX oy ‘

C
dugce:
Qu, v) Q. y) _ P, v) PKX,y)
Su ox ov oy
hay aQ(u, v) ) oP(u, v) _ AQ(x, ¥) _ P, y) 2)
Au ov x Cy

v& trdi chi phu thuoc u, v, v€ phai chi phu thuoc x, y, vay dé cé (2) thi:

N ®_x @

= C = const

o v x oy
hay: ¢ Qx,y)-Cx) = —a—(P(x )
ay: ox .y ) = (')y .Y
Do dé: Q(x,y)-Cx = J.ﬁ—[gu—jdx + @(y)
oy \ Cx
cu . : cu
hay: Qx, M =Cx+ — +¢y) vi Px,y)= — +¥(x
oy X

v6i @(y), W(x) 1a hai hdm tuy ¢ cha y va x va hai 1an kha vi lién

tuc.
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2) Theo gid thiét:

)[\f(x, y)(ydx + xdy) = If(x, y)(ydx + xdy) (hinh 108)

AmB AuB
hay: If(X, y)ydx + xdy) =0 5
TN 7
AmBnA
Theo (3.2):
A m

gx—(xf(x, ¥y = %(yf(x, y» (D

Hinh 108.
D6 1a diéu kién phai tim.

3)Gid st F = Pi + Qj va goi o 1a géc giira ti€p tuyén cta C véi

truc Ox thi phédp tuyén 0 = (sina, - cosa) va:

§l-fﬁds = §(Psinu - Qceosa)ds = §de - Qdx
c c

Ap dung cong thitc Green ta c6:

i— Qdx + Pdy = H( 6Q)dxdy

o OP . ; e e .
Theo gia thiét " + —66% lién tuc, 4p dung dinh 1y trung binh, ta cé:

liml Fiids H GQ dxdy -
aaosc u m S ﬁx oy

lim CP(X’ )’) + 5Q(X, —)7) -~ aP(X(J’ yO) + éQ(X(,, Y(l)
d-0 OX 6}’ o ay

4) a) Theo 3): §C—1E(is f —Sm(x - ——(.OSOL ds = f—(}ldy - ﬂdx
- on &y - X oy
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O { du é (cu
- 15(2)-[- 5[5 o
&u
= J;)(&x: & dedy = gAudxdy
b) Theo 3):
E'u 6u o
gvads = éva—dy - de
5] Jdu 8] du
- S8 5 g e
o*u  &Mu dudv  dudv
= j.DJ-V ax:‘ + B dxdy + JI‘J{CTX_CTX— “6—;—5;-

Tir d6 suy ra cong thitc phai ching

minh.

Chi ¥: a) 1a trudng hgp dac biét cia b) khi v=1.

¢) Theo b):

UvAudxdy = - ﬂ(

Thay vAu bdi uAv ta cé:

_U(VAu — uAv)dxdy = §
D

c

cu ov
ox ax

av F’u

” uAvdxdy = o P

D

-5

D

Trix v€ v4&i vé ta cé:
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Bu ov

]dxd + §v—ds
oy oy

v du

dxdy + fu—d
Pycyj g fu ’

n

v

cu

[v —1 -u ——jds .
on én



B. TICH PHAN MAT
§1. MAT BiNH HUGNG

Cho dudng C < R

x=x(),y=y),z=z(),x <t <P (0

C goi 1a lién tuc néu cdc ham (1) 1a lién tyc.
C goi 1a tron néu tén tai x,, y,, z,lién tuc va x\* + y!* + 2% #0.

C goi 1a tron timg phdn néu 16 12 lidn tuc va chia duge thinh mot
s6 hitu han phan tron.

Cho Sc R*:

F(x,y,z2)=0 (2)
12 mot mat lien tyc (ham (2) Lién tuc trén S).

S goi la tron néu tén tai F, , F°, , F’, lien tuc va Fy” + F)2 + F}? # 0

trén S. (VM e S déu 1a diém binh thudng).
S goi 12 tron timg phdn né&u né 1a lién tuc va chia duge thanh mot s6
hitu han phan tron bdi cic
duodng tron timg phan.
Mat tron S goi 12 mdt
mat hai phia (hinh 109) néu —
di chuyén phip tuyén N tai
M € S, di theo mot dudng
LcsS.

khong céit bién gidi cia
S, tr& lai vi trf xuat phit N
khong déi huéng. Néy nguge
lai thi S goi 1d mdt mat mot
phia.

EY

. o Hinh 109.
Mat hai phia S got la



mat dinh hudng duge, S goi 1a dinh hudng duge titng phan n€u né 1a lién
tuc va chia duge thanh mot s hitu han phan dinh hudng duge.

Quy uéce: Chic¢u duong trén C dng véi mot phia da chon cia S véi

phdp tuyén N la chiéu tir chan dé&n ddu cia mot ,quan sdt vién nam theo
C va nhin thay phia da chon ctia S & bén trdi (hmh 109).

Mat S: z = f(x, y)/ [a mat hai phia: phia trén (dudi) tung véi phdp
tuy&n lam vgi Oz mot gée nhon (th).

Mat kin S (mat cau, ellipsotide ...) 12 mot mat hai phia, phia trong
¢6 phdp tuyén hudng vio phia trong clia thé tich gi6i han bdi S phia
nguge lai goi 1A phia ngoai cua S.

§2. TICH PHAN MAT LOAI MOT

2.1. binh nghia

- Tich phan mat loai mét cia ham {(x, y, z) xdc dinh trén mat tron S
la:

maxdi- ~)0

I= J;J‘f(x, y,z)ds = lm Zf(M )AS;

v6i moi cdch chia mat S thanh n phan phan biét AS,, ¢6 dién tich
AS, (1 =1,2,...n) va véi moi cdch chon M, (x,, y,, z,) € AS,, di la dudng
kinh cua AS;, i =1, 2, ... n. N&u S 12 mat kin thi ky hiéu ﬁ

Pac biét f = 1 thi:

I= j ds = lim ZAS = S 1a dién tich cia mat S.

maxdi —>O

Néu coi f(x, y, z) > 0 1a mat do khdi lugng (mat) coa mat S thi khéi
lugng cita mat Sla M = ” f(x, y, 2)ds.
S
Moi ham f(x, y, z) lién tyc trén mat tron S déu ¢é tich phan hay kha

tich trén mat dé.
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Moi tinh chl ¢cia tich phan mat loai mot déu tuong ty nhu cédc tinh
chat cua tich phan dudng loai mot.

2.2. Cach finh

N¢&u mat tron S ¢6 phuong trinh z = z(x, y) .va hinh chiéu cua S trén
mat phang xOy 12 mién D thi:

I= ” f(x,y, 2)ds = ” f[x, v, Z(X, y)],fl + z'i + z'_i dxdy
. S D

§3. TICH PHAN MAT LOAI HAI

3.1. Binh nghia
- Tich phan mat loai hai cuia ham:
FM) = P(M)i + Q(M)j + R(M)K ,

hay ctia cac ham P(M), Q(M), R(M), M = M(x, y, z) x4c dinh trén
mat dinh hudéng S ldy theo mét phia di chon cua S \ng véi phép tuyén

N = (cosa, cosf, cosy) tai M € S la:

1= [[PMdydz + Q(M)dzdx + R(M)dxdy = [JFN.ds
S S

S

= ”[P(M)coson + Q(M)cosf + R(M)cosy]ds.
s

Néu S 1a mat kin thi ky hic¢u ﬁ
: s
Xét mat S dat trong mét chat 16ng ndo dé, F(M) 1a vecteur van téc¢
ctia chat 1ong tai M thi luu lugng cia chat 1ong qua mat S trong mét don
vi thoi gian theo huéng ciia phdp tuyén N tai M e S la:
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” FNds = H Pdydz + Qdzdx + Rdxdy
S S

- Moi ham F(M) lién tuc trén mat dinh huéng S déu cé tich phan
hay kha tich trén matdsé.

- Céc tinh chat cla tich phan mat loai hai déu tuong tu nhu céc tinh
chdt cha tich phan dudng loai hai.

3.2. Cach tinh

1= j j Pdydz + Qdzdx + Rdxdy

N

- Né&u mat S ¢6 phuong trinh z = z(x, y) va hinh chiéu cda S trén
mat phang xOy 14 mién D, thi:

I, = J.J. R(x, y, 2)dxdy = +HR[(X y, Z(X, y)]jdxdy
Dy

(- H R[(X, ¥y, z(X, ¥)]dxdy ) néu ldy theo phia
Dy

trén (dudi) cua S.
Tuong ty:

L= [[Qx, y, dzdx = [[Ql(x. y(x, 2), zldzdx
S Da

I, = _” P(x, y, 2)ydz ” R[(x(y, 2), y, zJdydz

s D3

1dy theo phia trén ciia S d6i véi cdc mat phang zOx, yOz:
I=1+1,+1;

Né&u S 1a mat kin (dinh hudng).

S ¢6 hinh chi€u trén mat phang xOy 1a mién D va dudng trén S cé

hinh chigu la bién gidi cia D, chia S 1am 2 ph4n, phan trén (dudi) cé

phuong trinh z = z,(X, y), (z = z,(X, y)) va tich phan 14y theo phia ngoai
cua S thi:
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—

= ﬁR(x, y, z)dxdy

= H {R[x, ¥ 25 (X, y)] - R[x, y, 7 (X, y)]}dxdy
D

Tuong ty cho I,, [y val=1 + L +1,.

§4. CONG THUC OSTROGRADSKI VA STOCKES

4.1. Céng thlc Ostrogradski
N¢u cdc ham P(X, vy, 2). Q(X, ¥y, z), R(X, y, 2) va cdc dao ham riéng

cia ching lién tyc trong mién compact V gigi han bdi mat kin, dinh
huéng timg phén S thi ta ¢6 cong thitc Ostrogradski:

ffPdydz + Qdzdx + Rdxdy = [[f (-g C;? + E—dedydz
S v

tich phan mat 14y theo phfa ngoai cua S.

bat P=x,Q =y, R =z, ta c6 cong thic tinh thé tich cia mién V
bang tich phan mat:

1
= 5j:_fxdydz + ydzdx + zdxdy
S

4.2. Céng thic Stokes
Néu cde ham P(x, y, z), Q(X, y, z), R(x, y, z) cing cdc dao ham

rieng cuia ching lién tuc trén mat dinh hudng timg phan S 2iGi han boi
duong khép kin, tron timg phan C thi ta ¢é cong thic Stokes:

.”H_ﬂ B '_] cosa + (g - 2{-] cosf} + [@— - C_P] ()S'Y}dg
o o x &
= ﬂPcosa' + Qcosf + Rcosy']ds ;
C
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Tich phan mat 1dy theo hudng dia chon wng v6i phdp tuyén

N(cosa, ¢osf3, cosy) cla S.

Tich phan dudng ldy theo chiéu duong  véi ti€p tuyén
T(cosa', cosf, cosy') tng véi phia di chon ciia S.

Dang khac:

R AQ P R Q op
” [— - —]dydz + (g - Ex—]dde + (5{ - E]dxdy

= %qu + Qdy + Rdz

hay k¢ hiéu hinh thirc:
dydz dzdx dxdy

= §Pdx + Qdy + Rdz.
S C

B R

I 0
Mz 2
Pv Q

§5. AP DUNG

Cho mat S ¢ R* ¢6 mat do khéi lugng (mat) p(x, y, z):
- Khdi lugng M cua S:

M = [[px, y, 2)dS
S .
- Cic moment tinh M,,, M,,, M, cla S d6i v&i cdc mat phang toa
do Oxy, Oyz, Ozx:

Mxy = ‘”‘ P(X, y, Z)st .

S
M, = [[p(x,y, 2xdS,

s

M,, = H p(x, y, 2)ydS
S
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- Toa d0 trong tam Xq, Yg, 2g clia S

I, d6i v4i cdc mat

- Cdc moment quédn tinh I, I, L,, L, I, 1
phang toa d6 Oxy, Oyz, Ozx, g0c toa dO0 O va cic truc toa do Ox, Oy,

Oz:
= Hp(x, y, 2)2°ds, 1, = ﬂp(x, y, 2)x7ds; I, = ﬂ p(x, ¥, 2)y°ds
S S S .

I, = “(xz + y2 + zz)p(x, y,z)ds, I, = H pX, y, Zy~ +z7)ds
S

S
H p(x, y, (x> + 2°)ds, I,= H p(x, y. (x> + y~)ds
s

BAI TAP

43. Tinh cdc tich phan mat loai 1:

DI= ﬁ(x2 +y)ds, Slamatcdux*+y* +z°=a

|8

y,,_.

AR H Vyx? + y*ds, Sla phan mat nén — + e
a
3) 1= H(xy + yz + zx)ds, S 1a phan 1nat non Z= \/X + y bi cit

b&i mat tru: x* + y? = ax. Q 7:) *(7 T

Hl= {’_‘Jﬂzds S la mat gidi han cta hinh gi6i han boi'cdc matz =0

m

S
Z =% 44, X"+ y* =E (a> 0).
" Bai gidi

1) Do déi xitng nén:
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[=2f[x* + y*)ds
51

S, 1a ntra trén cha mat cau di cho, phuong trinh cia né ta:

Do dé:

_2.‘-'[ a(x® +y) _AX YD) xdy

D 1a hinh chi€u cta S, trén mat phang xOy, dé 1a hinh tron:
x*+y*<a®

Chuyén sang toa do doc cuc:

2n a. 3 ‘ A
I=2 d<pj——i"“———d1 _4na[
oya’ -1’ \}
.
Datr:asint,()SrSa@OSls%.

n/2
a® sin® tcostdt P . 3
= 4ma’ J.sm* tdt

‘) a Slll ¢]

Dodé: 1= 4na J'



_ 8na’t
T

4

2
= 41!214.13 = 4na —{

2) Phuong trinh cha phan mat nén la:

b [
Z=—x“+y2,0£zsb.
a

Do dé: .
7 X2 b2 y2 . \faz + b
1+2z z'y 1+ —— ~ =
a’ x* + y a” X~ +y° a
. \ s ﬂaz +b?
va: 1= H(x' + y )———dxdy.
5 a

D 12 hinh chi€u cla S trén mat phing xOy, d6 12 hinh tron:
x*+y*<a’
(thay z = b trong phuong trinh cia mat nén).

Chuyén sang toa d6 doc cuc ta cé:

= 2'7|Edcp]'r I. “az:bz dr = 22’ 4 b ilzdl‘
o 0 0

a

27a’ m

3
3) Hinh chi€u ctia S trén mat phang xOy 1a mién D: x* + y* < ax

(hinh 110).

Ta c6:
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Hinh 110.

Do dé:
I= \Eﬂ[(xy +yx? + y2 x + y)]dxdy
D

Chuyén sang toa do doc cuc, 1a cé:

t2 ] =

?a cos,

I= fjd(p jr cos@sin @ + r(cosg + smq))]ldr

n

acos
(cos@sing + cos@ + sin@)de J1'3d1'
0

e A |

=2

[EAF)

- |
St |

(cospsing + cos@ + sin (p)a cos? pde

(SRR}
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SEE-]

¢
T o5 5 .
jcos esingpde + |cos” @dep + Icos @sin pdg

N ]

4
~Ti=018) —7;[ j;'*‘»’ilé’
n
\/EaJ' j 5 \/5214 \/Ea4 4.2 442a*
= cos” @do = 1, = — =
2 0 2 2 53 15

Hinh 111.

Do dé:

=g =l

S S S5
TrenS:z=0, X +y <1, Jl+22 427 = J1+0+0 =1
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Do dé: I,= [[odxdy =o0.
51

—Tl'énSZ:z=-x+l,x2+y3él, 1+z'i +z'§. =,/1+1 =\E
Do dé6:

L= J zds = H(— X + l)ﬁdxdy
S2 x2+y2§.1

Chuyén sang toa do doc cuc, ta ¢é:

1

dop
Q

o7 1 27 3 2
I, = \5 dol (- rcose + Drdr = \[2— - l—cos + r
5 | cpg P ![ SO0SP + =

0

2n 1 1 1. 1 2n
=421 - = —idep = - — — = R
\/_2:( 3cos<p+2j(p \/5( 3smcp+2cpJ ﬁn

0

-TrénS;: 0<z<-x+1,x"+y = 1.

S, d6i xing v6i mat phing xOz do d6: I, = H = Zﬁzds‘
' S3 $3

Ddi v6i mat phdng xOz, phuong trinh cha S, 1ay = 1 - x? .

x2
1+Y':I+Y"§=\ﬁ+_-—’] T 00 =
_x—

Hinh chiéu cta S, trén mat phang xOz 14 mién D:

-1<x<1,0<z<-x+1

Do dé6:

I = 2”—2‘1—"‘1% = Zj.—dia—i]‘:dz = jﬂ'—’fidx



. T T
datx=sint,- 1 <£x<1,- <t< —
2 2
n/2 n/2
. je] . 2 .
I, = I(I —-simt) dt = j(l +8in”~ t ~ 2sin t)dt
~m/2 -n/2

m/2 :
=2f(1+sinzt)dl 2[ + .):

Q
2}'

44. Tinh cdc tich phan mat loai hai:

Nl';_',’

SHR=R
N | —
wla

Jw

Vay: I=11+12+13=n(ﬁ+

DHI= ﬁ yzdydz + zxdzdx + xydxdy
s

S 1a phia ngodi cua td dién: x =y=z=0,x+y+z=a(a>0).

2) 1= ffzaxdy
S

) n 2
. .e . . NP & A

S la phia ngoai coa mat ellipsoide: — + Lﬁ— +— =1
a~ b~ ¢

HI= ngdydz + y dzdx + z®dxdy
s
S 1a phia ngoai cla:
a) Ntta hinh cdu: x>+ y* +z°=a%,22 0
b) Minh cdu: (x - D3+ (y - D'+ (z-2) =a
Hl= H(y - 2)dydz + (z — x)dzdx + (x - y)dxdy
$

S 12 phia ngoai ciia mat nén: x> +y*=2z>,0<z<h

5) F(t) = H f(x, y, 2)ds
S

n



, . R , x2+y2:22\1x2+y2
Sx*+y+z=0,1=
0 rz2 < \/x2 + y2
Bai gidi
[) Ta ¢6 (hinh 112):

A e e

Xy

Hinh 112,

Trén S;: z= 0, dz = 0.
Phia ngoai cua t¢ dién Gng véi phia dudi cta S,.
Do dé va theo (3.2):
o 1 ) ~a’
I, = t['l“xydxdy }[dx _([xydy =3 !x(a x)"dx = o

Tuong tu:
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Jf=n=ff ==
I. = =1 = =
2 o 3 o 24

Ciing theo (3.2):

I,=+ ” = J'J. xydxdy + J.J' yzdydz + “ zxdzdx
Sy S3

Sy Sy
Si» Ss, Sy 1a hinh chi€u trén cdc mat phang toa do xOy, yOz, zOx

ciia S,. Ddu + chi phia trén cia mat phdng x + y + z = a, Ung véi phia
ngodi cha 1 dién d6i v6i cde mat phang toa do dé.

