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Khai niém ham s& mét bién s&

Khai niém ham s6 mot bién so
Cac ky hiéu logic

@ Ménh dé toin hoc 13 mét khing dinh todn hoc chi cé thé ding hojc sai, khéng cé
ménh dé vira diing vira sai. M6t ménh dé thudng ky hiéu bdi cac chif cai in hoa
nhu A, B,C, . ...
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Khai niém ham s& mét bién s&

Khai niém ham s6 mot bién so
Cac ky hiéu logic

@ Ménh dé toin hoc 13 mét khing dinh todn hoc chi cé thé ding hojc sai, khéng cé
ménh dé vira ding vira sai. M8t ménh dé thudng ky hiéu bdi cic chit cai in hoa
nhu A, B,C, . ...

@ Gia sir c6 hai ménh dé A va B. Ky hiéu
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Khai niém ham s& mét bién s&

Khai niém ham s6 mot bién so
Cac ky hiéu logic

@ Ménh dé toin hoc 13 mét khing dinh todn hoc chi cé thé ding hojc sai, khéng cé
ménh dé vira ding vira sai. M8t ménh dé thudng ky hiéu bdi cic chit cai in hoa
nhu A, B,C, .. ..

@ Gia sir c6 hai ménh d& A va B. Ky hiéu

o A —> B:tit ménh dé A suy ra ménh dé B, hay B la didu kién can dé
cé A va A la diéu kién da dé cé B.

BAI HOC
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Khai niém ham s& mét bién s&

Khai niém ham s6 mot bién so
Cac ky hiéu logic

@ Ménh dé toin hoc 13 mét khing dinh todn hoc chi cé thé ding hojc sai, khéng cé
ménh dé vira ding vira sai. M8t ménh dé thudng ky hiéu bdi cic chit cai in hoa
nhu A, B,C, .. ..

@ Gia sir c6 hai ménh d& A va B. Ky hiéu

o A= B:tir ménh dé A suy ra ménh dé B, hay B la diéu kién can dé
cd A va A la diéu kién du dé c6 B.

o A <= B: ménh dé A tuong duong véi ménh dé B, hay A |a diéu kién
can va da dé c6 B va ngugc lai.
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Khai niém ham s& mét bién s&

Khai niém ham s6 mot bién so
Cac ky hiéu logic

@ Ménh dé toin hoc 13 mét khing dinh todn hoc chi cé thé ding hojc sai, khéng cé
ménh dé vira ding vira sai. M8t ménh dé thudng ky hiéu bdi cic chit cai in hoa
nhu A, B,C, .. ..

@ Gia sir c6 hai ménh d& A va B. Ky hiéu

o A= B:tir ménh dé A suy ra ménh dé B, hay B la diéu kién can dé
cé A va A |3 diéu kién di dé c6 B.

o A <= B: ménh dé A tuong duong véi ménh dé B, hay A |a diéu kién
can va da dé c6 B va ngugc lai.

@ Ky hiéu := (c6 nghia 13, hay dugc dinh nghia 13).

Vx doc la v6i moi x, 3y doc I3 tdn tai Y,

BAIHOC

Ay doc 13 khéng tdn tai y.
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Khai niém ham s& mét bién s&

Khai niém ham s6 mot bién so
S6 thuc, tri tuyét dbi cha sb thuc

S8 thuc bao gdm tht c3 cac sb hitu ty va vo ty, ky hidu 13 R.

.": ™ -
R b S
[ ("
C
A ’ ™
1 )
./-
i Ao
@ Khodng (a,b):=a <z <b
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Khai niém ham s& mét bién s&

Khai niém ham s6 mot bién so
S6 thuc, tri tuyét dbi cha sb thuc

S8 thuc bao gdm tht c3 cac sb hitu ty va vo ty, ky hidu 13 R.

i -
R b S
[ ("
C
A ’ ™
1 )
./-
, ™
@ Khodng (a,b) :=a <z <b
@ Doan [a,b] :==a <z <b;
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Khai niém ham s& mét bién s&

Khai niém ham s6 mot bién so
S6 thuc, tri tuyét dbi cha sb thuc

S8 thuc bao gdm tht c3 cac sb hitu ty va vo ty, ky hidu 13 R.

e
C
y: : =3
1 )
g
@ Khodng (a,b) :=a <z <b
@ Doan [a,b]:=a <z <}
@ Khoang kin bén phai (a,b] :=a < SACH KHOA|
x < b;
R e VI N T VI YIVISTR o0 1 Ham < mo bién <6
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Khai niém ham s& mét bién s&

Khai niém ham s6 mot bién so
S6 thuc, tri tuyét dbi cha sb thuc

S8 thuc bao gdm tht c3 cac sb hitu ty va vo ty, ky hidu 13 R.

B
1 ]
@ Khoing (a,b) :=a <z <b; ® Khoang kin bén tréi [a,0) = afll
@ Doan [a,b]:=a <z <} x < b;
@ Khoang kin bén phai (a,b] :=a < o

x < b;
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Khai niém ham s& mét bién s&

Khai niém ham s6 mot bién so
S6 thuc, tri tuyét dbi cha sb thuc

S8 thuc bao gdm tht c3 cac sb hitu ty va vo ty, ky hidu 13 R.

=
C
1 ]
./-
© Khoing (a,b) :==a <z <b; @ Khoang kin bén tréi [a,b) := a Py
@ Doan [a,b] :=a <z <b; z < b
@ Khodng kin bén phai (a,b] :=a < @ Khoang vd han R = (—oo, +odliieiiion
o =b —00 < & < +00.
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Khai niém ham s& mét bién s&

Khai niém ham s6 mot bién so
S6 thuc, tri tuyét dbi cha sb thuc

Dinh nghia 1.1

Tri tuyét déi cla sb thuc z € R, ky hiéu 13 z|, 1a s6 khéng am dugc xac dinh nhu sau

2| {x, néu z >0
:1::

—x, néux<O0
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Khéi niém ham s mét bién s

Khai niém ham s6 mot bién so
S6 thuc, tri tuyét dbi cha sb thuc

Dinh nghia 1.1

Tri tuyét déi clia sb thuc = € R, ky hidu 13 |z|, 13 s6 khong am dugc xac dinh nhur sau

2| a8, néuz >0
z| = ., .
—x, néux<O0

Céc tinh chét
Véi moi z,y € R ta déu cé
0 |z| — |yl < |z +yl < z| + |yli

T

i
:u, y#0;
ly]

o ’x2’ = \x|2 =2% Va2=|z

0 |z|<a<= —a<z<q

o |zy| = |=|.|yl;

1

@ |z|>a<= 1z < —ahoicz > a.
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Khéi niém ham s mét bién s

Khai niém ham s6 mot bién so

Khai niém ham so6

Dinh nghia 1.2

Xét hai tap hop sb thuc X va Y, (X #0). Anh xa f: X — Y 13 ham s& mét bién xic
dinh trén tap hop X (z I3 bién sb dbc lap, y = f(z) 1a bién sé phu thudc), nhan gia tri
trén tap hop Y.
Tap hgp X dugc goi la mién xac dinh (MXD) clia ham sb y = f(x).
Tap hop

f(X)={y eR| y= f(z),Vz € X}
goi |3 mién gi4 tri (MGT) ctia ham sb f.