. s 3a*

I'heo trén thi: I, = —.
24
Vay:

4 4 4 4
-a a a 3a*

I=, +L+L+1L=
24 24 24 24

=0.

2) Ta ¢6 phuong trinh cta nlra trén (dudi) cua ellipsoide di cho 1a

), cdc nlra nay cé hinh chiéu

2

trén mat phang xOy 12 mién D:

el e

a b
Do dé, theo (1.2):

Chuyén sang toa do doc cuc suy rong: x = arcosg, y = brsing, ta ¢6:
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I

h=2c zqu).l‘. \/1—_'72\[)!‘(11' = 4nabc(— %(I - 1‘3)3/:

¢ [¢]

O

4rabe

3

3) a) Phuong trinh ciia ntta mat cau da cho d6i v6i cdc mat phing
toa d¢ xOy, yOz, zOx la: ‘

N

Z= qa — X~

Do dé:

I, = szdydz
s

i
&)
R —
[

Tuong tu: I, = ”yzdzdx =0,
S

I,= Uzzdxdy = ” (‘[az - x* - y2 jzdxdy
s

Chuyén sang toa d6 déc cuc ta ¢é:

I, = Tdcp](a2 ~riydr = zn(a 21 - _

O Q

2
[
-
£
N~

14 (4
=L, +L+,=0+0+ 2 =™
2 2
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b) Xét I, = _‘-z:dxdy
S

Mat S ¢6m 2 phan:

S, (phia trén mat phangz=2):z =2 +

S, (phia dudi mat phing z=2):z =2 - \/a: -xT —y°

Hinh chi€u cta S,, S, trén mat phang xOy 14 mién D:
xX-1)y+(y-1y<a
Theo (1.2):

HI:(2+‘/213 —x-D-(y-D° ) -
D

- (2 Syt —x =Dy -1 Jldxdy

-
)

Sﬂ\/q - -1 = (y - Ddxdy
D

Chuyén sang toa do doc cuc:
X -1=rcosp,y-1=rsinp, ) <¢ <2n

thi:

> 32 167
I, =8 (1(le a- —rrdr = 1()7{[— —(a‘ - 1‘) ) = -—a’
3
¢l 0 O
8 8n 4
Tuong tu: I, = a3 , 1= :a"
Vay:
1=, +L+1,= "“ma’.
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4) Xét 1, = H (x — y)dxdy, hinh chi&u cia mat nén trén mat phang
. 5
xOy la mién D: x* + y* < h?, phia ngoai clia mat nén ¢é phép tuyén hgp
vGi Oz mot gée tir, do dé:

I, = H(x - y)dxdy = - 7JZ[dcpTl(cosq) - sin @)rdr
S | Q (]

N
2n
J.(Losq) - SlIl(P)d(le dr =0

0

Xét L, = H(z - x)dzdx , d6i véi mat phang xOy, S gém 2 phin S;:

A ~ B ) N PEERS PPN A A 2
y = \/z' - X", Sy y=- 42 —x~ cing c¢6 hinh chi€¢u trén mat phang
xOy 12 mién D giGi han bdi: z = x, z = - X, z = h va ¢ phédp tuyén nguge
hudng nhau. Do d6 I, = 0, tuong tu I, = 0.

Vay:
I=1,+L+1,=0.
5) g day: z =
S=\l+25 +2} dxdy = - x: — + — y: dxdy
- ) " -x" —y" 17 -Xx" -y
. "Il
= ——————dxdy.

t* - x" -y~
N n N IS \ . g 5 . ~ ‘ 2 2 A
vi f # O trén mat cau S, giéi han bdi mat nén z = \/x +y~ ném:

x> +y° )dxdy

F() = ”(x +yhds = |{ff ===
D yt? = x°
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D 1a hinh chi€u cda phan mat cau 8, trén mat phang xOy

s t-
< —

x*+yig
, Y 2
(khtz (i x* +y*+ 72" =" vz = Jx2 Syl

Chuyén sang toa do doc cyc va do do1 xing, ta ¢6
H‘/\T
ridr®

!
c Pdr
I I

&

-

F(t) = 4 _"d(p

M/\P 2
(t” -1
= TIII| I - 2
0 2,
v N g2
= 7t|tl J} m(l(ll -13) -2 f d(t- -r°)
a . 2 13
- l/\’; 4 1/\/5
Y
{ t I )

25372
— Y
ld

= —g—t4(8 - 52).

45. Ap dung cOng thic Ostrogradski, tinh
ﬁx dydz + y>dzdx + z dxdy, S: phia ngodi ctia hinh lap

nHiI=
S
z<a

phuong: 0 € X, y,
D= ﬁxdyd7 + ydzdx + zdxdy, S: phfa ngodi cta ut dién

a,x=0,y=0,2=0
261
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€ S,

1= ﬁ(x -y + 2)ydz + (y — z + x)dzdx + (z — x + y)dxdy
S

S: phia ngoai caa mat: ]x -y + x! + }y -z + x| + |z - X+ yl = 1.

4)1= H(x2 coso + y> cosP + z7 cosy)ds
s

B e} A

S <o a X7y z
S: phia ngoai cta phan mat nén: — +

5)I(x,y,2) = ﬁco){(ﬁ, &)ds

S

S: mat tron kin, é = const, i 14 phdp tuyén ngoai cia S.
) cos(T, n) . .
6) I(x,y,z)= ﬁ—jds (tich phan Gauss)

S I

S: trom, kin gigi han mién V; n: phdp tuyén ngoai cua S tai (, n, &)

r= \/(i/— X)) +(M-y) +(-2)7,(x,y,2) € R.
Bai gidi

1) Céc ham P = x*, Q = y*, R = 2° 14 cdc ham lu§ thita nén ching

cung cidc dao ham riéng cua ching lién tuc trong hinh lap phuong 0 < x,

y,z < a, d6 [a mot mién compact.
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Do dé theo (4.1):

I= ﬁxzdydz + yidzdx + zidxdy = ZJ.”(X +y+2)dV
s v
dy

0

2](ix}dy](x +y + 2)dz 2]‘dx]{(x +y)Z + %:l

Q ¢ 0 0 0

a y2 a:
2|laxy + a + —

Q

a
a

2jdxj:‘: [ax +ay + %jdy

¢]

dx

¢



Q
= 3a*.

0

0

= ZI(n:x +at)dx = 2 ax +a’x
2

2) Tuong tu nhu 1):

1= ﬁxdydz + ydzdx + zdxdy = ” (I+1+DdV =3V
e

S
V la thé tich 14 di¢én V= a() .
2’ a’
Dodé: 1=3. = =:
6 2

3) O day: P:x-y+z,Q=y-z+x,R=z—x+y
Do dé:

[= [[fo+1+ndv =3V
\.'
V: thé tich cla mién gi6i han béi S.

Dung phép déi bién téng quat:

U=X-Y+2,V=y-Z+X,W=Z-X+Y.

Ta cé:
J — D(X’ Y$ Z) _ l 1 _ l
D(u, v, W) D(u, v ,Y‘Q 1 -1 1 2
D(x, y. 7) 1 I 1
-1 1 1
Do dé:
3 ;
I= : Hj dudvdw = — J.”dudvdw — 6. _(; _

u Fiv ] \\ = U \\ v\\ll
U, v, w0



4) $: khong kin, ta bd xung thém mat $,: z = b_dé dugc mat S + S,
kin (hinh 113).

z
b -
', /
| |
P
| /o)
PN 4o \/
'/" \\.
‘ 0 . yA
x2+y2=az
X
Hinh 113,

Ap dung cong thic Ostrogradski, d6i véi mat kin S + S, ta ¢é:

I= szdydz + y2 dzdx + zzdxdy
S

= ﬁx?jydz + yzdzdx + 2 dxdy - szdydz + y2 dzdx - zzdxdy

S+8; Sy
Trén S;:z=b,dz=0

nén:

H = Hbzdxdy = b.a’n,
51 X7y gl

XTH+yTca”

f =2m<x+y+z)dv

S8, v

Chuyén sang toa d¢ tru:
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ﬂ = szdq)]’ rdrlj'[r(cosq) + sinQ) + z]dz
b

5-8) o o b
2n a 5 A
2 . b~ T,
= ZId(pj (br- — h1'3(coscp +sin@)+ —r — ——1” |dr
00 a 2 2a-

a3 T
= 2_‘.[%@%@ + sing) + a : ]d(p
4]

o] ) el e
a“b- a“b~

21 = s

=0+ 2.

9,2 2,0
a~b'n - —a’b™m
-ab'n= —m8.

Viy: 1=

5) Gia su € = (a, b, ¢) = const, 1 = (cosa, cosf3, cosy).
n€ _ acosa + beosP + ccosy

Wlél B \la: +b* +¢°

acosa + bcosf + ccos
I(x, y, 2) = ﬁcos(ﬁ, s = ﬁqcosa bcosf u.osyds

S S \/az +b% +¢3

_ ﬁ adydz + bdzdx + cdxdy
s

cos(eé,n) =

=
\/az +b” +¢"
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= ﬁ 0.4V = 0.
v

6) Xét:

a) S khong bao quanh diém (x, y, z):

T.n

Ta ¢é: cos(T,n) = —=—
7]

Py
3

va: I(x,y,72)= ﬁ{g L ycosB + = ; 7'cosy}ds

sbL ¥

3 3
1 1

Ap dung cong thdc Ostrogradski (cdc ham thoéa min cdc diéu kién

cua ¢ong thirc):

I(x, y,2) p

1

il
—
—

TN
NI
|
w |
N—
[=¥
<

b) Mat S bao quanh diém (x, Y,
z) (hinh 114).

Xét mat cau S, tam M bdn kinh
e. Khi dé cdc ham lai ¢6 du cac diéu
kiecn dé 4p dung <cong thic
Ostrogradski trong mién V,; gdém
gifta S va S,.

i ﬁ?if@ds = [[[oav =0

A

$+8) v,
(theo a)

Do dé:
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”J‘(l _ 3E - x)” + 3 r_s 2 43 - 2)° ]dv

0.

n
S
Hinh 114,



I(x,y,2)= ﬁmds = ﬁmds

A

s 1 sy 1

(Phdp tuyCn ngoai clia S va phdp tuyén trong cia S, 12 nguge nhau,
cung la phap tuyén ngodi caa S + §)).

Vay:

1l

I(x,y,2) = —~4m

ﬁfl ds = ﬁrd‘

sp ! 5y
= 47

(VivéiS;or // nvar=g).

46. Ap dung cong thicc Stockes, tinh:

DI= §(y +0dx + (z + )dy + (x + y)dz

N N - 5 5 2 Cx . R .
Cladudng x> +y  +72°= a", x +y + 7 = 0 theo chié¢u nguge kim dong ho
néu nhin tit phia duong cia truc Ox.

D 1= fty - ndx + 2 - )y + (x ~ y)dz
C

C la cllipse x* + y* = 1, x + z = 1, theo chiéu ngugc kim déng hé
né€u nhin tir phia duong cua Ox.

HI= §/y3 +2)dx + (27 + x)dy + (x? + y= )z
c
Cladudng x> +y  +27 = 2Rx, x" + y° = 2r1x (0 < r < R, z > 0) theo
chiéu sao cho phan nhd nhat ctia phia ngoai cta phian mat ciu giéi han
bdi C & bén trai.
4H 1= §y:z:(lx + 7 % dy + xzyzdz
C
C 13 dudng khép kin: x = acost, y = acos2t, z = acos3t, theo chiéu
tang cua t.
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Bai gidi

1) Ap dung cong thic Stockes doi vai S 1a mat trdon gidi han boi
dudng tron x> + y* + 2z =a’, x +v+z=0(0dayP=y +z,Q =1z + x,
R =x + y théa nifin cdc dicu kién cia cong thic). Theo (4.2):

I= §(y + 2)dx + (z + x)dy + (x + y)dz

C

cos o co@ cosy
¢ ¢

= H[(l = Dcosa + (1 = DcosfB + (1 - l)cosy]ds = 0.
S

2) Ap dung cong thic Stockes vio S 1a hinh ellipse gidi han boi
ellipse X"+ y>=1,x +z =1 (hinh 115).

Hinh 115,
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Ta ¢o:

I= §(y - 2)dx — (z = X)dy + (x — y)z
-

=- 2 [[ dydz + dzdx + dxdy
S

=-2| [[dydz + [[dedx + [[dxdy
Dy Da D3

D;: hinh chiéu cta S trén mat phang xOy: x* + y* < 1, do dé:

dedy =xn.1’=n
D3

D.: hinh chiéu cda S trén mat phang xOz: D, = 0, do d6:

H dzdx = 0.
Da

D,: hinh chi€u cta S trén mat phing yOz
x+z=1,tacéd: Dy’ +(z-1"<1,dodé:

dedz =n.l’=n

D3

T khir x tr x* + y* = I,

[I=-2(n+ 0+ 1) =- 4n.

3) Ap dung cong thitc Stockes d&i v6i phan mat cdu x* + y? + z° =
2Rx @i6i han bdi mat tru x* + y* = 2rx v&i z = 0 (hinh 116).

Ta ¢c6:

1= §(y1 +zdx + (z° + xz)dy +(x* + y3)dz
e

= 2” [(y - 2ycosa + (z — x)cosP + (x — y)cosy]ds
B
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Yy
/ |
y Zan
—— 7

Hinh 116.

& day phuong trinh caa S:

zZ = Rz—(x—R)z—y2

Z, x -~ R
coso = =
[ o2, e . 12 2
1 +275 + 775 LJ1+ZX+ZY
z
¥
cosf} = - = Y ,
12 2 12 12
‘\/1+Z,(+7,y Z\/I+ZX+Z\,
1
cosy =

12 2
1/] +7 + 7
(1ay cosy > 0, vi phidp tuyén cua phia trén ctia § lam véi Oz mot géc
t).

Do dé:

COSQL =

cosy, cosf = Zcosy
z
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v 1= 2”[(y — 2 = R) + (z = Xy + X - y}cosYds

S zZ Z

5 “' [(y —-z)x = R) + (z - X)y N

X - y}dxdy
z

) )
XTHyT 21y

R [ |- X]dxdy = 27R¢?
3 z

e Y
XT4+yTulrx

(vi ” Z-dxdy =0 do ham 2 trén hai nira hinh tron 1y cédc gia
3 z 7
xgs‘ vooarx

tri: ‘Xl nhu nhau nhung trdi dau nhau).

4) Khi 0 £t £ 7w thi M(x, y, z) v& dudng C tai A(a, a, a) dén
B(- a, a, - a) va khi = <t < 2w, M van v& dudng C nhung theo hudng
nguge lai tr B(- a, a, - a) dén A(a, a, a), do d6 dudng C la khép kin
nhung khong gidi han mit S ndo, do dd theo cong thic Stockes: I = 0.

47, Tim toa do trong tam cua:

1) Phan mat déng chdt (p=1):az=x"+y (0 <z <a)

2) Phan mat déug chit (p = 1): z = 4x7 +y* bi cit bdi mat try
X+ y° = ax.

Tim moment qudn tinh d&i véi gdc toa d§ cla cdc mat ddng chat
(p=1.

3) Mat toan phan: -a<x,y,z<a

4) Mat toiwm phéan: x* + y* < R%, 0 < z < H cta hinh try.

Bai gidi

1) Vi la mat déng chat va do déi xtng nén trong tam cua né phai &

trén truc Oz (hinh 117) nghiala xg=ys=0.
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a
j i
i |
P N 4
. /——— / \d
D 0 y
X
Hinh 117,
Theo (5.1) ta cé:
M,,
Zg = v
. 1 i a2 2] ) ol
véi: M, = ”zds = —;”(x‘ + y‘)\/ai~ + 4(x” + y )dxdy,
s a7y

v6i D:x*+y <a’
Chuyén sang toa do doc cyc ta cé:

<y —1:' Td(p] r? m rdr

a g 0

M

T[

16a°

{:H(a? " 41.2)3/3 _ az(az i 41‘2)”2](1(a3 + 41‘3)1
0

J
]

Rl

- Elz.g_(az + 41.2)
3

4] <

16a°

. F(ﬂ2 +4rhie
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= 2302545 + 1)
60

Tuong tu:

M:_[de:%J"/ a% 4(x> + y?)dxdy

D

= “2- 5v5 - 1).

Vay:

T3
_@a(ZS\E-&l) 2545 + 1

Z5 = =

2) Tuorng tu nhu 1), ta c6:

M= HdS = H,/l + z'“ + z" dxdy

X +V <ax

g day:

]
Z= X" +y°,

a
"—Zl<5J§—1) 10(545 - 1)

a 5
2 2
1+z'i+z'3=\/1+—” +—2

Vay:

M= [[axdy = ﬁ:ﬂz

2] 2
XT+yTzax

'—J.J.xds = — ﬂxs/_dxdy

\ +\ =ax
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/2 acosy n/2

= 4q ju)scpdq) J.l dr = da cos” opde
ma” . 3n Y
-n/Z Ml
n/2
_ 4
= — Jcos ede
0
_8 31 n a
A 422 2
1 uos(p
Yo = K/I“-U i\n(pd(p 1 2di
S Tl 0
4q ™2
= 3— j. cos® psingdp = 0.
-/
N K} - \ N 2
vi cos @sing 1a ham ¢
1 n/2 acos¢p
Zg = ——I\Xﬂzds = jd(p J.l dr
S —n/"
4a " da _ 2
= cos® qd —2.—
3n -[ PP = 3n 3
w2
16a
9n

3) Theo (5.2) moment qudn tinh cda mat toin phdn cua hinh lap
phuong da cho doi véi goc toa do la:

I, = {Z‘”(x: + y3 + 2°)ds.
1 lsl

S, (1 =1, ... 6) la cdc mat cua khoi lap phuong

Xé1S: -as<x<a,-a<y<a,z=a,ds=dxdy.
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Do do:

U(x +y? 27 “)ds = J-dxj(x +v +a” )dy

S
=4J.dxj.(x: + yz + a:)dy
0 0

20a 4
3

= 4j(ax + —a )i
0

Do d61 xung nén:

6.20a"

I, =6l, = = 40a*.

5) Moment qudn tinh ciia mat todn phan S cla hinh tru d6i véi goc

I e R Y

Ss» Si» S; 14 ddy dudi, ddy trén va mat bén cua hinh tru.
Véi Si: 2.="0,S;: z = H, ds = dxdy, hinh chi¢u cha ching trén mat
phéng xOy cung 1a mién D: x* + y* < R?, do dé:

g +ff = U[Z(xz Fyy+ Hzldxdy

S, D

= nR°H> + 2J'j(x2 + vy )dxdy

D
2n

= nR*H" + ZJd(le dr (toa do doc cue)
6] Q

= R*H* + nR*?
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. 2 T i e ; Rdxd R
vGi S,y = £4/R° - x° d6i v6i mat phang xOz, dS = X

R2 —x2
hinh chidu cha S, trén mat phang xOz 1a D;:
-R<x<R,0<z<H,
do dé:

+2°)dz

[ =] o

3
= 2T[RH[R + %—]

Vay:

I, = nR[R(R +H) + %H}

C. CAC YEU 10 GIAI TICH VECTEUR
(LY THUYET TRUGNG)

§1. TRUGNG VO HUBNG

1.1. Binh nghia
- Trudng v6 hudng u 1a phin khong gian Q < R* ma tai méi diém
M(x, y, 2) € Q ¢ mot dai lugng vo hudng u = u(M).

Quy tich cdc diém M € Q: w(M) = C = const goi 12 mat déng mic
hay mat dang tri cha trudong. Trudng dimg: u khong phu thudc thoi gian,
trudng phang: u = u(M), M(x, y) € R%
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1.2. Bao ham theo hudng

- Cho truong vo hudng Q vdi ham vo hudng u = u(M) va vecteur
¢ = (cosa, cosfl, cosy).

Pao ham cua u tai M theo hudng cua e:

cu cu ,' u(M,) = u(M)
— hay — = lim———
& Ce  po0 p

véi M(X,, ¥, 7)), M(X,y,2), MM, // ¢.

X, =X + pcosa, y, =y + pcosf, z, =z + pcosy,

»

p = MM,

¢ // Ox (Oy,0z)

de  Ox

Cu - Cufdu cu
oy’ ez

- Né&u ham v = u(x, y, z) kha vi tai M(x, y, z) thi:

cu du du &u
— = —cosa + —cosf} + ——cosy
ée X &y cz

néu €' nguge huéng véi € thi:

du du

ce' ce

1.3. Gradient

Gradient cta trudng vé huéng u = u(M) tai M:

—_ 8u7 8\.\'7 6[1"
gradu = —i+ —j+—Kk
ox Cy fard

ou o .2
— = gradué = pl‘Ojé(gl'ad u)
e



u

max aradu

oe
Tinh chadt

— —> ey

1°. grad(Cju + C,v) = C, gradu + C, gradv

-3 — —>
2°. grad(u.v) = ugradv + vgradu

30 ;;:;;(if(u) =f ;);(;u
2o ple u o

10 .
4°. grad — S

v

—fu)] _ vgradu —~ ugradv
v

§2. TRUONG VECTEUR

2.1. Pinh nghia

- Trudng vecteur F 1a phan khong gian Q ma tai mdi diém

M(x,y,2z) € Q céd mot vecteur [F:
F = F(M)
Trudng dimg: F khong phu thuoce thoi gian
Trudng phang: F = F(M), M(x, y) € R

- Dudng dong cua trudng vecteur F 12 moi dudng C ma ti€p tuyén
vGi C tai VM e C dong phuong véi vecteur cia truong qua M
- H¢ phuong trinh xdc dinh dudng dong coa trudng vecleur

I = Pi +Qj + Rk:

dx dy dz



2.2. Théng luong vd divergence

- Thong Iugng @ cua trudng vecteur F = Pi + Qj + Rk qua mat S

(Ql trong trudong theo hudng cua phdp tuyén N (cosa, cosf, cosy) cua S
1a

D = j j F.ads
S

”(Pcosa + QcosP + Rcosy)dS

S

j j Pdydz + Qdzdx + Rdxdy
S

- Divergence cua truong F tai M:

.o aP O E'R
divF = — + — + —

&x cy ez
- Cong thite Ostrogradski dang vecteus:
fENds = [[[divF.dv
S v
divE (M) > 0 (< 0), M: diém nguén (1d).
Tinh chdt
1°. div(C,|F, + C,F,) = CdivF, + C,divF,

C,, C, = const.

2°. div(uF) = Fgradu + udivF

2.3. Luu s8 (hodn luu) va rotation

- Luu 86 “cua truong I°' = Pi + Qj + Rk doc duong C trong trudng
la:
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"ﬂ

¢ = [Fra

T (cosa’, cosP’, cosy'): vecteur ti€p tuyén véi C
= Pi + Q) + Rk tai M trong trudng IA

- Rotation ctia truong F

vecteur:

i j k

. 6 2 0

Py =L & 2

e = 1 @
P Q R
Y - -
(P ]j+_62_—§£k
ox Oy

QY
o

R
Oy
rot F (M) > 0 (< 0): M 1a diém xody thuan (ngugc)
- Dang vecteur ciia cong thiic Stockes:
§I_7.i:'.ds = j rotF.N.ds
c s
(N vecteur phdp ciia mat S)

- Tinh chdt
rot(C, F, + C, F,) = C,rot I:'1 + C.rotF,, C,, C, = const

rot(uF) = urot F + gradu AF

20- .
2.4. C4c toan tu vi phan
— iy al*. au -
gradu= —1 + l_] +—k
oy z
divF = £+f‘2 + R
ox &y oz

280



i j k

- 15, c 0
rotfF = [ — — —
x oy oo

P Q R

v6i F = Pi + Q] + Rk, 20i 1a cdc todn tir vi phan

- Toan tt Nabta hay todn tir Hamilton la vecteur tugng trung:

sao cho:

Vu= —i+—j+ < = gradu
ox oy oz
TP LR R GE
& oy &z
i j k
VAF= R —6— = rotF
ox &y ¢z
P Q R
- Toan tir Laplace:
A= 61 + 61 + a-ﬂ
ox- Oyt o
sao cho:
Au = 6-? + 6-:1 + C—? ,Vi=A
15, S, A A

Tinh chadt

1°. div( gradu) = V{Vu) = Au
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2% rot( gradu) = 0

3%, div(rotI¥) = 0.

2.5. Trudng 8ng va trudng thé

-Trudng F = Pi + Qj + RK goi 1a mot trudng dng néu:
divE (M) =0

- Goi 1a mot trudng 146 néu rot (M) = 0, YM € trudng.

- Goi 12 mot truong dién hou néu F vira 1 trudng ong vira 1a trudng
the.

- N&u F [a trudng the thi IF = gradu, u goi 14 (/16" vé hedng (ham

thé vi) cua trudng.

- Néu F lai 1a trudng ong, nghia 13 F 1a mot truong diéu hoa thi:

div(gradu) = Au = 0: th€ vo6 hudng u cua trudng thdéa man phuong trinh
Laplace, u ciing goi 1& mét ham diéu hoa.

BAl TAP

48. 1) Xdc dinh mat déng mic (dang tri) clia cdc trudng vo hudng:

ayu=f(p),p= w[xg + y3 +z°
bu=f),r= \[xz + y2

z

YTyl

2) Xac dinh duong dong cua cde truong vecteurs:

¢) u = arcsin
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a) l:'(M) = C = const

b) 1 (P) = —VW; + wx} , W = const.
. mr - - = o -
r
Bai gidi

1) a) Theo dinh nghia, mat déng mitc cua trudng vo hudng u la quy
tich nhitng di¢ém M(x, y, 7) thda man phuong trinh:

u = f(p) = C = const.

Gid st 10n tai {7 thi p = F(c) hay x> + y* + 27 = [{'(¢)]°.

D6 1a nhimg mat cau déng mic tam O.

b) Tuong ty nhu a) dudng déng mic coa trudng la cdc dudng tron
déng tam: x* + y* = [['(c)].

¢) Tr u = arcsin ———=—— = C suy ra ——=—— = sinC
X" +y” B

X" +y”

hay z° = sinC(x* + y*) nghia la mat déng mic 12 cdc mat nén ciing
dinh O va truc 1a truc Oz.

2)a)Giasit C = C,i +C,j + C,k = const

Theo dinh nghia, duong dong ctia trudong thoa méan heé:
dx _dy _ dz

c, C, c, ¢ ¢

vay dudng dong cia truong 1a cdc duong thang song song véi C .

. . dx d
b) Tuong tu nhu a), ti: = &

= — ta ¢6 xdx + ydy = 0 hay
- W, w,

x* +y> = C = const.
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Vay dudong dong cia trudng 1a nhitng dudng tron dong tam O.
¢) Ta cé:
- m(xi + yj + zk)
F= e
3
I
Pudng dong cua trudng théa méan hé:

& _dy _ dz

mx - my  mz
1’ r’ r’
d
hay: LS =2 EZ—
X y z

Tu h¢ nay suy ra (1ay tich phan):

X Z
— =2 ="k, k., k;=consttuy ¥
kl k~ k3 i 2 3 yy

Vay cdc dudng dong cia trudng 1a mot ho dudng thang qua g6c O.

49. Tinh dao ham theo huéng cua:

2 el i
X~ - z” . p . p
Du= —+ y7 + — tai M(x, y, z) theo huéng ban kinh vecteur
a- b~ ¢
r = OM.
Khi nao thi: — = lgradul.
ce
1 2 k) e} , - -
2Yu= —, 1= 4x" +y +2z ,theo huéng cia ¢ = (cosa, cosf},
r
. N .. Cu
cosy) tai M(x, y, z) # 0. Khi ndo thi: — =0.
Ce

3) u = xy - 27 tai M(- 9, 12, 10) theo hudng cta phan gidc thir nhit

cua géc toa do xOy. Tinh gradu tai M.
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Bai gidi

DG day T = OM = (x, Y, 2)
Do d6 theo (1.2) ta ¢é:

LY

du Qu
= —cosa + —cosP + —cosy
S x o y

5 P —————— ~ -
at Jx? +y?+z? b

gradu‘ =2

Do d6:

khia=b=c.



2) Ta ¢o:

IO IOt

— = —>cosa + —=cosf + ———cosy
( Ce Cx &y éz

A

1 C0S s Z.COS
_ (xcosa N ycosf N zmsyj

r r r r
_ 1
.2
&l S
Do dé = =0Khi T LF.
ce
3) RO rang ¢ = £; + —\{;3 + 0k hudng theo phan gidc thit nhat
cua gbc toa do xOy, ta tmh.
Cu |, =12
— =Yy = R
x|y M
—&—l = x‘ =-9
T hM T
Y|y
Cu
D =-2 =-20
2|y Y
odu 1242 92 32
Do d6: — = - =
ée 2 2 2

eradu (M) = 121 - 9] - 20k

50. ) Chou=x"+y" + 7" - 3xyz tai di¢m ndo:

a) gradu L Oz
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b) gradu =0

2)Y Cho u = lnl ,r= \/Ex -~ a)2 +(y - b)2 + (7 — c)? tai di¢m nao:
I

_—

eradul = 1.

X

3) Tim géc gita gradu, u = tai cde diém A(l, 2, 2),

x> +y? +z°
B(- 3, 1, 0).

4) Ching minh:

a) grad(Cju + C,v) = C, gradu + C,gradv, C,, C, = const.

—

b) grad(u, v) = ugradv + v grada

¢) grad — 7

cfu) véa’iu - u‘g—u;dv
v v
Bai gidi
1) Ta cé:
gTa&u = 3[()(2 - yz)} + (y2 - xz)] + (27 - xy)E]

a) gradu L Oz khi z° - xy = 0 nghia 12 tai cdc diém trén mat nén

z° = xy

b) gradu = 0 khi x* - yz =0, y* - xz = 0, z° - xy = 0 nghia 12 tai cdc

diém trén dudng thang x =y = z.

2YTacd:u=- ]11l =-Inr
'
cu 1 - (X ~ a)
~ - —l'x - 2 >



-(y-b)

r

22

—-(z-¢)

Sk

2

r

gTa(.iu =" —l;—[(x ~a)i + (y - b)j +(z - c)l—:]
r-

gradu

n =

_‘/(x—a)2+(y—b)2+(z—c)2 _
l.‘ l.

Vay: |gradu

=1khiiﬁ=1hay(x-a):+(y—b)2+(Z-C)2=1.
2

nghia 1a tai cdc diém trén mat cdu tam (a, b, ¢), ban kinh R = 1.

n

7 X s ~ e} o]
NTacdu= — véir=x"+y +7°

2 3 . ’ 4
e r 4 8}, r4 oz T

r(A) = 3, r(B) = 10 .
Do dé:

1 2x? ou -2xy Ou - 2xz

gradu (A) = é(ﬂ -4 - 4x),

R _2_ 3_ -
gradu(B) = —i1 + —j + 0k
c ) 25 50 )

Vay géc ¢ gilra -gg.du(A), gradu (B) duge xdc dinh béi:

gradu(A).gradu(B)

gradu(A)

cos@ =

—_—

cradu(B)
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4) a) Theo dinh nghia:

grad(Cu + C,v) =

o : 0 = 0 -
= —(Cu+C)i + —(Ciu+Cyv)]+ —(Cu+ CyV)k
ox B oy v or

=C,gradu + C, grad v.

b), ¢): chitng minh tuong ty nhu a).

51, Tinh thong lugng clia cdc trudng vecteurs:
T =xi+ y} + 7Kk qua phia ngoai:
a) Mat toan phan
b) Mat bén cta hinh tru x> +y>* =R, 0<z <H

2) F = x°1 + y33 +2°k qua phia ngoai

a) Mat bén S,

. N . X"+ z-
b) Mat toan phan S cuia hinh nén: ————Ty— = —,0=<z<IL

¢) Phia ngoai cha x> + y* + 2° = y.
= 27 2% 2T o S: o A
3) F = x71 +y j + 2z k qua phia ngoai mat cau:

(x-a)Y+(y-b)Y+(@z-cy=R.
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- mr ‘ - . . ) N

H F = —,m=const, T = xi +yj+7k,r= M qua phia ngoai
3
- r

cua mat kin S bao quanh géce toa do.
Bai gidi

1) a) Theo (2.2) thong lugng clia trudng qua mat toan phan S cua
hinh tru la:

O = ﬁxdydz + ydzdx + zdxdy
S

& day cdc ham P =x, Q =y, R = z lién tuc va ¢6 cdc dao ham lién
tuc V(x,y, z) € R* dac biét né lién tuc trong hinh tru trén, do dé dp
dung cong thic Ostrogradski ta cé:

® = [[fa+ 1+ Ddxdydz = 3V = 3.7R°H
6

b) R& rang thong lugng qua mat bén (xung quanh):
O, =0-D,-P,
@4, @, 1a thong lugng qua day dudi va day trén.
v6i ddy dué6i: z = 0 va do dé: @y =0.
voi ddy tren: z=H,d, = | j Hdxdy = nRH
iyTeR?
Vay:

@, = 37R°H - 71R°H = 27R"H

2) a) Theo (2.2) thong lugng @ qua mat bén S, cla hinh nén la:
O = ﬁx’ﬂ'dydz + ysdzdx + 2°dxdy (hinh 118)
s
< 3 1§ S 23312
Xét: I = [[zldxdy =- [[=5067 + y) P dxdy
Sh b R’
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vGi D x4+ yT <R
(- : vi phdp tuyén ctia phia ngoai cia mat nén lam véi lam véi Oz
mot goc th).

Hinh 118.

Chuyén sang toa do doc cuc, ta cé:

-H*F % 2
I = 3 J.d(PJ'r‘?.r.dr =- ;nR“H3.
QO 4 -

Xét: I, = jjxsdydz ,

Sk

d6i véi mat phang yOz, phuong trinh cla S,

hinh chi€u cta S, trén mat phang yOz 12 mién D;:

0<z<H,-az<y<az.
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Do dé:
1 az
1,=2 Id/, f(u‘].‘ - yHYdy
O -az N

dat y = azsint, - <t <

i
2

SR

H =n/2
I,=2 J.dz ja"z" cos” taz cos tdt

4} -n/2

H n/2
= 2a* j 24dz.2 j cos™ tdt

( 0O

i

3 .
Tuwong ty: I, = ”y3d2dx = —
S

Vay:

et

= 'Ux}(lydz + yidzdx + 2> dxdy

Sh

3nR* H
T20

-2 .
= —naR"H" +2

1 3 5
= BRR"H(,?R' - 4H?).

b) Thong lugng & cta trudng qua mat toan phan S cia hinh nén la:
= ﬁx3dydz + y dzdx + z°dxdy
S

Cac ham P=x", Q = y*, R = z’, clng cdc dao ham riéng cba ching
lién tue trong hinh nén V da cho, do dé dp dung cong thic Ostrogradski,

ta ¢é:
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D= 3jﬂ(x3 +y? +2)dV.
.