BAIHOC
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Khéi niém ham s mét bién s

Khai niém ham s6 mot bién so

Khai niém ham so6

Dinh nghia 1.2

Xét hai tap hop sb thuc X va Y, (X #0). Anh xa f: X — Y 13 ham s& mét bién xic
dinh trén tap hop X (x 13 bién sb déc lap, y = f(x) 12 bién s& phu thudc), nhan gia tri
trén tap hop Y.
Tap hgp X dugc goi la mién xac dinh (MXD) clia ham sb y = f(x).
Tap hop

f(X)={y eR| y=f(x),Vz € X}

goi |3 mién gi4 tri (MGT) ctia ham sb f.

v

Cé thé c6 nhiéu cich biéu dlen mét ham sb, vi du: bing I5i, bang bang cic gia tri, bang
dd thi va bing céng thiic dai sb. Tuy nhién cich don gidn nhit dé cé thé hinh dun
ham sb dé 13 théng qua viéc vé dd thi clia né.

DAl HOC
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Khai niém ham s& mét bién s&

Khai niém ham s6 mot bién so

A
A

Khai niém ham so
oisanee

160m:

D6 thi chuyén dong ciia mét 6 t6 1én doc
véi van toc hing 30km/h.

100m:

som:
gg Com JA=0.0) Time

BAI HOC
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Khai niém ham s& mét bién s&

Khai niém ham s6 mot bién so

Khai niém ham so

@ Ham sb xéc dinh trong khodng (—a, a) goi 13 ham sb chdn néu f(—x)
néu f(—xz) = —f(z) thi goi 13 ham sb 1& trong khoang dé.

BAI HOC
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Khai niém ham s& mét bién s&

Khai niém ham s6 mot bién so

Khai niém ham sb

Ham sb xac dinh trong khodng (—a, a) goi 13 ham sb chdn néu f(—z) = f(z), con
néu f(—xz) = —f(z) thi goi 13 ham sb 1& trong khoang dé.

Ham sb f(x) goi la ham tudn hoan, néu tdn tai sb thuc T # 0 sao cho
fle+T)= f(z),Ve,z+T € MXD. (%)

S5 T > 0 nhé nhét dé (*) thda man goi la chu ky clia ham s6. Trong pham vi
chuong trinh chii yéu 13 xem c6 s6 T > 0 thod man () ma khdng di sau vao viéc
tim chu ky.

V& mit db thi: ham s& chn, dd thi dbi xtng qua truc tung (0y); ham sb 1& c6 db
thi déi xting qua gbc toa d6 O(0,0). Ham sb tudn hoan c6 db thi I3p lai sau mdi
chu ky T. —
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Khai niém ham s& mé

Khai niém ham s6 mot bién so

Khai niém ham so6

Vidul.1

N z, x>0
D6 thi ham f(z) = |z ’ -
ham f(x) =l =3 7=

v
BAGH KnUA
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Khai niém ham s& mét bién s&

Khai niém ham s6 mot bién so

A
A

Khai niém ham so

Vi du 1.2
D4 thi ham f(z) = 22

v

N
BACH KHOA
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Khai niém ham s& mét bién s&

Khai niém ham s6 mot bién so

A
A

Khai niém ham so

Vidu 1.3
D4 thi ham f(x) = 2% — 277,

f@) =2 -2

v

N
BACH KHOA
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Khai niém ham s& mét bién s&

Khai niém ham s6 mot bién so

A
A

Khai niém ham so

Vidu 1.4

D4 thi ham f(z) = sinz.

N NSNS

y=sinz

v
3
BACH KHOA
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Khéi niém ham s mét bién s

Khai niém ham s6 mot bién so

Ham sb hop, ham sb ngugc

Dinh nghia 1.3

Gid st y = f(u) 13 ham sb cla bién sb u, ddng thdi u = g(z) 13 ham sb clia bién sb z.
Khi d6 ham s6 y = f(u) = f [g(x)] 1a ham hop cla bién s6 déc 1ap x théng qua bién sb
trung gian u; ky hiéu (fog)z = f[g(z)].

Vi du 1.5
Cho cic ham f: z — 2%, g¢:x —> . Khi dé

(fog)z = flo@@)]=f(a%) =2"
(goflz = glf(@)=g(2") =2

q

BACH KHOA
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Khéi niém ham s mét bién s

Khai niém ham s6 mot bién so
Ham sb hop, ham sb ngugc

Dinh nghia 1.4

Gia st y = f(x) 1a ham sb xéc dinh, don diéu trén tap hop X C R (f |2 song &nh tir
X — Y). Nhu vdy m8i 2 € X cho ta mét va chi mét phan tir y € Y va ngugc lai mdi
y € Y cho ta mét phan tir z € X, phan ti = dugc xic dinh nhu vay goi 13 ham sb
ngudc clia ham sb y = f(x), ky hiéu z = f~1(y).
Viay tu

y=fa)=z=1"(y)
(véi diéu kién f 13 song 4nh tir X — Y).
D6 thi ham sé y = f(z) vd = = f~*(y) khéng thay d8i (ciing chung mét db thi). Théng
thudng ta van goi y 13 ham sb, z 13 dbi sb, trong (*) d8i vai trd clia z va y ta dudc
y = f~!(z) ciing goi Ia ham ngugc clia ham s& y = f(z); nhung db thi ca y = f(x) va
y = f~1(x) dbi xiting véi nhau qua dudng phan gidc thi nht (y = z).

%

BACH KHOA
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Khai niém ham s& mét bién s&

Khai niém ham s6 mot bién so

Ham s hgp, ham sb nguogc

Vi du 1.6

y=flz) y==z

q
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Khai niém ham s& mét bién s&

Khai niém ham s6 mot bién so
Cac ham lugng giac ngugc

= 3 oW e s 5 = 3
Ham y = arcsinz : [-1,1] — [—5, 5] la ham ngudgc cia ham y = sinz
2 y = arcsimr
y=sing

%

BACH KHOA
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Khai niém ham s& mét bién s&

Khai niém ham s6 mot bién so
Cac ham lugng giac ngugc

Ham y = arccosz : [—1,1] — [0, n] lIa ham ngudc cia ham y = cosz

v

Y = arccos T

‘y=cosx

q

BACH KHOA
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Khai niém ham s& mét bién s&

Khai niém ham s6 mot bién so

Cac ham lugng giac ngugc

m™ T
, =

Ham y = arctanz : (—o0,00) — [—5 2] la ham ngudc ctia ham y = tanx

= tan(z)

y = arctan(z)

Tran Minh Toan (SAMI-HUST) Chuong 1: Ham s6 mét bién sb
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Khai niém ham s& mét bién s&

Khai niém ham s6 mot bién so
Cac ham lugng giac ngugc

Ham y = arccotz : (—00,00) — [0, 7] la ham ngudc cta ham y = cot z

g

y = arccot(x)

Tran Minh Toan (SAMI-HUST) Chuong 1: Ham s6 mét bién sb
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Khéi niém ham s mét bién s

Khai niém ham s6 mot bién so

Ham so0 so cap

Dinh nghia 1.5
Cac ham sb sau day dugc goi la cidc "ham s6 so cp co ban":
z% a” (a>0,a#1); log,z; (x> 0)

cac ham lugng gidc va cac ham lugng gidc ngudgc.

q

BACH KHOA
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Khéi niém ham s mét bién s

Khai niém ham s6 mot bién so

Ham so0 so cap

Dinh nghia 1.5
Céc ham sb sau day dudc goi 13 cic "ham sb so chp co ban":
z% a” (a>0,a#1); log,z; (x> 0)

cac ham lugng gidc va cac ham lugng gidc ngugc.