Chuyén sang tea do try, ta dugc:

2n R H
D = 3J‘d(p‘[rdr I(r" + z7)dz
4 0 H
—r
R
R 73 H
= (57t.|‘ 1‘[1‘31 + —] dr
Q ! ’% I3
C H
R
g H' H "’
= (mj PH A+ ——r - = - —— 1t ldr
4 3 R 3R

3, ,
R IR + 2H7).
10

Clui ¥: - C6 thé tinh thong lugng qua mat bén: @, bang cich tinh

thong lugng qua mat toan phan: @, trir di thong luong qua ddy: @, ¢
day:

®, = IJ.I{3dx(1y = H'nR>

X“+vTeR”

Theo b):

®, = —RTHR? + 2H7) - W7k

I 2 - 2
= TE;KR‘H(SR' - 4H™)

¢) Thong lugng @ cua trudng qua mat ngodi (tr trong ra ngoai) cua
matcdu S: x* + y* + 727 =y la:

3 3 3
d = #x‘dydz + yv'dzdx + 7’ dxdy
S
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Tuong ty nhu b) dp dung cong thite Ostrogradski, ta cé
b= 3J.H(x3 +y> 42V, Vi x*+y2 423 <y
v
Chuyén sang toa d0 ciu:
. L s
Z = pcospsing, x = psingsind, y = pcosd, 0 <@ <2x,0<0 < 3

Ta ¢6 phuong trinh cua mat cau la:

p*=pcosd hay p=cos® va 0<p<cosd

Do dé:
2n w/2 cos 0
=3 _[d(p "'smed() Ip4dp = On J. d(cose)

0 4] 0 n/2 5

0
6
_ 67L(:os 76 _ E_
56 5

n/2

3) Thong lugng @ cua trudng qua phia ngoai mat cau S:

(x-aY +(y-b)yX+(z-c)=R?

la: @ = ffx dydz + y*dzdx + z*dxdy
S

& day P =x*, Q = y*, R = z° cliing cdc dao ham riéng cta ching lién
tuc trong mién V gidi haw béi S, do dé dp dung cong thitc Ostrogadski ta
duge:

® =2 ffx +y+2av.
v

Ding biénddix-a=X,y-b=Y,z-c =7 taduge:
R yRI-X? YRZ-x2-y2.
®=2 [dX de j(X+Y+L)dz +2(a+b+c)_m.dv
"R

in
—VR“AX‘ \R X‘ X‘
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4 .
hay: P=2I+2a+b+¢)- ;nR" .

V6i:
R \r"Rz—xi
1=4 jdx j ((X+Y)\/R“ - X - Y"de
R ~\":E>\::
RVREx2
=g jdx j XyR? — X* - Y3dY
-R 0
X,/R- :
=8 J .——dX = 0 (ham 1¢).
8 ;
Vay: D= ;(a + b + c).nR"

Chu ¢, khi tinh T ta da dimg cong thite:

[foodx = [[eoo + f-okx .

-€ . ¢

4) Theo dinh nghia, thong lugng @ cta truong: F = —

m .- < = f e x N N
— X1 +yj+ zk) qua mat tron, kin S bao quanh géc toa do O la:
r

O = ﬁf‘.ds = 111”[%0050( + %COSB + l%cosy}ds

ﬁ Cos(T, 1) ds = d4mtm.

.A‘.

S

(Theo 0) bai 45: Tich phan Gauss).



52, Tinh luu s6 cha cac truong vecteur:
)T = xi+ y} + 7k trén duong C:
X = acost, y = asint, z = bt, 0 <1 < 2% theo chiéu tang cia t.

2) F = (y + z)f + (z + x)] + (X + y)E doc theo cung bé nhat C cia

dudng tron 16n nhdt cia mat cdu x* + y* + z° = 25 néi cdc diém
M(3, 4, 0), N(0, 0, 5).

3) F = grad(arclgzj doc theo dudmg C:
X

a) khong bao quanh Oz; b) bao quanh Oz

237

4) F = x7y i + ] +2k doc theo dudng tron: x* + y> =R z = 0
¢i6i han mat cdu z = \le - x? - y® theo chiéu duong.

Bai gidi

1) Theo dinh nghia, lvu s& cha trudong doc theo C:

@

jxdx + ydy + zdz
C

2n
= J[acost(—— asint) + asint(acost) + b.t.b]dl
¢]

2n 1.2
jbztdt =p2 ¥
0 2

= 2n°b>.

2) Phuong trinh tham s6 cua C (hinh 119).
. i
X = 3cosp, y = 4cosp, z = Ssing, 0 < ¢ < 5

Do dé luu s6 % cla trudng doc theo C la:
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Hinh 119,

n/2

j[( 4cos@ +5sing) (- 3sing) + (Ssing + ’%sm(p) (- 4sing) +
Q

+ (3cos@ + 4cosp).5cosplde

n/2 .
J'(SS - 24singpcosp)dep =- 12.
0

3)a)Tacéd: F = gl—'u’l['uctgyj M
x :

- . + 0k

X" +y”

i H k

- A A A
rotF = £ £ oA 0,(x,y)=0.

X oy oz

‘)_ y el X o) O

XT+y" X7 +y~
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Do d6 khi C khong bao quanh truc Oz, ¢ia thi€t C 1a bién ctia mat S

thi F la lién tuc va ¢é cic dao ham lien tue trén S + C, dp dung cong
thic Stockes, ta ¢d luu so:

% = frdS = ffrotFids =0
c s
T la vecteur ti€p tuyén don vi cua C
i 12 vecteur phdp cta mat S theo phia tng véi chiéu duong trén C.

b) Khi C bao quanh truc Oz, ta c¢6:

%= §}—".de = §é?z¥i[m‘clgl].fds
. d X

C C
= §—[alclgl]ds = dlctgZ
e
- 0s X X{-
= (p|(, = 2mn,

.

S oA o . . O . ., tu - .
n la s6 vong di theo C, (ta di sit dung cong thitc % = gradue, vG1
0

d
4 _4d,

de ds

4) Ta tinh:

1 R
- 154 o 0 4 g
otf = | —  — —=-3°y’k
x Yoz
xzy3 1 z

Ap dung cong thic Stockes d8i véi nira mat cau S:

bi cang bdi dudng tron C: x* + y* = R” (z = 0), ta ¢é luu s6:
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4= §f3.%ds =- J‘ 3x 'y dxdy
-

s
2n R
=-3 J.dcpj r’ cos® @.r” sin” ¢rdr
(] 4]
2n R
=-3 J.cosz @sin” cpd(pj’ ridr
Q0 0O
27n 6
1 R
=-3 |=( - cos4p)dp.—
[0~ ossonan X
__; 2t R _ R
86 g

53. Cic truong san day 1a trudng 6ng hay trudng thé, néu la truong
thé thi tim ham thé vi cla trudmg:

NF = (5x"y - 4xy)?1 + (37 - Zy)-J:

2)1:“ (y+z);+(z+x)]+(x+y)f<

3) F

VZQ2X + Y + 2)1 + ZX(X + 2y + 7)) + Xy(X + y + 22)k

4y F =f().7, (luc xuyén tam), T = Xi + yj + zk , f: ham kha vi
Bai gidi

Theo dinh nghia (2.5) ta phai tinh divF hoac rotF .

= a 2 a 2
1) divF = —(5x"y — dxy) + —(3x~ — 2y) = 10xy - 2
x Y y 2y y y

rotF = = (5x° — 10x)k

g—"(\)nl
Q’l@)!—-l
Q|

5x3y — dxy x? -2y 0
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Ta thdy F xdc dinh V(x, y) € R*, divF va rotF khong bing khong

tai V(x, y) € R*, do d6 F khong phai 1a truomg ng va ciing khong phai
1a trudong thé.

O A

= c C ¢
DdivF = —(y+2)+ —@Z +x)+—x+y) =0
X oy 0z
Vay F 1a trudmg 6ng V(X,y.z) € R%.
i j k .
-~ ¢ 3 5 - < =
rotf = | — — — {=0-Di+AQ-Dj+1d-Dk =0
C oy o/ ) ! ,
V+Z Z+X X+Yy

Vay F Ia truomg thé V(x,y,2) € R*.

Theo (2.5) ham the cta trudng duge xdc dinh tir gradu = F, hay:

du = (y + 2)dx + (z + x)dy + (X + y)dz
= ydx + xdy + zdx + xdz + ydz + zdy
= d(xy) + d(zx) + d(yz)
do dé:

u=xy+xz+yz+C.

3) F = yz(2x +y + )1 + ZX(x + 2y + z)] + xy(x +y + 22)k
x4c dinh V(x, y, z) € R*.
divF = 2yz + 2zx + 2xy khong tri¢t ti¢u tai V(x, y, z) € R’

Vay F khong phai 14 trudng Sng.

|Q) ol

rotle =

Q) ' 0 =
S’}Q) 7

NG S 2
yz(2X +y +2) zZX(x + 2y + X) Xy(x +y + 2z)
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[X(xX + 2y + 27) - X(X + 2y + 22)] i+ ly(2x + v + 22) -

SY(2X +y +22)]] + [2(2Xx + 2y +2) - 2(2X + 2y + 2)] K

=0,Vx,y,z e R’

Vay F 1a trudmg thé.
Ham thé& u duge xdc dinh tir:

du=yzQ2x +y + 7)dx + zx(x + 2y + 2)dy + xy(x + y + 22)dz

Do do, theo (4.2):

u= I()dx + ."()dy + _‘.xy(x +y + 2z)dz
O [¢] 6]
= xyz® + xy'z + x’yz +C

=xyz(x+y+2)+C.

(ldy x, = 0, yo = 0, z, = 0 trong mién xdc dinh cia F).

4) Tacé: F =f(r).(xi +yj + zK)

e} 2 )

AvE = By + 1) = + f(r) + Y + 1) + Fy e
I T I

= 3f(r) + rf'(r).

divF =0
= 3f(r)y+rf'(1) =0

=
= Inf(®) =- 3lar + InC

=S
r’



- . . . C
Vay F la truong ong khi f(r) = —.

r

rotF = V A f()T = fa)(V A T) + gr_a(if(r) AT

f'(r)

r

Nhung: V A T =rott =0, gradf(r) = T

f'ay - =
gradf(r) AT = (1).1‘ AT =0
'

Vay rotF = 0 va F 1a trudng thé. Ham thé u cla trudng duge xic
dinh tir:

du = f(r)}(xdx + ydy + zdz)

= f(r).%d(xz +y +29)

= %f(r)dr2 = f(r)dr

Do dé: u= J-f(r)dr .
¢
bac biét: f(r) = C thi:
r’
u= |—dr =- = +C,

o) el A
Io = \/xg + vy +zy #0.

54. Ching minh cdc cong thitc: (v6i giai thi€t tén tai cdc dao ham
trong mién duge xé0):
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) = C.gradu, C = const
3) div (ul:") = F.gradu + udivE

4) rot ((IF: + Czlz'z) = (Tll'()LF‘l + C.:rotl.:z , Ci, C, = const.

5) rot (ué) = gradu A C, C = const
) = urotF + gradu A F

Jd7u ¢ u 0u
+

7) div (g_r—’adu) = Au (Au =

2

8) rot (é;a_(.iu> =0
9) div(rot F) = 0
10) 63(11, V) = uViv + vWiu +2Vu. Vv (63 =A)

"

-

11) div(u gradu) = |gradu| + uAu

12) div(u §-£Ev) = gradu.g;dv + uAv

#13) div(F, A Fy) = Eyrotf, - FvotF,

#14) 1'01(6‘. A F) = CdivF - (E‘,, ﬁ)ﬁ R C = const

“15) rot(F, A Fy) = (Fa, VO - (T, V)F, + FdivF, - F,divE
Bai gidi

Ta chi ching minh mot s§ cong thic, cdc cong thic khdc ching
minh tuong ty.

3) Giastt ¥ = Pi + Q} + RK thi uF = uPi + uQ] + uRk
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Theo dinh nghia:

div(uF) = —6—(uP) + i(uQ) + i)(UR)
T dy &z

A O
= U[CP Q CR] + P@l +Q@ +R@

&x oy & X oy oz
= udivF + Fgradu (vi gradn = ?_u_ @ Q
0x Oy oz

C6 thé chitng minh cdch khac nhu sau:
div(uF) = V(uF),

todn tir V 12 todn it dao ham, ap dl_ll’lg vao tich wF:
div( uIE) = 6(1115) = VuF + uVF

= F.gradu + udiv F (theo dinh nghia).

6) rot(uF) = V A (uF), tuong tv nhu 3):
rot(uF)= Vu AF + uV A F

JRE— -

= gradu A F + urotF (theo dinh nghia)

1l
<!
i
>
=

7) div( gl?dﬂ) = 6(611)

8) rot(gradu) = V A (Vu) = 0 (tich ¢6 huéng 2 vecteur biang nhau).

9) div(rotf?) = €7({7 AF) = (6, 6, F) (tich hén hgp c6 2 vecteur

bang nhau).
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10) V2 (u, v) = V.V(u, v)

§(u6v + vﬁu) = (§Ll.<7v) +uViv + Vv Vu + vWu

2Vu.Vv + uViv + vWlu (63 = A).

12) div(u@iv) = ﬁ(uﬁv) = VuVv + uV3iv

= gradu.gradv + uAv

v=u,tacd 1l).

13) Ky hiéu F°: chi todn tit V khong tic dung vao F.
Ta c6:
div(F, AFy) = V(F] A Ey)
= (V,F,F) = (V,F,E) + (V,E LBy
= (F5,V,F) + (F,F,, V)

E,.(VAE) - (F,(VAE)

= I—:zrotl—il‘—- 1-31 rotf,
(Ta da st dung tinh chat cia tich hén hgp (a, b.¢) = (b, 3, a) =
(3 b).
15) Ta ¢é:
rot(F, A Fy) = VA (131 A 153)
=VAE AE) + VAE AE)

Ffchi: todn tir V khong tdc dung vio F.



Bay gi0 dp dung tinh chit cua tich ¢6 huéng cua 3 vecteur:
an(bAc) = bED) - &ab)
ta c6:
rot(F, A Ey) = F(VE) - B,(VE) + E(VE) - F,(VE)
= (5, WE, - E,divF, + F divF, - (F,.V)F,

Trudng hop F, = C =const, F, = F tacé 14).
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PHU CHUONG
CAC PE GIAI TICH HK II 2002 - 2005 (PHBK)

pE 1
DE THI MON GIAI TICH HOC KY II - K47 (Thdi gian lam bai 90%)
Cau L. 1) Tinh d6 cong cla dudng cong phing 4x* = y2 - 1 tai diém
A(0; -1).

: 4 2y
2) Péi thy tu 14y tich phan trong tich phan .[dy f(x,y)dx .
0 [au2
4y-y

dxy

Cau IL 1) Tinh tich phan H >, trong d6 D 1a mién: x < X +y°
b (x> +y?)

£2x,0<-y<x

2) Tinh thé tich clia vat thé gi6i han bdi cic mat y> = 1; x + 2°> = O;
2X+2°=0; x*+2=0; x> + 2z =0. ’
X =t —sint

y=l—cost’0St32n’

Caulll 1) Tinh [(3y+4)dx +5xdy, L 1a dudng {
L

theo chiéu tang cla t.
2) Chimg minh ring c_@(xsin y)"dx — (ysinx)"dy = 0, C 1a dudng elip:

y—2 =1,(a>0,b>0),nlas6 twnhién (n > 1).
b

Cau IV. Tinh thong thugng cla truong vecteur:

F= xz\/y2 +z2 0+ x3.z.] + xz.y.f(

) |x
[ ]
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2, .2
PR L +2z
qua mat kin 14 bién clia mién 4+ Y

<1, x 2 0, c6 hudng ra ngoai.

+a

Cau V. Tinh Idy fxe vy )dx

0 0
DAP AN
Caul. (2d)
1) (1d) Diém A0, —1) thuoc nhénh y = —V4x2 +1 =y’ = ——2%X .
. Vax? +1
-4
o T (0,54)
(4x? +1)*?
TaiA:y’=o;y”=—4::C(A)=——lz—-m =4 (0,5d) .
(1+y™)
0<y<4
2) Mién ldy tich phan D: [4y _yz <x< 2\/;
) AY
NI 4
D =D, uD, U D; (nhr hinh v&)  (0,5d) 7
2-V4-<2 D, ?,Ds
=l +]f = Idx If(x ydy + 1 Y
X D1
4
2 >
+ [dx | f(x,y)dy + J‘dx jf(x y)dy (0,5d) 0 2 4 x
0 2+v4-x2 L
4
Cau IL (3d) YA
dxdy
1)(1,5d) I= U————— /\
oy ) /\ _
Mién 14y tich phan D (nhu hinh vé) 0 {,"’7 X
] X = 1CosQ
D61 sang toa do cuc y = 1$ino (0,5d)

308



T 0 2cos d
D-D:) ~7 S0=0 ;dxdy =rdrdg; 1= [do [ T (0,54
: g cos r
cosp <r < 2cosQ T4 ?
o 2cos@ 0 0
111 3 1 3 3
1= M e 2 T3 g = —tgw’ =3 se
'1[ 2[1'2 cos@ ] ‘1[8 COSZ(P 8 -2 8
) K 4
2) (1,5d) Cdch 1: V = [[fdxdydz
v
y=y -1<y<1
bit Su=x/z = V o V(y,uv)< 2<us<-1 ;
v=2x -2<v<-1
1 0 0
2
o 2x _Xx
2
g(y,u,v) - z z =4-1=3 (0,5d)
(y,x,l) 0 _i 21
x2 X

= Tacé: VV=1Q+D(=1+2)(-1+2)=2 (0,5)
. 2
Mat khdc dydudv = 3dydxdz =3V = V== 0,54

Cdch 2: Goi D 1a mién phing trén mat xOz, gi6i han boi:
x2+z=0;x2+22=0
{x+zz=0;2x+zz=0
= Thé tich V cén tinh bing (1 + 1).5(D) = 2S(D)
Vé mién D, tim giao diém = chia D thanh 3 phdn réi sir dung tich
phan kép tinh dién tich mbi phdn (cdch nay tinh todn dai).
Cau IIL (2,5d) 1) (1,5d) Cdch 1: Tinh truc tiép

| =3[ydx + 4[dx + 5 [ydx =3I, + 41, + 51,
L L L L
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2n
I = [(-costyd(t-sint) =3n  (0,50) Y
0

2r
L= [dt-siny =2n (0254)
0 2 X

2n

L= [(1-sint)d(l-cost) =-3x (0,5d) =1I=-2n (0,25d)
0

Cdch 2: (Ap dung Green)

2n
Vi OA c6 phuong trinh x =0 — I = I4dx =8n

P 5 \

$-[= ¢ = [[5-3dxdy =
OA L oakd D
2) (1d) Goi D 1a mién gidi han bdi elip. Ap dung Green:

= Zdedy =6m = j =6n-8n=-2n
D L

q3 = J.J'(—nyn sin®™! x cosx —nx" sin"”! y cos y)dxdy = -(I, +I,) (0,5d)
c D

Xétl, = Hny" sin™™ x cosxdxdy = O vi ham 14y tich phan 1& theo x khi
D

n chén, 1é theo y khi n 1¢, D d6i xing d6i véi ca x, y.
Tuongtw, =0 > ¢ =0 (0,5d)
c

Cau IV. (1,5d) Goi S 12 mit ngoai ciia nira khéi elip V = Thong luong
Q cén tinh la:

Q= sz \/y2 + zzdydz +X’zdzdx + xzydxdy =
s

= j”zx,/yhzzdxdydz (0,5d)
\Y%

X = rcosf
D4i bién { y =2rcosgsin® = dxdydz = 4r’sin6doddr
z = 2rsin@sind
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0<rx<1 0,5)

2 m/2 1
= Q=2 Id(p IdercosG\Mrz sin® 0.4r% sin6dr~ Y

0 0 o
327r

sin” 9

n/2
=16.2n. IcosGsm GdGIr dr =32n _r_
5

+a0 3 +o0 3
CauVv.(1d) 1= je‘y dy jxe‘X dx =1,.1,

0 0
=1r (—z—j (0,5d)

+o0
Pat t=x = L= X gx =
A X 2 (;“Xe X 3

Tuong tw I, = = r(%J
1rfyr(2)2 1. _ 271
:I_9F(3)F(3) 5 % " ofs (0,5d)
3

pg 2
PE THI MON GIAI TICH HOC KY 1I - K47 (Thdi gian 1am bai 90°)
. -

Cau L. 1) Tim hinh bao cha ho dudng cong F(x,y,c)=x"+c’2y+¢)' =0

¢ 1a tham s6.
2) Cho F yz(4x3 + y3 + z3)3+ zx(x3 + 4y3 + z3)._| +xy(x" +y +4z )_E
>

-)
Chiing to F 1a trudng thé€ va tim ham thé€ vi cia F
Cau IL 1) Tinh dién tich hinh phang: -3x* < y S-2x5,2y" <£x” £3y

"l - "1———-—y
2)Tmh jdx jdy | Jl—-’;—z——yz—zzdz.
0



Caulll. 1) Tima, bdé:
J'(azxzy2 —2bxy? + ye™ )dx + 2ax’y + x 2y + xe™ )dy
AB

D
khong phu thudc dudng di AB.
~
2) Tinh Iex[3(1 —cosy)dx + (3siny +2)dy], OA la dudng y = sinx di
O
tir O(0; 0) dén A(m; 0).
Cau IV. Ching minh ring g)(yezdydz+ yze*dzdx + zxe’dxdy = 0, v6i
S

S 1a mat céu:
x2+y2+zz=R2, (R>0)
+0 —y.x3
CauV.Tinh [12dx, véiy>-1L.
0 xe”

DAP AN
Cau L. (2,54)
1) (1,5d) (DF(x,y,c)=x>+c*Ry+c)’=0 (1)
F.x,y,¢c)= 302(2y + c)3 + 3c3(2y + c)2
=3c2Q2y + ¢)*QQy + 2¢) =0 ) (0,5d)
2) 02(2y + c)2 =0thay vaio (1) tacé: x=0
[ 2y +2c =0 < c=-y thay vao (1) ta dugc x* - y6 =0 (0,54d)
Céc diém ky di: {F’x=2x=0 o {x=0

s _ g3 2 _ c
F'y=6c(2y+¢c) =0

Y=—5

Vay hinh bao: x> - y® =0 (0,5d)
2) (1d) Cach 1: Pat E=PT+ QT+ RE.
Nhan thdy khi hoan vi vong quanh x, y, z thi P, Q, R ciing hoan vi vong
quanh. Tir d6 14y tich phan [Pdx = xyz(x’ +y’ +2') + C (0,5d)
Dé thdy du = Pdx + Qdu + Rdz
= Tn trudng thé va U 12 ham thé vi (0,5d)
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Cdch 2: Lan lugt 14y cdc dao ham riéng cta P, Q,R = Rot F=0 (0,5d)
X y z

= U= [P(x,0,0dx + [Q(x,y,0)y + [R(x,y,2)dz +C
0 0 0

= xyz(x3 + y3 + z3) +C (0,5d)
Cau IL (3d) 1) S(D) = [dxdy
D

u= X
y 2<u<3
Cdch 1: Dat Ly D>D']_3<y<s (0,5d)
X2
2 3
D(u, v) el
SY) - y Y | =9-4=5 0,5d
D(x,y) 3 2 ©0.54)
y ¥y
-2% 353
X X

Tacé: S(D°) = f[dudv =(3-2)(-2+3)=1
2

= S(D)= (0,5d)

1
5
Matkhic:  [[dudv = [[Sdxdy = 55(D)

D’ D

Cdch 2: V& mién D, tim hoanh d¢ giao diém rdi chia D thanh 3 phin D,,
D,, D,. Tinh dién tich méi phdn va 14y téng (cdch nay tinh todn phifc tap).
0<x<g2
x2 X,y,220

<Sy<qf1-%
O_y_14 @ 42

" T+y2+z251
0<z< 1—74—-y2

X = 2rcos@sin®

D4éi sang toa do cdu (md rong){ ¥ = rsingsin®
Z =rcosd

= dxdydz = 2r’sin6drdpd®

2) Mién ldy tich phan V

véi: ogpsg; 0<6<2. 0<r<1 (0,5d)

0
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314

12 =/ n
ﬂf n_f2d(p fzdeif 1-r2.2r%sinbdr = %( i[zg,inede}[zljr%h_ﬁer
0 0

=T. _[rz 1-r¥dr =1 (0,5d)
1)
Péi bién: r = sint; r| = l|"/2...;
= I= n"/ﬁqn t.cos’tdt = = j‘l—cgs‘t—tdt =n-~ = L (0,5d)
J 38 16 1 ’
Cau IIL (2,5d) 1) (1d) Xét  [Pdx +Qdy
AB
% = 6ax’y + 2xy + e’ + xye™
(0,5d)
oP

= 2a’x%y — 4bxy + e + xye™

oy
A2 a=0hodaca=3
Q _ 3 <3{6a--2a o {

x oy 2=—4b b=- 059
2) (1,5d) Cdch I:
Vi OA c6 phuong trinh: y =0= | =0= i =- % (0,5d)
OA 0OA OA

M2 ﬂGreen j’J‘ex [3siny +2)—3sinyldxdy = zﬂexdxdy =21 (0,5d)
OAAO D ?

sinx
I= Ie dx jdy = je sinxdx =..= £ +1
0
= I =—(e + 1) (0,5d)
oX
Cdch 2: (Tinh truc ti€p).
CaulV. (1d)

Ap dung Ostrogradxki ta c6 I _{ = .[ ﬂ(yeZ +ze* +xe¥)dxdydz
S v

=L+L+1, (0,5d)



Xétl, = jﬂyc dxdydz; vi mién V d6i xitng qua mit y = 0, ham 14y tich

phanlé theoy = I,=0.

Twongty,=0,,=0 = [ =0(dpcm) (0,5d)
S
Cau V. (1d)
x3 I LA N | 3
Tacé I.l_.e__dx— IE_——C—.dLZ
xe* 0 X 3x
0 -t =(y+t +0
= % J'g_f[____dt (t=x3,t J (0,5d)
0 0
1+ao y+1 1
= fat feMdz =...= 3G+ D (0,5d)
pE 3

DE THI MON GIAI TICH HOC KY II - K47 (Thdi gian 1am bai 90°)

Cau 1. 1) Viét phuong trinh ti€p tuyén va phdp dién tai diém A(l; 2; 3)
2 2 2 2
ctia dudng 12 giao ciia hai mat: £2— + y? =1; XT + i—S =1.

2) Theo huéng nio thi t6c d6 bién thien ctia ham u = arctg;xg tai di€m

M(?2- 1: —1) c6 tri tuyét d6i cuc dai, tinh gia tri cyc dai d6.
2

2
siD: X+l <.
dxdy , v6i 4+9 1

2 2
CaulL 1) Tih | JFZ - %
D

N [ —

2) Tinh [[f— d"dydz ,v6i VIamidn: 1 <x?+2y°<3,0<z<
v (x +2y +4z° )

(ax + by)dx + (x + y)dy 2 vi phan

Cau III. 1) Tim a, b dé biéu thitc —
X“+y

toan phdn ctia ham u(x, y) nao d6.
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2) Tinh ¢ (cosx + y)d;( - (x2 - cosy)dy
X“+y

, v6i C 1a dudng tron X + y2 =1

14y theo chiéu duong

> , >
Cau IV Cho F =¢ s1nxy21 +xze i +e ysmxyzk ching 14 ring

thong lucng cta F qua mat cdu Xt + y +7°=1 bing 0.

+0 6
Cau V. Tinh | —%— dx.
OI a+x*?
DAP AN

Cau L. (2d)

1) (1d) Céch 1 : Phuong trinh tham s6 x = v/2 cost , y = 2v/2 sint , z= 3v2sint .
Piém A(1;2; 3) ting véit = % X'=-+2sint,y’ = 242 cost , 2 = 342 cost .
Vay vecteur chi phuong cla tiép tuyén tai A la‘ﬁz’A = {-1;2; 3} (0,54)

Suy ra phuong trinh tiép tuyén: x—ll = y—2-2 = 2;3 , phuong trinh

phipdién: -1(x - 1) +2(y - 2)+3(z~3)hayx-2y-3z+12=0 (0,5d)
Cdch 2: Phuong trinh tham s6 ciia dudng cong chita A(l; 2; 3) lax =1,
y= 2\/ 2-t? ,Z= 3\/ 2t (0,5d) ... trong tu (0,54)

2) (1d) Ta c¢6:

p—— 1 —X -X
gradu = " ; " ; ;
yz| 1+ 2x 3 yzz 1+ 2x 5 yz2 1+ 2x 3
y 4z Yy +z vy +z
—> 1,42, 2
dé: gradu(2; 1; -1) = {—;}<;-= 0,
Do d6: gradu( ) {5 ?5 5} (0,5d)
-_’ . . . . s
Theo phuong gradu(2; 1; —1) thi td¢c do bién thién... cé gid tri tuyét d6i
cuc dai va gid tri cuc dai d6 12 | gradu(2; 1; -1)| = % (0,54)
Cau II. (3d)

1) (1,5d) Do tinh chit ctia D va ham dudi d4u tich phan nén:
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= 2rcos@
= [ = 2Y i soys i
I= jj 4” Dy -+ <1,x20,y20, DOlblénSO{y=3rsinq)
Véi |J]| =6r,0<p<n/2;0<rs<1 (0,5d)
=/2 1
Tac6I=24 J.d(pﬂcos ¢ —sin q)‘r dr (0,5d)
n/2
=24 jr dr _ﬂc052<p|dcp 6 jcosZQ)dcp IcosZ(pd(p =6 (0,5d)
n/4
2) (1,58) D6i bi€n s6 x = rcos@, y = —j_z—sinq) ,z=zvéi |I|=r1,0<¢<2m
OSZS%;ISrS\E 0,50)
ff - ﬂd” 2 |
= I= —— = =
0 1 \/_ 6[ +4Z ) \/_ (‘)[ 1J‘(r +47° )
1/2 tinh 2
. m 1 1
== [|- 0,5d) = -- (0,5d)
\/E (‘)[ r? + 477 4\/5(2 3~/§J
Cau III. (2,5d)
1) (1d) Xét biéu thic Pdx + Qdy, ta c6:
_ag_ y2 -x? ~2xy
% x% +y2)?
(0,5d)
P _ b(x? —y ) 2axy
oy x? +y?)?
Q_® { !
= %% © lheo (0,5d)

X = cost
2) (1,5d) Cdch 1: (C) ¢6 phuong trinh tham s6: {y = sint chiéu tir 0 dén 2.

2n 2n 2n 2n
= Cﬁ = _[cos(cost)dcost+ jsintdcost— Icostdsint+ fcos(sint)dsint (0,54)
c o 0 0 0
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2n
= sin(cost).” + [(~sin® t—cos? t)dt + sin(sint)’" (0,5d)
0
=0+ (2m)+0=-2n  (0,50)
Cdch 2: Thay x* +y* =1 = <j> =cf (cosx + y)dx — (x — cos y)dy (0,5d)
¢ c

Goi D 1a hinh tron c6 bién 1a C, 4p dung Green:
= ¢ = [[(-1-1dxdy (0,5d)
c D

=-2 j J'dxdy =—-28(DD)=-2n (0,5d)
D

Cau IV, (1,5d) Goi @ 1a théng luong cdn tinh; V 12 mién c6 bién 1a S (S
¢6 huéng ra ngoai) = 4p dung Ostrogradxki ta cé:
®= I j J‘(yze"Z cosxyz +xye  cosxyz)dxdydz (0,5d)
Y

=0 o I,= ”Iyzeyz cos xyzdxdydz
v

= I”— xye ™ cosxyzdxdydz = -1, ’ (0,5d)
v
x=7Z Dx.y.2) 0 0 1
. - XYy, Z
bats y= —_— = =1;
“1"Y = bxyp |0 ! O
-1 0 0

Vo V:X+Y2+72<1
= L= [[[YX)e"® cos ZY(-X)dXAYZ = -1, (dpem)
)

1 1
- 1 1,
CauV.(1)Pary=x* = y| ;x=y4;dx=%y4 dy

2.1 3!
w0yt oyt dy
= 1= j—“T—-—:lBG;-}i) (0,5d)
o A+y) 4
7, _
1 \4 (3 1)' 13 = 3n .50
= .~ 7. B == |==-=- = e R
4 2-1) \4’4) 44 .1 32
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pEk 4
PE THI MON GIAI TICH HOC K¥ II - K47 (Thdi gian lam bai 90”)

Cau L. 1) Viét phuong trinh phap tuyén va ti€p dién ctia mit cong
x* +2y* - 327 = 14 tai diém A(3; -2; 1).

2) Tinh dién tich mién phang gi6i han bdi truc hoanh Ox va dudng y = y(x)
cho duéi dang tham s6 x = a(t — sint); y = a(1 — cost) v6i 0 < t < 2x bing hai c4ch:

a) dung tich phan kép;

b) dung tich phan dudng.

Cau II. 1) Tinh Iﬂx - y|dxdy , D la mién gi6i han b&i cdc dudng

D

y= |X'3,X= |Y|3-

) 3y
2) Tinh |||——m—m--r
" '[}U\/l +x2+922

V 12 mién gi6i han bdi céc mat x’ - y? + 922 =0,y = /3.

dxdydz

Cau III. Chiéng minh ring @ex arccosxydx + e arcsinxydy = 0, v6i C
C
1a dudng tron x> + y> = 1.
Cau IV. Tinh [[x(y® +22°)dydz, v6i S Ia mat phia trén (néu nhin theo
S

2
phia chiéu duong truc Ox) clia nira mat elipx6it x* + 12—- +2°=1,x20.

+00
arctgxy

0 x(1+x2)

Cau V. Tinh dx,véiy20.

DAP AN
Cau L (3,5d)
1) (1d) Phuong trinh mat cong <> F(x, y, z2) = x> + 2y* - 32° = 14=0
= F=2xF,=4y;F =6z
= Vecteur php tuyén tai A la ny = 23; —4; =3)  (0,5d)

. - 2 -
= phuong trinh phdp tuyén: x3 3 - Y+4 = Z_ 31
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= phuong trinh ti€p dién: 3(x - 3) - 4(y+2)-3(z-1)=0
hay 3x —4y-3z-14=0
2) (2,5d) Ta ¢6 mién D (nhu hinh vé)
Céch 1: (1d) Ding tich phan kép: S(D) = [[dxdy
D

2ma  y(x) 2n

= Jax [dy = [yod
0 0 0

Pdi bién x = a(t — sint)

= y(x) = a(l — cost), t!zn (0,5d)

y =y(x)

2n
= SD)= J.a(l—cost).a(l—cost)dt
(1]

2% 1 2t
= a° j(l —2cost + H%)dt = 3ma’ (0,5d)
0

Cdch 2: (1,5d) Dung tich phan dudng. Goi C Ia bién clia D chiéu duong
A U AO.

)

o

S(D) = %Cfxdy—ydx = —;{ j +/g }
C : OA A

Vi OA c6 phuong trinhy =0=> | =0 (0,5d)
OA
= SO)=+| [xdy+ [ydx|=3(1+1)
2 2
A0 %0
0 2n
L=~ fa(l —cost).a(l —cost)dt = Iaz (1—-cos t)2 dt = 3na’ (0,54d)
2r V]

0 2x 2n
I, = Ia(t —sint).asintdt = _az{ _[t sintdt — Isinz tdt:|
2% 0 0

2n 2n
= +a° jtd cost + j(l_;oszl)dt =
0 0 2
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2 . t sin2t
= tcost—sint + — — ——
a{( ———

2r
=3na
0

Vay S(D) = %(3na2 + 3ma2) = 3na? (0,5d)

Cau IL. (3d)
1) (1,5d) Mién 14y tich phan D = D, U D, (nhv hinh vé&)

0<x<1 O0<y<l1
D|={3 E D2={3
X"Sysx y £x<y

[J = [fx-yyaxdy + [fty-x)dxdy
D D D,

=I,+I, (0,5d)

1 x
[foxc-yyaxdy = fax fcx-yxdy
D, 0 3

X

dx

X
1 2
y

Xy —“—
(!( 2),(3
! 2 4 X2 X6 ! X2 4 X6
J‘(X -X -—74-7)(1)( = J(T—X +TJdX
0 0

_35-42+15 _ 8

1
PSS S B
6 5 14

. 210 216 @9
Loy
L= Idy I(y -x)dx (tuong te hoac ddovaitro x,y) = L,=1; = %6
° Y AY
vay i | = ﬁ% (0,54)
X = 1cos@
2) (1,5d) Déi bién { z= %rsin(p
y=y ?
= dxdydz= %rdrdcpdy 2 X
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V 5 v:{ 0<¢<2n (0,5d)
<y< 43
NE)
[ = oo oo |20 o {2 e
% 0 o0 F V412 0 r 1+12
J3 2
(3—r")rdr
= f—~ (0,5d)
0 \/1+r2
Patt= V1+r° :>t dr . 2o

, \/l+r

m _nj(4—t )t = n[ t——] 4—— -53i (0,5d)
Cau III. (1d) Ap dung Green
ey
= ¢ = J +\/ — dxdy =1, +1, (0,5d)
c x2 +y 51 - X y 1-x y

$=0 o L=-
C

dxdy = dxdy

x+y SIV

Xal,= [ —l‘dedy

2.2
D=x?+y%<l Vl‘x y

Déibién{x='Y:> Dx,y) -’0 "1’=1;D’:X2+Y2.<_1

x+y slvl X

y=X DXY) |1 o
R
= I= —=———=dXdY =-I, (dpcm) (0,5d)
xtay2a V1-X2Y?
2
Cau IV. (1,5d) Phuong trinh S: x = 1-L -2 ; Ox tao v&i phdp
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2
tuyén clia S géc nhon; D 14 hinh chi€u S (D: yz +22 < 1).