Ham sb so chp 1 nhitng ham dudc tao nén tir cic ham so cAp co ban bdi mét sb hitu
han cic phép toan sb hoc (cdng, trir, nhan, chia), phép Iéy ham hop d&i véi cic ham sb
s6 cAp co ban va cac hing sb.

q

BACH KHOA
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Khai niém ham s& mé

Khai niém ham s6 mot bién so

Ham so0 so cap

Dinh nghia 1.5
Céc ham sb sau day dudc goi 13 cic "ham sb so chp co ban":
z% a” (a>0,a#1); log,z; (x> 0)

cac ham lugng gidc va cac ham lugng gidc ngugc.

Ham sb so chp 1 nhitng ham dudc tao nén tir cic ham so cAp co ban bdi mét sb hitu
han cic phép toan sb hoc (cdng, trir, nhan, chia), phép Iéy ham hop d&i véi cic ham sb
s6 cAp co ban va cac hing sb.

Vi du 1.7

Cacham sb y =sin2z +In (1 +2°) +5; y=2""+2° + 1 13 c4c ham sb so cp.

q

BACH KHOA
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NGi dung

e Day s6

BAI HOC
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Day so
Dinh nghia day s

Dinh nghia 2.1

Né&u c6 mét su tuong ting m&i n € N v6i mét gia tri z, € R: n — x, thi {z,} dugc
goi la mét day so thuc.

Y
BACH KHOA
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Day so
Dinh nghia day s

Dinh nghia 2.1

Né&u c6 mét su tuong ting m&i n € N v6i mét gia tri z, € R: n — x, thi {z,} dugc
goi la mét day so thuc.

@ Néu z,41 > (>)x, Vn thi ta néi {z,} la diy ting (khdng giam)

Y
BACH KHOA

Tran Minh Toan (SAMI-HUST) Chuong 1: Ham s6 mét bién sb Ha N&i, thang 8 nam 2013 22 /128




Day so
Dinh nghia day s

Dinh nghia 2.1
Né&u c6 mét su tuong ting m&i n € N v6i mét gia tri z, € R: n — x, thi {z,} dugc
goi la mét day so thuc.

@ Néu z,41 > (>)zn Vn thi ta néi {x,} 13 diy ting (khéng gidm)

@ Néuz, 1 < (<)xy, Vn thi ta néi {z,} |a day gidm (khéng ting)

Y
BACH KHOA
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Day so
Dinh nghia day s

Dinh nghia 2.1
N&u cé mét su tuong (ng mdi n € N véi mét gia tri z,, € R: n+— x,, thi {x,} dugc
goi la mét day so thuc.

@ Néu z,41 > (>)zn Vn thi ta néi {x,} 13 diy ting (khéng gidm)

@ Néu z,41 < (<)zp Yn thi ta néi {z,} 13 ddy gidm (khéng ting)

@ Né&u tdn tai sb b sao cho z, < bVn thi ta néi diy {z,} bi chin trén

”
Y
BACH KHOA

Ha N&i, thang 8 nam 2013 22 /128
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Day so
Dinh nghia day s

Dinh nghia 2.1

Néu cé6 mét su tusng tng mdi n € N véi mét gi tri z,, € R: n — z, thi {zn} dugc
goi la mét day so thuc.

Néu 2,11 > (>)zn Vn thi ta néi {z,} 13 diy ting (khéng gidm)

@ Néu z,41 < (<)zp Yn thi ta néi {z,} 13 ddy gidm (khéng ting)

@ Né&u tdn tai sb b sao cho z, < bVn thi ta néi diy {z,} bi chin trén
o

N&u t8n tai sb a sao cho x» > a Vn thi ta néi day {x,} bi chin dudi

Y
BACH KHOA
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Day so
Dinh nghia day s

Dinh nghia 2.1

Néu cé6 mét su tusng tng mdi n € N véi mét gi tri z,, € R: n — z, thi {zn} dugc
goi la mét day so thuc.

Néu 2,11 > (>)zn Vn thi ta néi {z,} 13 diy ting (khéng gidm)
Néu z,11 < (<)zn Vn thi ta néi {z,} 13 diy gidm (khdng ting)
Néu tdn tai sb b sao cho x,, < b Vn thi ta néi diy {z,} bi chin trén
N&u t8n tai sb a sao cho x, > a Vn thi ta néi day {x,} bi chin dudi

Néu {z,,} vira bi chin trén vira bi chin dudi, hay néi cich khac, ton tai cac sb a, b
hittu han dé
a<xz, <bV¥Vn

thi ta néi {z»} bi chin hay gidi ndi.

Y
BACH KHOA
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Day so
Gi6i han d3y sb
Dinh nghia 2.2

D3y {z,} dugc goi 1a hdi tu téi (hodc cé gidi han Ia) a (hitu han) va vidt lim z, = a
n— o0

(zn — a) néu
Ve > 0, cho truéc thi AN = N(e): Vn > N tacbd |z, —a| <e.

Néu {x,} khéng hdi tu thi ta ni né "phan ky".
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Day so
Gi6i han d3y sb
Dinh nghia 2.2

D3y {z,} dugc goi 1a hdi tu téi (hodc cé gidi han Ia) a (hitu han) va vidt lim z, = a
n— o0

(zn — a) néu
Ve > 0, cho truéc thi AN = N(e): Vn > N tacbd |z, —a| <e.

Néu {x,} khéng hdi tu thi ta ni né "phan ky".

Cha y 2.1

@ S5 N trong dinh nghia trén c6 thé khéng can 13 sb tu nhién nhung thudng dudc
chon 1a s6 tu nhién

V.
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Day so
Gi6i han d3y sb
Dinh nghia 2.2

D3y {z,} dugc goi 1a hdi tu téi (hodc cé gidi han Ia) a (hitu han) va vidt lim z, = a
n— o0

(zn — a) néu

Ve > 0, cho truéc thi AN = N(e): Vn > N tacbd |z, —a| <e.

Néu {x,} khéng hdi tu thi ta ni né "phan ky".

Cha y 2.1
@ S8 N trong dinh nghia trén c6 thé khéng can 13 s& tu nhién nhung thudng dugc
chon 1a s6 tu nhién

@ Truong hgp lim x, = co dugc dinh nghia nhu sau
n— oo

VM > 0, cho truéc, 3N = N(M): Vn > N ta cé |z,| > M.

v
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Day so
Gi6i han d3y sb

Vidu 2.1
p : . C
Ching minh lim — =0, (C = const).
n—oo N, )
Chirng minh.
Véi moi € > 0, xét
c IC] IC]

n

Do dé, néu chon Ny = {lc‘] + 1 thi Vn > Np ta cb

—0'=f<6<:>n>f.
n €

% = O’ < e. Viy ta c6 dpcm. [

Tran Minh Toan (SAMI-HUST) Chuong 1: Ham s6 mét bién sb

Ha N&i, thang 8 nam 2013

v

q
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Day sb

Tinh chét cha day héi tu

Dinh ly 2.1

Néu lim z, = a thi a I3 duy nhat.
n—oo

N
BACH KHOA
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Day so
Tinh chét cha day héi tu

Dinh ly 2.1

Néu lim z, = a thi a I3 duy nhat.
n—oo

Dinh nghia 2.3

Khoang (a — €,a + ¢) dugc goi 1a mét 13n cin cla diém a va dugc ky hiéu bdi U.(a).

v

N
BACH KHOA
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Day so
Tinh chét cha day héi tu

Dinh ly 2.1

Néu lim z, = a thi a I3 duy nhat.
n—oo

Dinh nghia 2.3

Khoang (a — €,a + ¢) dugc goi 1a mét 13n cin cla diém a va dugc ky hiéu bdi U.(a).

v

Dinh Iy 2.2

© =z. — a khi va chi khi méi l3n can cida diém a chita moi ph5n t cia {xn} trirra
mot s6 hifu han phan ti cia diy dé.

v

N
BACH KHOA
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Day so
Tinh chét cha day héi tu

Dinh ly 2.1

Néu lim z, = a thi a I3 duy nhat.
n— oo

Dinh nghia 2.3

Khoang (a — €,a + ¢) dugc goi 1a mét 13n cin cla diém a va dugc ky hiéu bdi U.(a).

v

Dinh Iy 2.2

© z. — a khi va chi khi méi l3n can cia diém a chia moi phén tir clia {xn} trirra
mét s6 hiiu han phan tid cua d3y dé.

@ Néu {x,} hdi tu thi né I3 gidi ndi. Diéu nguoc lai chua chic d3 diing.

v

N
BACH KHOA
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Day sb

Céac phép toan vé day hdi tu

Dinh ly 2.3

Cho hai d3y héi tu lim x, = a; lim y, =b. Khi dé ta cé
n— oo n— oo

@ lim (Cz,)= Ca (C — const);

—>00
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Day sb

Céac phép toan vé day hdi tu

Dinh ly 2.3

Cho hai d3y héi tu lim x, = a; lim y, =b. Khi dé ta cé
n— oo n— oo

@ lim (Cz,)= Ca (C — const);
n— o0

@ lim (z, tyn) =atd;
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Day sb

Céac phép toan vé day hdi tu

Dinh ly 2.3

Cho hai d3y héi tu lim x, = a; lim y, =b. Khi dé ta cé
n— oo n— oo
@ lim (Cz,)= Ca (C — const);
n—oo
@ lim (zn,tyn)=axd;
n— oo

@ lim (z,yn) = ab;
n— oo
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S - L: 0
Day so

Céac phép toan vé day hdi tu

Dinh ly 2.3

Cho hai day héi tu nlgrolo B = (@ nh_}rr;o Yn = b. Khi dé ta cé
° nan;o (Czpn) = Ca (C — const);
) nli—>rr010 (xn £ yn) =a L b;

@ lim (zpyn) = ab;
n—r oo

e lim (&):% (b # 0).

n—oo Yn
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Day sb

Céc tiéu chudn hdi tu cha day

Tiéu chuan don diéu bi chin

Moi day don diéu ting (gidm) va bi chdn trén (dudi) déu 13 day hoi tu.

“
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Day so

Céc tiéu chudn hdi tu cha day

Tiéu chuan don diéu bi chin

Moi ddy don diéu ting (gidm) va bj chin trén (dudi) déu I3 day hdi tu.

Vi du 2.2

1\" S
Xét diy z,, = (1 + ﬁ) . Ngugi ta chiing minh dugc rang {z,} |a ddy ting va bi chin
trén bdi 3 nén nd 13 diy héi tu va

lim (1 + 1) =e=2,71828...,
n

n—oo
trong dé e 13 hing sb Euler, dit theo tén nha todn hoc Thuy Si Leonhard Euler, ho3c
hing s6 Napier dé ghi cong nha todn hoc Scotland John Napier ngudi d3 phat minh ra

logarit. Hing sb toan hoc e 13 co sb clia logarit tu nhién. S8 e 13 mét sb v6 ti va 13 mét
trong nhiing s6 quan trong nhat trong toan hoc.

p—
A
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Day so

Céc tiéu chudn hdi tu cha day

: T Jacob Bernoulli 7 v T %

BAI HOC
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Day so

Céc tiéu chudn hdi tu cha day

T khai niém sb e, ngudi ta xac dinh ham sb (so cép)

T

y=c¢e", xR

Ham y = e” ¢6 ham ngudc la y =Inx, = > 0.

BAI HOC
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Day so
Cac ham Hyperbolic

@ sinhz = %, z € R. (Ham 18)

BAI HOC
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Day so
Cac ham Hyperbolic
@ sinhz = % z € R. (Ham 18)
@ coshz=S1%_ scR (Ham chin)
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Day so
Cac ham Hyperbolic

@ sinhz = % z € R. (Ham 18)

@ coshz = %, x € R. (Ham ch3n)
Lt } e ST =

@ tanhw = 0 = £ 7% 2 R (Ham 18)
coshz e*+4e®
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Day so
Cac ham Hyperbolic

x —x

@ sinhz = % z € R. (Ham 18)
@ coshz = %, x € R. (Ham ch3n)

sinh z et —e " .
@ tanhz = = , = €R (Ham Ié)
cosh x ert + e

coshx e’ +e * . .
@ cothz = — = — —, x € R (Ham 1é)
sinh x er —e T

BAI HOC
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Day so
Cac ham Hyperbolic

x —x

@ sinhz = % z € R. (Ham 18)
@ coshz = %, x € R. (Ham ch3n)
° tanhxzsmhxz6 —° , x € R (Ham &)

cosh x ert + e
coshz e"+e™”
sinh x er —e T

@ cothz = , = € R (Ham lé)

BAI HOC
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Day so
Cac ham Hyperbolic

@ sinhz = % z € R. (Ham 18)
@ coshz = ﬁ, x € R. (Ham ch3n)
sinh z et —e " . .
@ tanhz = = , = €R (Ham Ié)
coshz e*+e "
® coths — coshz e +e

sinh x er —e T

Mét sb tinh chit co ban (ching minh!)

@ cosh?z —sinh®z = 1;
@ sinh(a+0b) =

sinh a cosh b + cosh a sinh b;
© cosh(a+b) =

cosh a cosh b + sinh a sinh b;

tanh a tanh b
h -—_ — -
© tanh (a +1b) 1+ tanhatanhb’

Tran Minh Toan (SAMI-HUST) Chuong 1: Ham s6 mét bién sb

, = € R (Ham lé)

1+tanha o2a.
1—tanha

o

w2—1_

Q@ tanh(lnz) = Pk

@ (coshz +sinhz)® =
coshazx + sinhazx, a € R.

Ha N&i, thang 8 nam 2013 30 /128




Day so
Cac ham Hyperbolic

y = sinhx

Tran Minh Toan (SAMI-HUST) Chuong 1: Ham s6 mét bién sb

Ha N&i, thang 8 nam 2013
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Day so
Cac ham Hyperbolic

y = coshz

BAI HOC
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Day so
Cac ham Hyperbolic
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Day so
Cac ham Hyperbolic

y = cothzx

BAI HOC
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Day sb

Tiéu chuin kep

Néu céc ddy {zn}, {yn}, {zn} thod min =, <y, < z, Vn dong thai
lim z, = lim 2z, = a
n—oo n—oo

thi ta ¢6 lim y, = a.
n—r oo
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Day so

Tiéu chuin kep
Néu céc ddy {zn}, {yn}, {zn} thod min =, <y, < z, Vn dong thai

lim z, = lim 2z, = a
n—r 00 n—r oo

thi ta ¢6 lim y, = a.
n— o0

Vi du 2.3

Chiing minh lim {/n = 1. Ap dung khai trién nhi thiic Newton ta c6
n— oo

n:[1—%—(%—1)]”:1+n(%—1)+@(%—1)2+~-

—1 [ 2

2 2
Dodétacé0< /n—1<,/——. M3t khac, lim = 0 nén 4p dung nguyén

kep t3 thu dudc dpcm
Tran Minh Toan (SAMI-HUST)

Chuong 1: Ham s6 mét bién sb Ha N&i, thang 8 nam 2013 35/ 128



Day so

Céc tiéu chudn hdi tu cha day
Tiéu chuin Cauchy

D3y {z,} hdi tu khi va chi khi

Ve > 0,dN = N(e): Vm,n > N ta cbd |z, — x| < e.
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Day so

Céc tiéu chudn hdi tu cha day
Tiéu chuin Cauchy

D3y {z,} hdi tu khi va chi khi

Ve > 0,dN = N(e): Vm,n > N ta cbd |z, — x| < e.