2
= J;J' = ]j)j 1-"7—z2 (2 +220)dydz  (0,5d)

0<op<2n
0<r<1

= dydz= ﬁrdrd<p. D & D’{

= H = 2jfd(pl_[\]1 —12 2r%2rdr =212 \/Elfwll -’ Pdr (0,5d)
s 0 0

0

biatt= 1-r2 = tI?; dt=——rd—r; P=1-t
1-r
0
= [ = a2n [’ a-1) -y
S 1
3 s\
_ (S 1_1)_82
= £I—4\/5n(3 5)()—4\/51[(3 5)— 15 T (0,5d)
Cau V. (1d)

2
f'y(X, y) - . X.l = 1 [ 1 y ]

x(1+xH)A+x%yH)  1-y2 (1+x* 1+x%y?

(dé thdy thod min 14y dugc dao ham) (hoc sinh khéng cin 1§ luan).

40 2
> ry= | 12.[ 1 y ]dx (0,54)

o l-y 1+x3 1+x2y2
+00
-1 _ = x_1
= 1—y2 [arctgx — yarctgyx] : 2 Try
Dol(0)=0 = I(a)= gln(uy) (0,5d)
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PE 1
PE THI MON GIAI TICH HOC KY II - K48 (Thai gian 1am bai 90%)

Cau L. 1) Tim hinh bao cha ho dudng cong: ¢*x + c(y* + 1) = 1.

+00
2) Sir dung ham I va B dé tinh tich phan: j—‘/—%dx )
o 1+x7)

Cau II. 1) Chiing minh ring dién tich mién D: x> + (ox — y)2 < 1 khéng
déi Vo € R.

2) Tinh |f Nxz +4y*dxdydz, V la mién gi6i han bdi cdc mat:
v

’ 2

X 2 s

= J5— 4 =1
z y vaz

Cau IIL 1) Tinh j(xzy —ye™)dx — (4xy® + xe" )dy, AB la nira dudng
AB
x’ 2
elip: T +y =1,y 20, A(-2; 0), B(2; 0).

2) Chiing to: C?I Ly (P dx + yPdy) =

L 1a duong tron: (x - L) +(y+ 1)2 =2;neN.
Céau IV. Tinh J I6xzzdydz + 3yx2dzdx + 2zy2dxdy ;
S .
2,2

S 1a bién cha nira khoi elipxoit: XT + y? +2° <1,z20, huéng ra ngoai.

Cau V. Cho-l; =(y+ z)2.T+ (z+ x)z.T+ (x + y)ﬁc va L 12 giao tuyén cla
hai mat Cﬁl_l): X+ y2 + 2=, x+ D)+ @+ D+ @+ 1) =1 Chitng minh
lru s6 ciia F doc theo L bing 0.

DAP AN

Cau L. (2,5d)

1) Phuong trinh ho dudng cong:

Fx,y,0)=cx+c(y’+1)-1=0 (1)
F,=2cx+(y’+1)=0 ) (0,5d)
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2
Tw@) = x#0 = c=-3 *1

(3). Thay (3) vao (1) ta dugc:

2x
CaRa N CAn s IO DN o+
" X P G +D-1=0 & Ix 1=0
& 4x+G +1)'=0 @) | (0,50)
ViF? + F? =c*+4c%’#0 < (1) khong c6 dudng ky di
= (4) 12 hinh bao (0,5d)
L 2
2)Pity=x" = x=y} = dx=%y 3dy; XI:0 - y|;no
1
s.1 73 LI
+0y© -~y dy +00 2
I= __3_.4_=lj' y 4dy=_1.B(l,l) (0,5d)
o (A+y) 35 +y) 31272
531 1
()1 5Tl
1 \2) \2)_ 1 _5n (0,5d)
3 I'4) 3 3.2.1 43 ’
Cau II. (2,5d)
1) Tac6 S(D),= [[dxdy
b
X=x 1 0
. D(X,Y) _ | _
Dat{YzaX_y = Dy ~le -1l =71 @50

D> D:X+Y’<1 = SD)= Hl.dXdY =SD’)=n  (0,5d)
2

X = 2rcosQ
2) D6i sang toa d0 tru (MR): | y =rsing = dxdydz = 2rdrdedz (0,54)

=12
0<¢p<2n m 11
Do>DJo<rgyl = I= qu)jdrj 4r? 2rdz (0,5d)
r<zs 0 o0
L o N 1 1) 2=
= -_— = — . — = —_——_— = —— O,d
I 2n()j4r (1-r)dr sn[3 7] 8n(3 4) S (0,5d)
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Cau I1I. (2,5d)

1) Vi phuong trinh BAlay=0nen | =0
BA

=>1I= [= [ =- ¢ (050

AB ABuUBA ABUBA

Ap dung Green: I = - ”[—(4y2 +e™ +xye™)-(x* —e¥ —xye¥)]dxdy
D

- H(xz# 4y?)dxdy Ay
D

T

Dé; ” MR): X = 2rcos@ -2 D
i sang toa do cuc (MR): y = rsin@ £ = >
,. | 0se<m
= dxdy =2rdrdp ; D’: { 0<r<li (0,5d)
n 1 2 4 1 A
I= Ojdcpoj4r 2rdr = 7 2r |0 =21 (0,5d) ol ",
>
2) Pudng y = —x cit L tai O(0; 0) va A(2; -2) i
t
—_— ]
$- 1+ ] :
C,)QA AmO 2 R A
= i_(x2n+l +y2n+l)(x2ndx+y2ndy) + n .
OnA
+ ,I(x2n+l + y2n+1 )(Xanx + y2ndy)
o AmO
= ’lde +Qdy +  [Pdx+Qdy (0,5d)
AnO Amo

P= (x2n+l + y2n+l)-x2n = P’y = (21‘1 + 1).y2n.x2n }
Q = (x2n+l + y2n+1)'y2n = Q’x = (2n + 1)'XZn.yZn

= Q,=P, = [Pdx+Qdy khong phu thutc dudng di AO

a0
_ 2n+l 2n+l 2n 2n _
= <ﬁ-2J(x +y" Y Mdx +y“"dy) =0
L 6A 0
(AO c6 phuong trinh: y = —x) (0,5d)



Cau IV. (1,54d)
Ap dung Ostrogradski ta c6 I = ”J.(Gz2 +3x% + 2y2 )dxdydz
v

P6i sang toa dd cdu (MR) { x = V2 rcossin®

= \Ersincpsine
Z =rcosf 0,50
O<@<2nm
= dxdydz = \[6—r2sin9drd(pd9; V 5 V:40<6< g
0<r<1
2 w=/2 1
I= [dp [d6 [6r* v/ér® sin6dr (0,5d)
0 0 0

n/2

=2n J'smedej‘&/—r dr "21\',( cosG|"/2)6w/—r ‘/_

n (0,5d)

Cau V. (1d)
Luus6 C= @(y + z)2 dx +(z+ x)zdy +(x + y)zdz. Goi S la phdn mat
L

cdux’+y*+ 2> =1 c6 bien L (chon huéng L, S phi hop...)

Ap dung Stoker:
C= [[@y-22)dydz + (22 - 2x)dzdx + (2x - 2y)dxdy (0,5d)
S

C4c cosin chi huéng cia 1_1: = (X, ¥, z). Chuyén vé tich phan mat loai L
C= [fiey-22)x+(2z-2%)y+(2x-2y).2}dS =0  (*) dpcm
S v

0
(Vi (*) > khéng phu thuéc hudng L va S) (0,5d)
PE 2
PE THI MON GIAI TICH HOC KY II - K48 (Thdi gian lam bai 90°)

Cau L. 1) Tim hinh bao clia ho dudng cong: cxi=1+ cz(y - 1.

1 12
2) Sir dung ham T va B dé tinh tich phan: J' \/i
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Cau II. 1) Chitng minh ring dién tich mién D: (x + ay)’ + y> < 1 khong
déi Vo € R.

2) Tinh [[[y9x* +y* dxdydz, trong d6 V 1 mién gi6i han bdi céc mat:
v

’ 2

2.y

= - +— vaz=-1
z X va Z

Cau IIL 1) Tinh  [{x’y +ytg(xy)ldx - [xy’ — xtg(xy)}dy, AB Ia nira
AB

dudng tron: x° + y> =1, x 2 0, A(0; 1), B(0; -1).

2) Ching minh: (# x™H g0l
L

(x"dx - y"dy] = 0, L 1a dudng tron:

x+1)?+@y+1)’=2%neN
3 3
Cau IV, Tinh Hx3dydz+ yszdx + Zdedy ,
)

2 2
S 12 bién ciia nira khéi elpxdit: x> + 12— + % <1,z 20, huéng ra ngoai.
Cau 5. Cho F =(z~ y)23 +(x - 2)2-5 +(y - x)2§ va L 12 giao tuyé&n cua
hai mat ca‘u; C+y+22=1,(x- 1 +(y -1’ +(z- 1= 1. Ching minh
Juu 56 cia F doc theo L bang 0.

DAP AN
Cau L (2,54)

1) Phubng trinh ho dudng cong:
F(x,y,c) = cx’ - cz(y -D-1=0 (1

P, =x~2c(y-1)=0 2 (0,54)
2
Hva@2) = y#1l = c= 2(;-1) (3). Thay (3) vao (1) ta dugc:
X2 2 X4 x"'
X -2 —.y-D-1=0 -1=0
20D " - D RS
= x'=4y-1 (@) (0,5d)
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VIF? + F =4c’x’+¢*#0 = (1) khong c6 dudng ky di

= (4) 1a hinh bao (0,54)
1 3
.3 1 -3 1 1
2)Daty=x' = x=y* = dx= zY fdy; X, > ¥,

31 77
1y -—-y “dy 113, 3,

= 4 = '1‘ 4 -y)4 = l _1_3 é
I J 1 40IY (1-y)* dy 48(4,4) (0,5¢)

1-y*

13) (3 951 (1 3

I= l.i(_‘_‘_)_r(_‘*l 1444 r@ r@ _15m2 050
T4 T@W 4 3.2.1 = 512 ,
Cau IL (2,5d)

1) Tacé S(D) = [dxdy
D

X=x+ay DX, Y) |1 a
Pat { = =) = =1 0,5d
S lY=y D(x,y) 0 1 ©39)
D> D:X*+Y*<1 = S(D)= [faxdy =sD) == (0,5d)
2
X = 1COSQ
2) Déi sang toa d6 tru (MR): y = 3rsing = dxdydz = 3rdrdedz  (0,5d)
2=2
O0<e<2n m 1 -
D> D<0srsl = I= [dofdr [vor®.3rdz (0,5d)
1<z<-r 0 0 -l

1
1 3 4
I=2nfor’(1-ndr = 181:[13—-’—] = 187:(1-1) =3 059
0 0

4 3 4 2
Cau IIL. (2,5d)
1) Vi phuong trinh BA: x = 0 nén I =0
BA
= I= j' = J' =—= cé_\ (0,5d)
4B AduBA ABUBA
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Ap dung Green:

I=_[ - yz—tgxy—xy i - x2+tgxy+xy i dxdy
D cos” Xy cos” Xy

= - [[x* +y®)dxdy
D

.. X = ICOSQ
boi sang toa do cuc: | y = rsing

= dxdy=rdrde; D—>D’: 2 2
0<r<1
=2 1 4! \
_ 2. _ 1| _m m
I=- [dojr’rdr =-nq =7 (059 2 —o
-n/2 0 0 —>
2) Dudng y = x cét L tai O(0; 0) va A(=2; -2)
$= [+ ]
L OmA And A -2
= J‘_ (xn+1 _ yn+1 )(x“dx _yndy) + n
OmA
+ J‘(xn+1 _ yn+1 )(XndX _ yndy)
£nd
= [Pdx+Qdy + [Pdx+Qdy (0,5d)
Amd And

P=x" - y™hx" = Py=-(@+1)y'x
s n =
Q=" -y")=" = Q=@+ DX"(y")
—~
= Q,=P’, = [Pdx+Qdy khong phy thuoc dudng di AO

A0
= ? = 2 J'(Xn+l _yl‘H-l)(xndx_yndy) =0
L £0
0
(AO c6 phuong trinh: y = x) (0,54)



Cau IV. (1,54)

Ap dung Ostrogradski ta c6 I = IH(SX += y + z )dxdydz

2

X = rcos@sin®
Déi sang toa d6 cAdu (MR){ y = s/i rsingsin®

= \/3 rcosf (0,5d)
0<op<2n
= dxdydz= J6 sinBdrdedd; V > V:<0<0< —72£
0<r<1
2n ®/2 1
I= Id(p jde jsr 612 sinbdr (0,5d)

-2n"/j‘zmn9d6_|.3s/—r dr —Zn( cosﬂl /2)3\/—[

] = 9‘5[6—-1: (0,5d)

0

Cau V. (1d)
Luus6 C= CP(Z —y)zdx +(x - z)2dy +(y - x)2dz. Goi S 12 phdn mat
L

cdu x® + y® + 2° = 1 c6 bién L (chon huéng L, S phd hop...)
Ap dung Stoker:
C= [[2(y-2z)dydz +2(z - x)dzdx + 2(x - y)dxdy (0,5d)
S

Céc cosin chi huéng cha r_1; = #(X, Y, ). Chuyén vé tich phan mat loai I,
tac: C= [[l2(y-2)x+2(z-x)y+2(x-y)z}dS =0  (¥) dpem
s ~. g

—

0

PE 3
PE THI MON GIAI TfCH HOC KY II - K48 (Thdi gian lam bai 90°)

X =1 - cost

Cau L. 1) Tinh d6 cong tai A(2; ©t) clia dudng { y =t - sint

331



2) Cho ham s6: z = e_"(x2 + X - y), hdy tinh & tai M(1; -1) theo hudng
grad z(M).

‘D {Ost3
dxdy, véi D: 0<

2 2
Caull 1) Tih [[X 12 *3
D(X"+3)y" +1)

2) Chiing minh Va,b,c € R, mién V xdc dinh bdi: x* + (ax + y)* + (bx +
cy +2)> < 1 ¢6 thé tich khéng di.
Cau III. 1) Tinh ”[y+ ycos(xy)ldx — [x — xcos(xy)ldy, AB 1a nira
AB

dudng tron: x° + y° = a%, y = 0, di tir A(-a; 0) dén B(a; 0).
2) Tim ham s6 h(y) dé tich phan dudng sau khéng phu thudc dudng di tir
A dén B:

'[h(y) [(ycosx — xsinx)dx + (ysinx + xcosx)dy]
AB

CaulV.Tinh [[(z-2y)dydz + (x - z)dzdx + (y — x)dxdy, trong d6 S 1a
S

phin mit cdu x*+y* +2* =1 nim trong mat tru V+22+2=0,x > 0; phia
ngoai clia mat cdu 1a huéng cia S.
~i2
Cau V. Tinh I(y) = Iln(l + ysin2 x)dx , véiy > -1.
0

DAP AN
Cau L (2,5d)
.2 , . . 1-cost=2
1) biém A(2; ) ing Vi t, 1a nghiém { ) & ta=n (0,5d)
t—SIint=mx
Ta c6 x’ = sint X” = cost x'=0;x"=-1
; . = tai Athi (0,5d)
y’=1-cost y”=sint y=2y"=0
Ap dung cong thifc:
y'x' —y'x" |0+2| ) 1
CA) = = = = = — 0,5d)
(x’2 + y,z )3/2 432 8 4
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2) Ta cé: % —eV2x+ 1)

oz -y, .2
—— =e (..x - X+ -1
oy y=b

%(A):%
= Tai M1, -1) ta dugc oz (0,50
E(A)=—4e
Gradz(M) = (3¢, -4¢) = == (3 :i) = 02 (= Jexlibe _ o
55 > 5
de
—>
(hodc = |gradz(A)| = 5e) (0,5d)
Cau I (2,5d)
I)I— ”(x +3)+2(y +1)
D (x +3)(y* +1)
= [f—dxdy + [f 22 dxdy =1, +1, 0,54)
py +1 DX +3
ok 1 3nm
I, = [dx[5—dy = 3.arcigy|, = =~ (0,5d)
0 0 1 4
L3 2 2 x|' 2z 3n . 2n
L= jdy]=—dx =l.=.arctg-= =-"F7= => = + == (0,59)
e o Kby indr ahew -
X=x
2)V= gjdxdydz. Pat Jy_ax+y = J=1 (0,5d)

Z=bx+cy+1z

Vo VXY +Zi<l o V= [[laxavaz = v - £ 054

Cau III. (2,5d) ﬁ
1) Vi AB ¢6 phuong trinhy =0 = j =0 —a //

BA

> [= [ =-¢ @

AB ABUBA ABUBA
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Ap dung Green:
I=- m‘ (1 - cos xy + xysinxy) — (1 + cos xy — Xy sin xy)|dxdy
D

=2 [[dxdy =28(D) = ma’ (0,54)
D

2) P=h(y)(ycosx — xsinx) = P’y =h’(y)(ycosx — xsinx) + h(y)cosx
Q = h(y)(ysinx + xcosx) = Q’, =h(y)(ycosx — xsinx) + h(y)cosx

(0,5d)
Q= P’y = h’(y)(ycosx — xsinx) = h(y)(ycosx — xsinx) 0,58
h'(y) _ h'(y)dy _ —Ce
hy) - 1 = | by - y+In|C] = h(y)=Ce (0,5d)
CaulV. (1d)

Phuong trinh S: x* + y + 2% — 1 = 0 = C4c cosin chi huéng ciia 1_1: =(x,Y, 2).
Chuyén vé tich phan mat loai I:

= I= jj[(z X)X +(x-z2)y +(y —x)z]dS = - jjxde (0,5d)
S s

. 2 2
Goi D 12 hinh chiéu ciia S trén Oyz = D:y*+ (z +—;-) < (-;-)

Phuong trinh S: x = \ll—yz -2% ,dS= ___,_d&

1- yz _ 2
= I=- [[ydzdy =0
D
(D d6i xtmg qua y = 0, ham 1€ theo y) (0,58)
Cau V. (1,5d)
(Lay duoc I'(y) dudi ddu tich phan - khong yéu cdu sinh vién chiing minh)
™2 sin® xdx
ry= | ———-
o 1+ ysin2 X
dx = -—dt2
1+t n/2 0

Datt=cotgx = D

14P=—L

sin” x



1 —dt

+o J4y- 12 0(1"'t )(1+)’+t )
I+t

+0

+0
1| 1 1 1 1 t
I'yy= | = - dt = —| arctgt — arctg ———
(!Y|:1+t2 1+y+t2} y{ Jl+y Ji+y .

1{1‘-_ 1 .z}u.(w/r D
Y2 Jl+y 2 2y J1+_y
i % \/1+Y(11+J1+y) (0,5d)
ViI(0) = 0 nén I(y) = '[2 \/1_+_(1+\/1T)
- %ln[l—tzli) (0,5d)

, PE 4
DE THI MON GIAI T{CH HOC KY 1I - K48 (Thdi gian 1am bai 90°)

x = (1 + cost).cost
Cau I 1) Tinh d6 cong tai A(0, 1) cua dudng .
y = (1 + cost).sint

2) Cho ham s6: u = \/xz +y2 +z° , hdy tinh Q_u; btai M(1; -1, \/5 ) theo
al
—>
huéng OM.

0<x<1

x? - y?
Cau II. 1) Tinh ”‘—___dxdy, v6i D: {05y<1

b (x> + 1)y’ +3)

2) Chitng minh ring Va,b,c € R, mién V xdc dinh b&i: (x + ay + bz)2 +
(y + cz)* + 2> < 1 ¢6 thé tich khong d6i.
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Cau III. 1) Tinh '[[2y—'ysin(xy)]dx+ [x - xsin(xy)]dy, AB 1a nira
AB

dudng tron: x> + y> = a% a >0, x 2 0, di tir A(0; a) dén B(0; —a).
2) Tim ham s6 h(x) dé tich phan dudng sau khong phu thudc dudng di tiy
A dén B:
J'h(x) [(xsiny + ycosy)dx + (xcosy — ysiny)dy]
AB
Cau IV, Tinh H(y—ZZ)dydz + (z - x)dzdx + (x — y)dxdy, S 1a phdn
)

mat cdu x>+ y2 +2%=1nim trong mat tru XX+x+22=0, y 2 O; phia ngoai
cla mat cdu la hudng cha S.

n/2
Cau V. Tinh I(y) = _f In(1+ ycos2 x)dx, v6iy > -1.
0

PAP AN
Cau L. (2,5d)

cost.(1 + cost) =0

1) Diém A(0; 1) ting v6i t,, 12 nghiém { sint.(1 + cost) = 1

oty = g +2km (0,5d)
X’ = —sint — 2costsint  ; X” = —cost — 2cos2t
y’ =cost + cos’t — sin’t ; y” = —sint — 2sin2t
X'=~1;x"=2
= iAth { , (0,5d)
y=-Ly'=-1
Ap dung cong thic:
' -yx7] _ J1+2 3
CA) = = = (0,5d)
&2 +yH? a2 242
2) Ta c6:
o x . w_ Yy . & z
ox \[x2+y2+z2 oy \[x2+y2+z2 o x> +y?+22
. ol g ol dug. 2
TaiM(1,-1, ¥V2 )= 5 M= 35 5 M= 35 2= = 059
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oM V2
Talic = 20 =(%%72]
|OM |
2 2 2
= Hap= (l) +'(:—1) (2] o 0,54)
> 2 2 2
oe .
Cau IL (2,5d)
II3(X +1) (y +3)
(x* +1)(y? +3)
1
= dxdy — dxdy =1, -1 (0,5d)
yy2+3 ig'[xzﬂ b
lf L3 3 yl' 3 2 =
I,= |dx dy =l.-=arctg—=| = == = — (0,5d)
10(')"y2+3 V3 Bl, 36 23
11
= dx = ==X = _I ,
I, 6|'dy6[ 7, X larctgx|0 2 =1 g 4 (0,5d)
) X=x+ay+bz
2)V= [ffdxdydz. Pat Y= y+cz = J=1 (0.5¢)
v

Z= z
Vo Vv:xX+Y+7 <1 = V= |[fdXdydz =V’=i3’l (0.54)
v

Cau III. (2,54)

1) Vi BA c6 phuong trinh x=0nén | =0
BA

=>I=[= [ == & (050

AB ABUBA  ABUBA

Ap dung Green:
I=- H[(l — ycos Xy) — (2 - sin Xy — Xy cos xy)] dxdy
=- H(l 2)dxdy + _U(y cos Xy - sinxy - xy cos xy)dxdy

£(x, y)
2
=SD)+0= % vi ham f(x,y) 1é theo y, D déi xing qua y = 0 (0,5d)
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2) P = h(x)(xsiny + ycosy) = P’y = h(x)(xcosy + cosy — ysiny)
Q = h(x)(xcosy - ysiny) = Q’, =h'(x)(xcosy — ysiny) + h(x)cosy

(0,5d)
Diéu kién Q’, = 1:"y = h’(x)(xcosy - ysiny) = h(x)(xcosy — ysiny)
(0,5d)
h'(x) _ h'(x)dx _ X
0o - 1 = | = +1n|C] = h(x)=C.e (0,5d)
Cau IV. (1d)

Phuong trinh S: x* + y? + 2> = 1 = Céc cosin chi huéng cia T = (x, y, 2).

Chuyén vé tich phan mat loai I, ta cé:

= I= [[l(y-22)x +(z-x)y +(x—y)zldS = - [[xzdS (0,5d)
N S

2 2
Goi D 12 hinh chiéu clia S trén Oxz = D: (x + %) + A< (%)

Phuong trinh S: y = Vi-x*-2z* .dS= dx:iz 2
Vi-x* -z

= I=- j'———xl——dxdz =0
Dy1- X2 —2?
(D d6i xitng qua z = 0, ham 1é theo z) (0,5d)
Cau V. (1,5d)

(L4y duge I’(y) duéi d4u tich phan).
n/2 2

I’(y)= '[ COS X2 dx
0o l+ycos” x
dx = dt2
Datt=1gx = L+t D NGRS b
2 1 0 0
1+t = 5
cos X
1 dt
Tl+t2~ 1+¢> _°F d

= I'(y)= (0,5d)

0 1+y- o +t)A+y+t?)

1+t



Tuong tydé 3 = I’(y); jl[ 1 ————I—}dt

o Y[1+t% lay+t?
= T (0,5d)
21+y 1 +41+y) ’
y 1+
ViL0) =0 nen I(y) = [I'(u)du = gm[—"L—zﬂ] 0,54)
! ;
PE1

DE THI MON GIAI TICH HOC KY II - K49 (Thdi gian 1am bai 90)

Cau 1. 1) Lap phuong trinh ti€p tuyé€n va phdp dién clia dudng:
x =e'cost, z=t — 1 tai diém tng v6it =0
1

2) Cho U = —————= va 2 diém: A(l; —1; 0), B(2; 1; -2). Tinh dao
\/xz +y? +22
- kJ - .2 —» aU
ham cba U tai diém B theo hudng AB. Tim max —;(B) .
ol

Cau IL 1) Tinh J’je"'y‘dxdy ,D={(x,y)]0<x<1,0<y<1}.

2) Tinh _m 2x* +Z dxdydz V= {(x,y,z,)|x2+y2+zzsl}.
1+x? +y +2°

Cau IIL 1) Ding tich phan dudng tinh dién tich hinh phing D gi6i han
bdicdc dudng: y=Inx;y=0; x=e.

2)Tinh | xarctg2 . X dx +arccot g2 Y dy , véi ABC I dudng gép khiic A(1; 1),
ABC

B(2; 1), C(2; 2).
Cau IV. 1) Tinh sz(yz +2° )dydx , S 1a nlra mat cdu X + y2 +28=1,
s

x £0, hudéng cua S 12 phia ngoai mat cdu.
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ax

2) Ching minh ring véimoia< 3 tacé I 2 dx + I —5—dx =0.
x.e™

DAP AN

Caul. (2,59)

1) x’ = e'.(cost - sint), y’ =e'.(sint +cost), z’ =1

Tai t = 0 = diém M_(1; O; 1), vecteur ti€p tuye'nTr:d =(1;1;1) (0,5d)
x-1 y _z+1

= phuong trinh tiép tuyén: T =17 ~——; phuong trinh phédp dién:
X+y+z=0 (0,5d)
’ . ’ _y
U, = X o ;
(x2+y2 +22)3/2 y (X2 +y2 +22)3/2
[ - -7
U, = (x2+y2+z2)3/2
=[z2.-1.2
= gradU(B) (2_’ Tk 27) (0,54)
—
AB=(1:2: - 2_AB _(12 -2
AB—(I,Z, 2) => e—_-)‘—(3y3’ 3)
|AB |
auU -21 1.2, 2(2)_-8
= —B=3375 3+27( 3)" 1 ©.50)
oe
Max 2 (B) = |gradU(B) = L 122 +12 422 = 1 (0,5d)
2 27 9
(<]
Cau II. (2,50) | 1ﬂ“’
DD, = {(x, y)eD x2y}, Dy=1(x,y) e D, x<y} D,
D
Helx'yldxdy = Idxfex.e'ydy s
D, 0o o 0 1 x
1 x 1
= jex(-e'y' )dx = fe*-Ddx =e-2 (0,5d)
0 0 0 :
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Tuong ty [fe*laxdy =e-2 = I=[[ + [[ =2.e-2)  (0.50)
D2 D] D2
Chii y: Ly d6i xiing qua dudng y = x thi D, - D,; ¢ khong déi

= 1=2ff =2.(e-2)
D,

2
DI=2 j”;—————dxdydz+ [[l5—F———dxdydz=21, +],
v+x+y+ vx+y+z+1

X = 1cosQsin®
Péi sang toa d6 cdu < y = rsingsin®

Z = rcoso
O<op<2n
Jj=r’sind; Vo>V’ $0<0<n (0,5d)
0<r<l1
2n = 1.2 2 .2
L= Jdojdo oS @80 2 gapgr = .. = 4—“-(1—3) (0,54)
4n (n 2 _ n_2 2 8n
Tuong tw I, = 3 (4 3).Vayl—4n (4 3) n 3 (0,5d)

Chii y: X, y, z, d6i xiing trong V = I = 3L,; tinh I, don gidn hon I; (xem
dép 4n dé 2).
Cdch 2: Hoac hodn vix, y, z

2
I= _X_i_i_ddd - oL ldxdvd
= ml+x Ziy? 422 = 'U 1+x>+y? +22 e

Vo ml_di‘ﬂydz_ =V-J (0,5d)
+X°+y 42

2n 1
Déi sang toa do cdu... = J = J‘d(pj'dej‘ 3 -r’sin0dr =4n - 7° (0,5d)
0

V=khsiciu,R=1=V=2E 1= £ _n-wy=n-E 050
Chii y: Sinh vién khong tich, thay toa do cdu thing vao I, tinh ding dén
dau cho diém tuong ing dén dé. .
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Cau II1. (2,54) N
1)Biéncua D 1a L = AB U BC U CA (hinh vé&)

1
S(D) = Eiﬁxdy —ydx.

Phuong trinh AB: y = O; phuong trinh BC: x = ¢

I
= J = chx =e (1) (0,5d)
BC 0

N
Phuong trinh CA: y = Inx

1
= | = ‘[(x.%—lnx)dx=[x—(xlnx—x)]|i=2—c )

A
2+(1) = SD)=1 (0,5d)
2 A c
2)P=xarcigt = P, = z—x : ) O
y x“+y
A
Q=arccotgz = Q.= y 1-----,,' 18
X * 2, .2 g !
X +y 7 ! !
2 Ve ! .
> Q-Py= =% (050 ol 1 2
X“+y

Phuong trinh CA: y = x

1
1
= Pdx + Qdy = x-£+£)dx=—7£- X ix =—5—7t 0,5d
Jraxvasy = [ ; T (0,50

473 2
2
3 X2+ 5
Ap dung Green: 1= [Pdx+Qdy = - [ =15 )/2 dxdy + 2=
ABC ABCA CA DX +Yy 8
- =3 S S Y
=..=3 arctg? > + 2 -Hn5 (0,5d)

Cdch 2: (Tinh truc ti€p)

2
Phuong trinh AB:y=1 = I = Ixarctgxdx =

12
- I arctgxdx2
2

AB 1 1



== %(5arctg2 “1- g) (0,5d)

Phuong trinh BC: x = 2

: y PO
= [ = [arccotgZdy = yarccotgd| - [y - =dy
BC 1 2 2, y2
1+—
4
T 1 8
= = — - tg — —_—
2 arccotg 5 +1n 5 0,58
Vi arccotgl =arctg2 = I= éarctg2 _1 + 24 ln§ (0,549)
2 2 2 4 5 ’

Cau IV. (2,5d)

1)S=S"uUS,S"(S) la phdn mat S iing

v6iz20@z<0)I= [ + |
s* s”

S*, 8™ déi xitng qua Oxy

o [y
= chiing c6 cung hinh chi€u D: trén Oxy (0,59)
x<0

-*
Phuong trinh S: =1-x- yz, H; tao v6i Oz géc nhon

= [ = [[x*a-x*dydx (1) (0,54)
st D .

ﬁ:_ tao véi 0z gbe th

= [ =-[[x*a-x"dydz; @)+(1) = 1=0 (0,50)
5 D

Cdch 2:

B6 sung mat D huéng lén trén theo 6;, phuong trinh D: z=0

= [[=0 = I= <ﬁx2(y2 +2%)dydx (0,5d)
D SuD

Ap dung Ostrogradxki = I= J‘Hx222dxdydz
v

(V= —21— kh6icdu: x’+y +2°<1<0;x <0) (0,5d)
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V dé6i xitng qua mat z = 0, ham la'y tich phan lé theoz=>1=0 (0,5d)
+0 2ax 1
2)batKa)= |
0o X

kién ldy duge dao ham.

dx + I dx Vdéi a < 3, I(a) thod man diéu
0

XC

400/~ aX +0 ax
I(2 ln2)x dx + J._e%'xdx
o X.e

(0,5d)

+00
I'(a) = jz"“"”xlnzdx— [e® M dx
0 0

o(a=3x l*°° ROOS |+ 0—
T a-

_ _ _0-
(a—3)\0 (a—3)|0 a-—

1 1
=0

3 3

= I(a) khong d6i Va< 3.1(0)=0=1(a)=0, Va<3 (dpcm) (0,5d)

Cdch 2: C6 thé tinh truc ti€p timg tich phan réi 14y téng:

ax a
[cé: 2 =1 2™ m2dy = }
X 0

Chit y: + Néu sinh vién khéng nét gi cit tinh dao ham hoac déi thit tu 1ay
tich phan (cdch 2) thi trir 0,25 diém.
+ Téng di€m c4 bai 1am trdn 0,75 = 1.

PE 2
pE THI MON GIAI TICH HOC KY II - K49 (Thoi gian 1am bai 90°)

Cau 1. 1) Lap phuong trinh ti€p dién va phdp tuyén cita mat:
2x—e "+ arctg§ =1 tai M(1; -1; 0)

2)Cho U = ln(1+ \/xz +y? +2? ) va diém A(l; 2; -2).

’ s . eea 1 ou
Tinh dao ham cta U tai di€m A theo huéc OA. Tim max —_)(A) .
ol
Cau II. 1) Tinh Iﬂx—-y|dxdy, D={xy|Ix|<1,|y|<1}.
D
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2 2
2) Tinh jﬂ%dxdydz,V:{(x,y,z,)|x2+y2+zzs3}.
vI1+x"+y +z

Cau IIL 1) Ding tich phan duong tinh dién tich hinh phéng D gi6i han

bdicdc dudng:y=e¢ ;y=e; x=0.

2) Tinh | arctg%(xd“ydy), v6i ABC 1a dudng gdp khic A(l; 1),
ABC

B(1; 2), C(2; 2).

Cau IV. 1) Tinh ”yz(xz +2%)dxdz, S 1a nira mat cdu x* + y° + 2° = a’,
s

y 20 (a > 0), hudng cia S 1a phia ngoai mit cdu.