Vi du 2.4

I
3

. ; . A 1 1
Dung tiéu chuan Cauchy chitng minh day diéu hoa =z, = 1+ 3 + =4+ - 13 phan ky.

v

Tran Minh Toan (SAMI-HUST) Chuong 1: Ham s6 mét bién sb Ha N&i, thang 8 nam 2013

36 / 128



Day so

Céc tiéu chudn hdi tu cha day
Tiéu chuin Cauchy

D3y {z,} hdi tu khi va chi khi

Ve > 0,IN = N(e): Vm,n> N tacbd |z, —xn| <e.

Vi du 2.4

0 N 1 1 1
Dung tiéu chuan Cauchy chitng minh day diéu hoa =z, = 1+ 3 + 3 + -t - la phan ky.

V.

Chirng minh.

Ta cé
|T2n — zn| = ! F ! F -l—i >
n " n+1 n+ 2 2n

n

1
== 1.
o 2 Vn >

A N 7 ~ 1 A . N
Diéu nay cé nghia deg = 5 S0 cho VN > 0, ton tai n > N va m = 2n sao cho
|Zm — zn| > 0.

Theo tiéu chuin Cauchy ta thu dugc d3y da cho Ia phan ky. O
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NGi dung

© Gisi han ham sb

BAI HOC
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Gidi han ham so
Dinh nghia gidi han ham sb

Dinh nghia 3.1

Gia st ham s& f(x) x4c dinh trén tap X C R hodc X \ {a} C R.
Ta néi ham sb f(x) c6 gii han 13 L khi z — a (L, a hitu han), ky hiéu lim f(z) = L,
r—a
néu
Ve >0,30(e) >0: O0<|z—a|<d=|f(z)—L|<e.

l’ BAIHOC

4
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z
~

Gidi han ham so
Dinh nghia gidi han ham sb

Dinh nghia 3.1

Gia st ham s& f(x) x4c dinh trén tap X C R hodc X \ {a} C R.

Ta néi ham sb f(x) c6 gii han 13 L khi z — a (L, a hitu han), ky hiéu lim f(z) = L,
r—a

néu
Ve >0,30(e) >0: O0<|z—a|<d=|f(z)—L|<e.

Dinh nghia 3.2
Ta néi ham sb f(z) c6 gi6i han 13 L khi  — a néu véi moi diy {z,} C X, . — a thi

lim f(zn)= L.

n—00

v

l’ BAIHOC

4
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z
~

Gidi han ham so
Dinh nghia gidi han ham sb

Dinh nghia 3.1

Gia st ham s& f(x) x4c dinh trén tap X C R hodc X \ {a} C R.
Ta néi ham sb f(x) c6 gii han 13 L khi z — a (L, a hitu han), ky hiéu lim f(z) = L,
Tr—a

A

néu
Ve >0,30(e) >0: O0<|z—a|<d=|f(z)—L|<e.

Dinh nghia 3.2
Ta néi ham sb f(z) c6 gi6i han 13 L khi  — a néu véi moi diy {z,} C X, . — a thi

lim f(zn)= L.

n—r00
v

l’ BAIHOC

g

Tran Minh Toan (SAMI-HUST) Chuong 1: Ham s6 mét bién sb Ha N&i, thang 8 nam 2013 38 / 128

Chay 3.1

C6 thé chiing minh dugc ring hai dinh nghia trén 13 tuong ducng.




z
~

Gidi han ham so
Dinh nghia gidi han ham sb

Quan hé giita € va § trong dinh nghia giéi han ham sb

fx)
L—c¢

a—90 ax a+d

BAI HOC

Tran Minh Toan (SAMI-HUST) Chuong 1: Ham s6 mét bién sb Ha N&i, thang 8 nam 2013 39 /128



z
~

Gidi han ham so
Dinh nghia gidi han ham sb

Vi du 3.1

Ching minh lim (2z 4 1) = 3.
z—1

Tran Minh Toan (SAMI-HUST) Chuong 1: Ham s6 mét bién sb
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z
~

Gidi han ham so
Dinh nghia gidi han ham sb

Vi du 3.1

Chidng minh liml(Qm +1)=3.
T—
That vy, cho trudc e > 0; xét bAt phuong trinh
e

\2x+1—3|<8<:>|w—1|<2

fl)=3|=2lz—-1| <e.

Chon § = % thi Vo sao cho |z — 1| < 6 ta cé
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z
~

Gidi han ham so
Dinh nghia gidi han ham sb

Vi du 3.1
Chidng minh liml(2m +1)=3.
T—
That vay, cho trudc e > 0; xét bat phuong trinh

€

\295—1—1—3|<a<:>|av—1|<2

Choné:%thinsaocho lx—1l<dtacd|f(z)—3|=2|z—1]|<e.

Vi du 3.2

Ta chiing minh khdng ton tai gidi han lim sin —.
x—0 xT
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z
~

Gidi han ham so
Dinh nghia gidi han ham sb

Vi du 3.1
Chidng minh liml(Qm +1)=3.
T—
That vay, cho trudc e > 0; xét bat phuong trinh

€

\2w+1—3|<5<:>|x—1|<2.

Choné:%thinsaocho lx—1l<dtacd|f(z)—3|=2|z—1]|<e.

Vi du 3.2

Ta chiing minh khdng ton tai gidi han lim sin —.

1 z—0 .Clc
That vay, xét hai d3y , = —— v3 y, = ————. D& thdy z,,yn — 0, déng thsi
2nm /2 + 2nT

f(zn) =sin(2nm)=0—0

. s
(yn) = sin (: + 2n7r\ =1-—1.
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z
~

Gidi han ham so
Dinh nghia gidi han ham sb
Dinh nghia 3.3

Ta néi f(x) c6 gi6i han 13 L khi z — oo va viét lim f(z) = L néu

T—r00

Ve > 0,3M > 0da 16n: |z| > M = |f(x) — L| <e.
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z
~

Gidi han ham so
Dinh nghia gidi han ham sb
Dinh nghia 3.3

Ta néi f(x) c6 gi6i han 13 L khi z — oo va viét lim f(z) = L néu

T—r00

Ve > 0,3M > 0da 16n: |z| > M = |f(x) — L| <e.

w
Dinh nghia 3.4
Ta néi f(x) dan ra v6 ciing khi z — a va viét lim f(z) = oo nu
Tr—ra
VM >0,30(M) >0: 0<|z—a|l<d=|f(x)]> M.
v
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z
~

Gidi han ham so
Dinh nghia gidi han ham sb
Dinh nghia 3.3

Ta néi f(x) c6 gidi han 13 L khi x — oo va viét lim f(z) = L néu

T—r00

Ve > 0,3M > 0da 16n: |z| > M = |f(z) — L| <e.

Dinh nghia 3.4

Ta néi f(x) dan ra v6 ciing khi z — a va viét lim f(z) = oo nu
Tr—a

VM >0,30(M) >0: 0<|z—a|l<d=|f(x)]> M.