+00 4 ax

2) Ching minh ring véimoia<2tacé | =1
0

x.3%*

+0 ax
dx + [ _ax =0
X
0 X.€

PAP AN
Cau L. (2,5d)

1) Phuong trinh mat: F(x, y, z) = 2x —e 7* + arctg Z_1=0

Fo=2; Fy=ze - 2
y

e
F,=ye "+ — y >
y +z
._)
= Vecteur phdp tuyén tai M, n = (2; 0; -2) = 2(1; 0; -1) (0,5d)
Phuong trinh ti€p dién: 1 x (x - 1)+0~1x(z~0)=0hay: x—-z-1=0
Phuong trinh phap tuyén: i;—l = lg—l = % (0,5d)
)0, = X , thay x boi y, z ta cé U’,,
(1+\[x2 +y° +zz)‘ﬁ(2 +y? +2?
U, = gradU(A) = (—1—;—2—;‘—2—) (0,54)
‘ 1212 12
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—
2_0A _(12 -2
3’373
|0Al
8U 11 22 2 (2 9 _ 1
= ;;() 123712 E'E( 3)_36_4 (0.5d)
[
—_>
Max—(A)-—IgradU(A)| Jl +2% 427 (0,5d)
ae y
Cau IL (2,5d) T1
HDD=D,uD, D, ={(x,y) e D,x2y}; D,
D,={x,y) e D,x<y}. il L
1 X D1§ X
{flx - yldxdy = [dx [(x -y)dy n S
D, -1 -1 -
1 2|* 1.2
= J xy—%— dx = 1 x7+x+%}dx
-1
bx?+1 I
= 26‘--——-2 dx = (‘?4')( = '5 (095d)
0
4 4 .4 _8
2 ~yldxdy = = + = = 2 ,5d
Tuong t jzj 3 VY lj)ﬂx yldxdy = 2 + 3 = 3 (0,5d)

2) (Tuong tw dé 1): 1=5I, +L,; = m

3 dxdydz v
1+x? +y +2°
: 0<¢9<2n
Ddisangtoaddocdu..;V —» V' 1 0<0<n (0,5d)
0<r< ﬁ
2n =

L= jd(pjde J‘r_iOrS___Q rzsmedr

NE)
=2m. EO—S———G— j(r -1+ lz)dr
3 oo 1+r




NG}

2 (¢ 47 3\/5 n An?
=2n. = .| —— t = | =X 2=
T 3 [3 r+arc:gr)0 3 ( 3 \/3+3 5 (0,5d)
_ _ 4n’ _ 8n°
Tudng Il:fIl—Iz = 1—6—9— = —5—' (0,54d)

Cdch 2: Hodn vi X, y, z

2
+2°)
TR dxdydz

2, .2
= Tdng:3I= j’ﬂé—(—x—;—y———
vI1+x"+y +z

= 1=2fff1-—5 | axdydz =2v -2 0,54)
v 1+x"+y“ +2z
2 =n ﬁ 1
Ddi sang toa do cdu... = J= jd(pfde[l— 2Jsinedr
0 0 © T+r
x 3 1
= J= 2njsin9d6j(1— 2Jdr
0 0 l+r \
V3 T
=2n.2. (r—arctgr))’ = 4n|3 -3 (0,5d)

V=khGiciu,R= 3 = V= 4_3"(5)’ — 43
2
= I= 2.[4m/§ —4n(J§ —%ﬂ =& (0,5d)

Cau II1, (2,5d)
.
1) Biéncia D 1a L = ABw BC u CA (hinh v&)

1
S(D)= = - .
(D) 2?xdy ydx

Phuong trinh AB: x = 0; I = 0; phuong trinh BC: y=e
AB
-1
= J' = - Iedx =+e¢ (1) (0,5d)

BC 0
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X

Phuong trinh CA:y=e

0 0
= [ = [(-xeT -eT)dx = [(x+Dde™ =2-e (2)
TA -1 -1

@+1) = SD)=1  (0,5d) 1.8 c
, 2 |
2)P= xarctgZ = P, = 2X > i
X X" +y '
v
y -y’ S
Q=yarctg— — Q’x= 2 3 ) 1 |
X X“+y 1 ) >
0 1 2
> Q-P,=-1 (054
Ap dung Green: I = Cﬁde +Qdy = H(—l) dxdy = -S(ABC) = _1
ACBA D 2
Matkhdc: ¢ = [+ [ = 1I= [P&x+Qdy= [ - ¢ (0,59
ACBA AC CBA ABC AC ACBA
Phuong trinh AC:y=x = [Pdx+Qdy = farctgl (2xdx)
AC
3 1
= %x’ = T" Vayl= T" 5 054
1
Cdch 2: (Truc ti€p)
2
Phuong trinh AB: x=1 = [ = [(arctgy).ydy
AB 1
=..= %(Sarcth—g—lj 0,50)
Phuong trinh BC: y =2
2
= | = j(arctgg)xdx =..= %(4arctg——arctg2+2) (0,54)
BC 1 X
i l1_1z =lfgm m )3, 1
Vi arctg2+arctg2 =3 = I= 2(4 2 2+l) n + ) (0,54d)
CauIV. (2,5d)
y y=0
1) Hinh chiéu S 1én Oxz 1a D: 242 <a



Phuong trinh S: y* = a* - x* - 2° AY

> . .
ng tao v8i Oy géc nhon

= I= [fa® -x*-2°)(x* +2%)dxdz  (0.54) 07
D
X = ICosQ 0<o<2n X
Pat . = Pl=5D->D
z =rsino O0<r<a

2n  a
= I= Idwf(az —r? )r2rdr
0 0

4 6
= 2r _r
I—21t.|:a 7 6]

Cdch 2:
_)
B6 sung mat D huéng nguoc véi Oy. Vi phuong trinh D: y = 0

= [[=0 = [[= ¢ = [[yx® +2*)dxdydz
D S SuD Y . !
6

Péisangtoaddocdu = I= %

a

0

2) (Tuong tu dé 1)

400 4 aXx 400 ax
37 -1 l-e
batl(a) = dx + | ——dx.
J x.32)( j X er
Véia<2 = I(a) thod man diéu kién l1ay dvoc dao ham.
+00 ax +00 ax
r@= [C X4, (28 Xa  (©059)
o x.3° 0 Xe
+00 . +o ) .
I'(@= [3*"In3dx - [e“"dx
0 0
+00 +
B 3(3—2)x I e(a—2))( | 0

T @2, @2,

= I(a) khong déi Va < 2. MA 1(0) = 0 => I(a) = 0, Va < 2 (dpcm)
Chii y: C6 thé tinh truc ti€p ting tich phan réi 14y téng.

(0,5d)

(0,54)

(0,5d)
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pE3
PE THI MON GIAI TICH HOC KY I - K49 (Thdi gian 1am bai 90°)

X = sint — tcost

Cau L 1) Tinh do6 cong clia dudng: { tai di€m tng v6i t = 1

y = cost + tsint
> > > >
2) Cho F = [ycos(xy)].i + [xcos(xy).j + (zwll +7° ) k. Chitng minh riang

> >
F 12 truong thé€. Tim ham thé vi ctia F.

Loi?
Cau IL 1) D6i thit ty ldy tich phan [dy  [f(x,y)dx
-1 )’2—1
2) Tinh thé tich mién V x4c dinhb4i0<z<2-y-x,y 20,
y+2x21,y+x<1.
CauIlIL 1) Tinh [(4x” +3y)dx - (2x - 3y*)dy
AB
AB 12 nlra dudng tron y = \/1_—;2_ , chiéu di tir A(1; 0) dén B(-1; 0).
2) Goi C, la duong elip:
<}3 (x+ y)dx (x y)dy
X +y

ax’+y*=1,a>0val, =

ﬂ

Chiing minh rdng I, = -2 v6i moi a > 0.
CaulV. 1) Tinh Hyz vx? +2z%dxdz, S 1a bién clia mién V: y* 2 x> + 2°
S

~1.<y <0, hudng ra ngoai.

+0 3ax2 —-1
2) Tinh [=——dx,véia<]1.
0 x.3*
DAP AN
Cau L. (2,5d)
1) X’ = tsint; y’, = tcost = x’,2 + y’l2 = (0,5d)
X" = sint + tcost )
= ”X’ - ’x” =..= —1
y” = cost — tsint Iy y'¥l =1
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i

Véit=1 = C= -
i)

=1 (0,5d)

2) bat P = ycosxy, Q = xcosxy, R = W1+x*  tacé:

R})-Q,=0; P,-R,=0 (0,5d)
Q’x = cosxy — xysinxy =P’y = Q,-P,=0

— >
= RotF=0 (dpcm) 0,5d)

X y z
Ham thé vi U= [0.dx + [xcosxydy + [zvl+z’dz +C
0 0 0

= sinxy + %\[(1 + z2)3 +C (0,5d)

Cau II. (2,5d)
-1<y<l1
-1<x<0
D=D,uD,; D;: R
b,: {Ostl 050
-m SyS\/:(7

Jxel L Vi
f(x,y)dy + [dx fﬂx,y)dy (0,5d)
0 _Jix2

=Vx+l

= I=[j)j=jj+0jj=_oldx

D,
2-y-x
2)V= Iﬂdxdydz = ”dydx Idz ,
v D 0

D={(xy:y=20,y+2x21,y+x<1} (0,5d)

y
O0<y<l1 1
< D: -
—I—Z—YS)(Sl—y
1 1-y
= V= [dy [@-y-xdx  (0,5d) 0 17 1 x
0 l-y

2
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‘ 27 iy a-y)’
V=6[[(2—y).x—7} dy = T+ 3 dy

1y 0
2
0
eyt a1
4 8.3 4 24
1
7
V=—
2 (0,5d)
Cau III. (2,5d) YA
~ [x=cost
I)AB y=sint ,tA=O,tB=1t
-1 1
I= [4x’dx + I3y2dy +  |(Bydx —2xdy) —>
% a gé B | A X

= k9 b
= I(4cost)3dcost + IBsinz tdsint + I(—3sin2t—20052 t)dt (0,5d)
0 0 0

n kg
_ I(i" cosZt)dt
0 g\2 2

=== (0,5d)

I= (cos4 t+sin® t)

]
@ @uBA BA

1
Phuong trinh BA:y=0 = | = [4x’dx =0
BA -1

¢ = [f(2-3)dxdy = -5S(D), D = 1 hinh tron, R = 1
@ua D 2
= SD)= on

1=-32
= 2

I
2
X = cost
2) V6ia=1 = phuong trinh C, . , ttir 0 dén 2n
y = sint
2n

= I,= J'(—sinz t—cos? t)ydt = -2n (0,5d)
0



X+y | _ ¥y-X

s =

pDatP=
X +y2 X2+y2
_ 1% +y?) -2x(y - %)

x> +y?)

= Q)

2 2
=X V22 _p vk, y) % (0: 0) (0,5d)
x"+y")
Va1, C, U C, gi6i han mién D khong chita O(0; 0)
= ¢Pdx+Qdy = PPdx +Qdy =-2n
c, e

Vay Va>0tacé I, =-2n (dpcm) 0,5d)
Cau lV. (2,5d) .
1) Ap dung Ostrogradxki = 1= ”J'Zy\/ x? +2° dxdydz (0,54)
v
D61 sang toa do tru:
X = ICOSQ <9<2n
z=rsin<p:>m=r;v—’vz 0<r<1
y=y -1<y<—r
2n 1 -r
I= [do[rdr [rzydy (0,5d)

0 0 -1

- 1
I=2n 1J'r2(y21 :Jdr =2n Irz(rZ —-1)dr
0 - 0

r5 r3 1 —47
=on| —-—| == 0,5d
2"( 53 J 15 0.50)
0
+a0 3ax2 1
2)I(a) = | ~~dx, v6i a < 1, I(a) thoa min diéu kién 14y duoc
0 x.3%
dao ham (0,5d)
S I oL 1
P@=o ‘5( “a—l)'z.a—a)
]
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. o
Vil(0)=0 = I(a)= |[——dt
JZ.(I-—t)

-1 a _ 1
= Shfi-d) =-2 (-2 (©0:54)

PE 4
PE THI MON GIAI TICH HOC KY II - K49 (Thdi gian 1am bai 90°)
Cau L 1) Tinh do cong clha dudng: r = 1 + sing tai diém dng v6i ¢ = 0.
> e . > . > . s 2
2) Cho F=¢"1 + [zsm()_')z)].J + [(ysin(yz)}).k. Ching minh rang F Ia

truong thé. Tim ham thé vi cta F.

4—x2
Cau IL 1) Déi thit tir 14y tich phan jdx ff xy)dy
-2 4_

2) Tinh thé tich mién V xdc dinh b&i x 20, x + 2y 22, x + y < 2,
0£z<3-x-y.

CaullL 1) Tinh  [(5x* + 4y)dx - (4y° +3x)dy
AB

AB la nira dudng tron x = \/az —y2 , chiéu di tir A(0; —a) dén B(0; a),
(a>0).
2) Goi C, 1a duong elip:

(x-y)dx + (x + y)dy
CP

X2 4-y

xX+by’=1,b>0val, =

Chitng minh rang I, = 21 v6i moi b > 0.

CaulV. 1) Tinh [fx’ Vy? +2%dydz, SIa bién cia mién V: xX* 2 y* + 7%,
S

0 £x <1, hudng ra ngoai.
a\/—

2) Tinh I ,/'

0 X.2

dx,via<]l.
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Cau L (2,5d)
1)r’ =cos@; 1’ = —sing
Taig=0 = r=1,r'=1,r"=0,rf +r*=2 (0,54)
IR +2r? 17 =[1+2-0/=3 = C= —= (0,5d)
02
2) bat P =¢*, Q = zsinyz, R = ysinyz, ta cé:
R’y =Q’, =sinyz + yzcosyz = R’y -Q’,=0 (0,5d)
P,-R,=0-0=0,Q,-P',=0-0=0
-
=> RotF=0 (dpcm) (0,5d)

X y YA
Ham th€ vi U = Iex.dx + jO.dy + Iysin yzdz + C
0 0 0

=¢e* —cosyz+C 0,5d)
Cau Il (2,5d)

-2<x<2
1) Mién 14y tich phan D: ——
) Mién Iy tich phan - 4—x2‘.<_ys4—x2

{—25y$0 -2 ¥
D=D,uD,; D;: “WSXS\/Z?
' 0<y<4
_fiTy <x< q—— (0,5d)
II i+ 07 = e [Lx Y)dx + fdy JL(X ydx  (0,5d)
Dl D2 -2 _4_y2 —.J4-

3—x-y

2)V= Iﬂdxdydz = j Idxdy Idy,

D:x20,x+2y22,x+y<2 (0,5d)
0<x<2
< D 2;’( <y<2-x
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2-
= V= J'dx ﬁ3 X —-y)dy
0 2-x
2

2 2
V= [|G-xy-L-
0 2

2=x 0
2

2
_|e-0? e-x’
4 8.3

0

Cau 111 (2,5d)

X =cost

ty =~

. ~\
1) Phuong trinh AB: y = asint * 'A

I= [5x*dx - r[4y3dy + I4ydx——3xdy
m\

AB AB

%)n—,“lﬁ

4

=a 3

4sin’ tdsint +

— A

Scos’ tdcost —a

[}

oA — 1A
|

oA

'.__.NI?I

1
N(a

(a cos’ t~

n
237~ cosZt

i

L3

2

Cich2:1= [ = [ - [
AR ABuBa BA

Phuong trinh BA:x=0 = [ = [4y’dy =0

BA

2-x 2 2
.

[4(—sm t) - 3cos’ t]dt

(0,5d)
(0,5d)
YA
a‘ B
R
X
-a
A
(0,5d)
(0,5d)
(0,5d)



¢ = [[(-3-4)dxdy =-7S(D),D= = hinh tron,R=a

1
2

ABUBA D
na’ —7na’
S = —_— I:
= SD) > = >
A X = cost
2) V6ib=1 = phuong trinh C, y = sint ° ttx O dén 27
2n
= L= I(sin2 t+cos® t)dt =2n (0,58)
0
pup= 3 Q= 21X
x“ +y X" +y
22
= Qx= y_2x_2_22ﬂ =P, V(x,y)#(0; 0) (0,5d)
x +y%)

Vb # 1, C; U C, gi6i han mién D khéng chita O(0; 0)
= <35de+Qdy = Cﬁde+Qdy =27
Cp o

Vay Vb>O0tacé I, =2n (dpcm) (0,5d)

Cau IV. (2,5d)
1) Ap dung Ostrogradxki = I= _U 3x2\/z2 + y2 dxdydz (0,5d)
v
Déi sang toa do tru:
Ax
X = 1cos@ 0<op<2n
z=18in@ = |J|=r;VoV:l0<r<l
X=X r<x<1
]
m 11 i
I= [de [rdr [r3x*dx (0,54) !
0 0 r ! z
ol 3 ! 1
1=32m (2 |dr =2n r’(1-r")dr y
0 3 0
T
3 6!
r r n
= —— m— = = d
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+o l 23\/_
2) I(a) = _[————-——dx véi a < 1, I(a) thod mén diéu kién ldy

0 x.2‘/_
dugc dao ham:
+c0 a\/_ +o0
Py = |22V I“J_z)‘/— - (2““”& mzj—dl (0,5d)
0 x.2 0 \/;
e 2(a-1).J; _ 1) 2
P@=-2-= =291 a1

Vil(0)=0 = I(a)= j——-dt

= 2lnft- 1||2 =2lnja - 1| = 2In(1 - a) (0,5d)
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(v6i cédc gid tri khic sir dung cong thitc T'(x + 1) = xI'(x))

BANG HAM GAMMA

+U

I'(x)= [t-"l.e"dx voilsx<?

0

X I'(x) X I'(x) X I'(x) X I'(x)
1,00 1,00000 1,25 ,90640 1,50 88623 1,75 ,91906
1,01 ,99433 1,26 ,90440 1,51 ,88659 1,76 ,92137
1,02 ,98884 1,27 ,90250 1,52 ,88704 1,77 ,92376
1,03 ,98355 1,28 ,80072 1,53 88757 1,78 ,92623
1,04 97844 1,29 ,89904 1,54 ,88818 1,79 ,92877
1,05 ,97350 1,30 ,89747 1,55 ,88887 1,80 ,93138
1,06 ,96874 1,31 ,89600 1,56 ,88964 1,81 ,93408
1,07 ,96415 1,32 ,89464 1,57 ,89049 1,82 ,93685
1,08 ,95973 1,33 ,89338 1,58 ,89142 1,83 ,93969
1,09 ,95546 1,34 ,89222 1,59 ,89243 1,84 ,94261
1,10 ,95136 1,35 ,89115 1,60 ,89352 1,85 ,94561
1,11 ,94740 1,36 ,89018 1,61 ,89468 1,86 ,94869
1,12 ,94358 1,37 ,88931 1,62 ,89592 1,87 ,95184
1,13 ,93993 1,38 88854 | 1,63 89724 1,88 ,95507
1,14 ,93642 1,39 ,88785 1,64 ,89864 1,89 ,95838
1,15 ,93304 1,40 ,88726 1,65 ,90012 1,90 96177
1,16 ,92980 1,41 ,88676 1,66 ,90167 1,91 ,96523
1,17 ,92670 1,42 ,88636 , 1,67 ,90330 1,92 96877
1,18 ,92373 1,43 ,88604 1,68 ,90500 1,93 ,97240
1,19 ,92089 1,44 ,88581 1,69 ,90678 1,94 97610
1,20 91817 1,45 ,88566 1,70 ,90864 1,95 ,97988
1,21 ,91558 1,46 ,88560 1,711 ,91057 1,96 ,98374
1,22 ,91311 1,47 ,88563 1,72 ,91258 1,97 ,98768
1,23 91075 1,48 88575 1,73 91467 1,98 99171
1,24 ,90852 1,49 ,88595 1,74 ,91683 1,99 ,99581

2,00 1,00000
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