Dinh nghia 3.5

Ta néi f(x) dan ra vé cling khi 2 — oo va viét lim f(z) = oo néu
Tr—r0o0

VM >0dal16n ,3A>0dulén : |z| > A= |f(z)| > M.

y i

Tran Minh Toan (SAMI-HUST) Chuong 1: Ham s6 mét bién sb Ha N&i, thang 8 nam 2013
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~

Gidi han ham so

Cac phép toan gidi han

Dinh Iy 3.1

Gig st lim f(z) = L1; lim g(x) = L. Khi dé
Tr—ra

r—a

Q lim Cf(z) = CL; véi C = const;

T—ra

Tran Minh Toan (SAMI-HUST) Chuong 1: Ham s6 mét bién sb

Ha N&i, thang 8 nam 2013

42 / 128



z
~

Gidi han ham so

Cac phép toan gidi han

Dinh Iy 3.1

Gig st lim f(z) = L1; lim g(x) = L. Khi dé
r—ra Tr—ra

@ lim Cf(z) = CLy véi C = const;
r—a

@ lim (f(2)  g(z)) = Ln + Ly,
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z
~

Gidi han ham so
Cac phép toan gidi han
Dinh Iy 3.1
Gig st ;13}1 f(x) = Lq; ilg}lg(x) = Ly. Khi dé
(1] }1_1)1}1 Cf(z) = CLy véi C = const;
Q lim (f(z) £ g(x)) = L1 & Lo;
@ lim (£(x).g(x)) = L1.Lo;
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z
~

Gidi han ham so
Cac phép toan gidi han
Dinh Iy 3.1
Gig st ;13}1 f(x) = Lq; ilg}lg(x) = Ly. Khi dé
(1] }1_1)1}1 Cf(z) = CLy véi C = const;
Q lim (f(z) £ g(x)) = L1 & Lo;
Q lim (f(z).g(x)) = L1.Le;

[ hgajgr((f; :% Vi Ly # 0.
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z
~

Gidi han ham so
Cac phép toan gidi han
Dinh Iy 3.1
Gig st ilg}l f(x) = Lq; zhg}lg(:lt) = Ly. Khi dé
(1] }1_1)1}1 Cf(x) = CLy vdi C = const;
Q lim (f(z) £ g(x)) = L1 & Lo;
© lim (F(2)9(@) = L1 Ly;

() im%:%v&Lz#O.
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z
~

Gidi han ham so
Cac phép toan gidi han
Dinh Iy 3.1
Gig st lim f(x) = L1; lim g(x) = La. Khi dé
r—a r—a
@ lim Cf(z) = CL; véi C = const;
r—a
@ lim (/@) £ 9(a)) = L  La;
Q lim (f(z).g(x)) = L1.Le;

(4 ) lim@:&vdi]a;ﬁo.

z—a g(x) Lo
Vidu 3.3
. TN 2
sin —
lim 1 CZOSx_lhm w2 _1.1:1.
z—0 ap 2 z—0 5 2 2

v
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Gidi han ham so
Gidi han mot phia
Dinh nghia 3.6

@ NéuVr <b;, x—btavittz —b—0, conVe > a;x — a ta viét © — a + 0.
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Gidi han ham so
Gidi han mot phia
Dinh nghia 3.6

@ NéuVe <b;, z—btavibtz —>b—0, conVz > a;z — a ta vibt  — a + 0.
o Néu lirbnof(a:) = f(b—0) tén tai hitu han, ta néi ham sb f(x) cé gidi han bén
z—b—

trdi tai diém b.

4
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Gidi han ham so
Gidi han mot phia

Dinh nghia 3.6

@ NéuVe <b;, z—btavibtz —>b—0, conVz > a;z — a ta vibt  — a + 0.

@ Néu im f(@) = f(b-0) tén tai hitu han, ta néi ham sé f(x) c6 gidi han bén
trai tai diém b.

o Néu Lilzr}ro f(z) = f(a+0) tén tai hitu han, ta néi ham sé f(x) cé giéi han bén

phai tai diém a.

4
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Gidi han ham so
Gidi han mot phia

Dinh nghia 3.6

@ NéuVe <b;, z—btavibtz —>b—0, conVz > a;z — a ta vibt  — a + 0.

@ Néu zggrlof(m) = f(b—0) ton tai hifu han, ta néi ham sb f(z) c6 gidi han bén
tréi tai diém b.

o Néu ZEL&O f(z) = f(a+0) tén tai hitu han, ta néi ham sé f(x) cé giéi han bén

phai tai diém a.

4
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Gidi han ham so
Gidi han mot phia

Dinh nghia 3.6

@ NéuVe <b;, z—btavibtz —>b—0, conVz > a;z — a ta vibt  — a + 0.

@ Néu zggrlof(m) = f(b—0) ton tai hifu han, ta néi ham sb f(z) c6 gidi han bén
tréi tai diém b.

o Néu Zgznﬂj f(z) = f(a+0) tén tai hitu han, ta néi ham sé f(x) cé giéi han bén

phai tai diém a.

Chay 3.2
@ Néi chung f (a —0) # f (a+0);
@ Méi lien he gilta giSi han mét phia va gidi han hai phia:
lim f(z) =L <= lim f(z)=L= lim f(z).
Tr—a r—a z—)a+
o
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Gidi han ham so
Gidi han mot phia

Vi du 3.4
Xét ham sb f(z) = 2] Ham s6 khéng xéc dinh tai z = 0. Ta c6
f(0-0) = lim f(z)= lim (-1)=-1;
x—0— z—0—
f(O+0) = lim f(z)= lim (1) =1.
z—0t z—0t

Do lim f(z)# lim f(x) nén khong tén tai lim f(x).
z—07+ z—0

z—0"

BAIHOC
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z
~

Gidi han ham so
Mot sb giGi han co ban

T

lim(l—l—m)%:e lim 2 =Ina; a>0
x—0 z—0 xT
1\" I 1 1
lim (1+7> =e lim M =—3 a>0,a#1
T—>00 x x—0 x Ina
im |20 D] _y Jim xloga<1+l> L as0a#1
x—0 €T T —>00 T 1
lim |[zln (1 + l) =1 | lim ST _
T—00 €T x—0 x
lim ——1 — 1 lim PR _ g
xz—0 T x—0 €T

Tran Minh Toan (SAMI-HUST) Chuong 1: Ham s6 mét bién sb

Ha N&i, thang 8 nam 2013
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NGi dung

e V6 cung bé, vo cung Ién

BAI HOC
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V6 cung bé, vé cung I6n

Vo6 cung bé, vo cung Ién

Dinh nghia 4.1

@ Ham sb a(x) goi Ia VCB khi (trong qua trinh)  — a néu lim a(z) = 0, (a c6 thé

Tr—a
hitu han hodc vé han).

BAI HOC
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V6 cung bé, vé cung I6n

Vo6 cung bé, vo cung Ién

Dinh nghia 4.1
@ Ham sb a(x) goi Ia VCB khi (trong qua trinh) & — a néu lim a(z) = 0, (a c6 thé
Tr—a
hitu han hodc vd han).

@ Ham sb F(x) goi Ia VCL khi z — a (hitu han hodc vé han) néu lim F(z) = oco.

T—a

BAI HOC
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V6 cling bé, vé cling 16n

Vo6 cung bé, vo cung Ién

Dinh nghia 4.1
@ Ham sb a(x) goi Ia VCB khi (trong qua trinh) & — a néu lim a(z) = 0, (a c6 thé
Tr—a
hitu han hodc vd han).

@ Ham sb F(x) goi I3 VCL khi  — a (hitu han hodc vé han) néu lim F(z) = oco.

T—a

BAIHOC
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V6 cung bé, vé cung I6n

Vo6 cung bé, vo cung Ién

Dinh nghia 4.1
@ Ham sb a(x) goi Ia VCB khi (trong qua trinh) & — a néu lim a(z) = 0, (a c6 thé
Tr—a
hitu han hodc vd han).

@ Ham sb F(x) goi I3 VCL khi  — a (hitu han hodc vé han) néu lim F(z) = oco.

T—a

D& thiy:
@ lim f(z) = L < f(z) = L + a(x), trong dé a(z) la mét VCB trong qué trinh

T—a
T — a.

BAI HOC
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V6 cling bé, vé cling 16n

Vo6 cung bé, vo cung Ién

Dinh nghia 4.1
@ Ham sb a(x) goi Ia VCB khi (trong qua trinh) & — a néu lim a(z) = 0, (a c6 thé
Tr—a
hitu han hodc vd han).

@ Ham sb F(x) goi I3 VCL khi  — a (hitu han hodc vé han) néu lim F(z) = oco.

T—a

D& thiy:
@ lim f(z) = L < f(z) = L + a(x), trong dé a(x)
% a
@ Nghich ddo cda VCL Ia VCB khi z — a.

a mét VCB trong qua trinh

BAIHOC
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V6 cling bé, vé cling 16n

Vo6 cung bé, vo cung Ién

Dinh nghia 4.1
@ Ham sb a(x) goi Ia VCB khi (trong qua trinh) & — a néu lim a(z) = 0, (a c6 thé
Tr—a
hitu han hodc vd han).

@ Ham sb F(x) goi I3 VCL khi  — a (hitu han hodc vé han) néu lim F(z) = oco.

T—a

D& thiy:
° ilg}z flz) =L < f(z) = L+ a(z), trong d6 a(z) la mdt VCB trong qua trinh
T — a.
@ Nghich ddo cda VCL Ia VCB khi z — a.
4] Téng va tich hitu han cdc VCB trong cing mét qua trinh 1a VCB trong qué trinh
dé.

BAIHOC
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V6 cling bé, vé cling 16n

Vo6 cung bé, vo cung Ién

Dinh nghia 4.1
@ Ham sb a(x) goi Ia VCB khi (trong qua trinh) & — a néu lim a(z) = 0, (a c6 thé
Tr—a
hitu han hodc vd han).

@ Ham sb F(x) goi I3 VCL khi  — a (hitu han hodc vé han) néu lim F(z) = oco.
Tr—ra

D& thiy:
@ lim f(z) = L < f(z) = L + a(x), trong dé a(z) 1a mét VCB trong qui trinh
Tr—ra
T = a.

@ Nghich ddo cda VCL Ia VCB khi z — a.
) Téng va tich hitu han cdc VCB trong cing mét qué trinh 13 VCB trong qué trinh

BAIHOC

dé.
@ Tich cta VCB va dai lugng gidi ndi 1a VCB (chiing minh?).
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Vo6 cung bé, vo cung Ién
So sanh cac VCB

Gid sir a(z) va B(z) la hai VCB trong cing mét qué trinh z — a, khi d6

@ Néu lim gg; =C, (C#0,1,00) thi ta néi a(z) va B(z) 12 hai VCB ciing bac
r—a

khi z — a, ky hiéu a(z) = O (B(x)) ("6 16n").
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Vo6 cung bé, vo cung Ién
So sanh cac VCB
Gid sir a(z) va B(z) la hai VCB trong cing mét qué trinh z — a, khi d6
@ Néu lim ﬂ =C, (C#0,1,00) thita néi a(z) va B(z) la hai VCB clng bic

khi z — a, ky hiéu a(z) = O (B(x)) ("6 16n").

® Néu lim ;E;; =0, thi ta néi a(z) 13 VCB bac cao hon (z) khi  — a, ky hiéu
T—a J

a(z) =o(B(x)) ("6 nhd").
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Vo6 cung bé, vo cung Ién
So sanh cac VCB
Gid sir a(z) va B(z) la hai VCB trong cing mét qué trinh z — a, khi d6
@ Néu lim o) _ =C, (C#0,1,00) thita néi a(z) va B(z) la hai VCB clng bic

2 Ba)
khi 2 — a, ky hiéu a(z) = O (B(z)) ("6 16n").
@ Néu lim % = 0, thi ta néi a(x) 1a VCB bic cao hon 3(z) khi x — a, ky hiéu

a(z) = o(B(x)) ("6 nha").
@ Néu lim o(z) _ = 00, thi ta néi a(z) 13 VCB bac thip hon B(z) khi z — a.

r—a (;I‘
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Vo6 cung bé, vo cung Ién
So sanh cac VCB
Gid sir a(z) va B(z) la hai VCB trong cing mét qué trinh z — a, khi d6
@ Néu igr(ll % =C, (C#0,1,00) thita néi a(z) va B(z) la hai VCB clng bic
khi 2 — a, ky hiéu a(z) = O (B(z)) ("6 16n").
o Néu im}l olz) _ = 0, thi ta néi a(x) 1a VCB bic cao hon 3(z) khi x — a, ky hiéu
a(z) = o(B(z)) ("6 nhd”).
—=1 — o0, thi ta néi a(z) 13 VCB bac thip hon B(x) khi z — a.

@ Néu lim g T) = 1, thi ta néi a(x) va B(z) I3 hai VCB tuong duong khi = — a.
r—a €T

Trong trudng hop nay ta ky hiéu a(z) ~ S(z) khi z — a.

Tran Minh Toan (SAMI-HUST) Chuong 1: Ham s6 mét bién sb Ha N&i, thang 8 nam 2013 48 / 128



Vo6 cung bé, vo cung Ién
So sanh cac VCB
Gid sir a(z) va B(z) la hai VCB trong cing mét qué trinh z — a, khi d6
@ Néu gl;gr(ll % =C, (C#0,1,00) thita néi a(z) va B(z) la hai VCB clng bic
khi 2 — a, ky hiéu a(z) = O (B(z)) ("6 16n").
o Néu iim a—z) = 0, thi ta néi a(x) 1a VCB bic cao hon 3(z) khi x — a, ky hiéu

—a B(z)
a(z) = o(B(z)) ("6 nhd”).
@ Néu lim % = o, thi ta néi a(z) 13 VCB bic thip hon B(z) khi z — a.
Tr—a x
@ Néu lim % =1, thi ta néi a(x) va B(z) 1a hai VCB tuong duong khi z — a.
Tr—a x

Trong trudng hgp nay ta ky hiéu a(z) ~ B(z) khi z — a.
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Vo6 cung bé, vo cung Ién
So sanh cac VCB
Gid sir a(z) va B(z) la hai VCB trong cing mét qué trinh z — a, khi d6
@ Néu il{)[}l % =C, (C#0,1,00) thita néi a(z) va B(z) la hai VCB clng bic
khi 2 — a, ky hiéu a(z) = O (B(z)) ("6 16n").
(%) _ ) thi ta néi a(x) I3 VCB bac cao hon A(z) khi = — a, ky hiéu

)
(B(x)) ("6 nhd").
() _ o0, thi ta néi a(z) 13 VCB bac thip hon 8(z) khi z — a.

@ Néu lim — 2
e zli')I}z (,CL‘)
@ Néu lim % =1, thi ta néi a(z) va B(z) 13 hai VCB tuong duong khi z — a.
r—a

Trong trudng hgp nay ta ky hiéu a(z) ~ B(z) khi z — a.

Vi du 4.1

Khi z — 0 ta c6

sinz ~z; € —1~z; In(l+az)~z; (1+2)

Tran Minh Toan (SAMI-HUST) Chuong 1: Ham s6 mét bién sb
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Ha N&i, thang 8 nam 2013 48 /128



Vo6 cung bé, vo cung Ién
Ung dung tim gidi han

Dinh Iy 4.1
Néu a(x) ~ a(z), B(x) ~ B(x) khiz — a thi ta cé

a(z) _ @)

lim ——= =

Tz—a ﬂ(a‘;) ac—r{zll B(x) ’

N
BACH KHOA
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Vo6 cung bé, vo cung Ién
Ung dung tim gidi han

Dinh Iy 4.1
Néu a(x) ~ a(z), B(x) ~ B(x) khiz — a thi ta cé

a(z)

lim ——= =

a(x)

= lim =——~.
Tz—a ﬂ(a‘;) T—a 5(:1;)
Vi du 4.2
. sin(z —3)
TmA=ln s
BACIH KHOA
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Vo6 cung bé, vo cung Ién
Ung dung tim gidi han

Dinh Iy 4.1
Néu a(x) ~ a(z), B(x) ~ B(x) khiz — a thi ta cé

a(z) _ @)

lim ——= =

Tz—a ﬂ(a‘;) ac—rBl B(x) ’

Vi du 4.2

. sin(z —3)
Tm A= Lo+ 3
Gidi: Do sin(z — 3) ~ (z — 3) khi  — 3 nén ta c6

A = lim i) i 1 1

=Y ——m = 2,
205 (@ —3)(z—1) eosz—1 2

v

N
BACH KHOA

Ha N&i, thang 8 nam 2013 49 /128
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V6 cling bé, vé cling 16n

Vo6 cung bé, vo cung Ién
Ung dung tim gidi han

Vi du 4.3
Tim B = lig (& = Dtanz
z—0 S T
x|
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Vo6 cung bé, vo cung Ién
Ung dung tim gidi han
Vidu 4.3

x
. e’ —1)tanx
z—0 sin
Gidi: Do khix —+0tacde® —1~x; sinx ~ z;tanz ~ x nén ta cb

. x.T
B=1lim —/— =1.
x—0 QL‘2

Ea m'l
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Vo6 cung bé, vo cung Ién
Ung dung tim gidi han
Vidu 4.3

x
-1
Tim B = lim (& — Dtanz >ga”
=0 sin
Gidi: Do khi x — 0tacd e® — 1~ x;

o BT
B=1lim —/— =1.
z—0 1‘2

sinz ~ z;tanx ~ x nén ta cé

Cha y 4.1

Mét sb 18i thudng gip khi thay th& cac VCB tuong duong
@ Thay tuong duong khi c6 hiéu hai VCB
@ Néu f 13 mét ham, a ~ @ 7= f(a) ~ f(@).

Vidu 4.4

Tim C = lim tanz — sinx (1)

z—0 3 2
Tran Minh Toan (SAMI-HUST) Chuong 1: Ham s6 mét bién sb

Ha N&i, thang 8 nam 2013
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Vo6 cung bé, vo cung Ién
Ung dung tim gidi han
Dinh ly 4.2

Qui tic ngdt bé cdc VCB bac cao, VCL bac thdp trong mot t67ng (t67ng dai sé).

Néu oy, (z), k=1,2,...,n, la cdc VCB khi & — a, trong dé an () 13 VCB bac thip
nhat thi

Zak(x) ~ a1 (x) khi z — a.
Nguoc lai:

Néu f1(z) 1a VCL c6 bac cao nhit con fa(x), ..., fu(x) 1a cdc VCL bac thip hon khi
T — a thi

ka x) ~ ) khi z — a.
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Vo6 cung bé, vo cung Ién
Ung dung tim gidi han
Dinh ly 4.2

Qui tic ngdt bé cdc VCB bac cao, VCL bac thdp trong mot t67ng (t67ng dai sé).
Néu oy, (z), k=1,2,...,n, la cdc VCB khi & — a, trong dé an () 13 VCB bac thip
nhét thi .

Zak(x) ~ a1 (x) khi z — a.

Nguoc lai:

Néu f1(z) 1a VCL c6 bac cao nhit con fa(x), ..., fu(x) 1a cdc VCL bac thip hon khi
T — a thi

ka x) ~ ) khi z — a.
Vidu 4.5 f
1mx+sin3z+tan4ﬂc_ imi—l
20 4z 4zt +528  a—0dx 4

v
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Vo6 cung bé, vo cung Ién

Céc v cung bé dang nhé

Néu c(z) 13 VCB khi & — a (z — co) thi ciing trong qua trinh ndy ta ¢

sin a(z) ~ tan a(z) ~ arcsin a(z) ~ arctan a(z) ~ a(z);
In (1 +a(z)) ~ a(z);
™ 1~ afz);
(14 a(z))” =1 ~pa(z) (p>0);
o)

2

1 — cos (a(x)) ~
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Vo6 cung bé, vo cung Ién
Céc v cung bé dang nhé
Néu c(z) 13 VCB khi & — a (z — co) thi ciing trong qua trinh ndy ta ¢

sin a(z) ~ tan a(z) ~ arcsin a(z) ~ arctan a(z) ~ a(z);
In (1 + a(z)) ~ a(z);

™ 1~ afz);
1+ a(z)? =1 ~p.a(z) (p>0);
2
1 — cos (a(x)) ~ @
Vi du 4.6
@ 7 _ ] ~sinx ~ x khi z — 0;
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Vo6 cung bé, vo cung Ién

Céc v cung bé dang nhé

Néu c(z) 13 VCB khi & — a (z — co) thi ciing trong qua trinh ndy ta ¢

sin a(z) ~ tan a(z) ~ arcsin a(z) ~ arctan a(z) ~ a(z);
In (1 + a(z)) ~ a(z);

™ 1~ afz);

(1+a(x)” =1 ~pa(z) (p>0);
o(z)?

1 — cos (a(x)) ~ 5

Vi du 4.6

@ "% _ 1 ~sinz ~ z khi z — 0;

@ sin (mz) ~ 7z khi z — 0;
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Vo6 cung bé, vo cung Ién

Céc v cung bé dang nhé

Néu c(z) 13 VCB khi & — a (z — co) thi ciing trong qua trinh ndy ta ¢

sin a(z) ~ tan a(z) ~ arcsin a(z) ~ arctan a(z) ~ a(z);
In (1 + a(z)) ~ a(z);

™ 1~ afz);

(1+a(x)” =1 ~pa(z) (p>0);
o(z)?

1 — cos (a(x)) ~ 5

Vi du 4.6

@ "% _ 1 ~sinz ~ z khi z — 0;
@ sin (mx) ~ wz khi z — 0;

@ sinmz = sin (7 — wz) = sinnw(l —x) ~ 7(1 — z) khi z — 1;
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Vo6 cung bé, vo cung Ién
Céc v cung bé dang nhé
Néu c(z) 13 VCB khi & — a (z — co) thi ciing trong qua trinh ndy ta ¢

sin a(z) ~ tan a(z) ~ arcsin a(z) ~ arctan a(z) ~ a(z);
In (1 + a(z)) ~ a(z);

™ 1~ afz);
(1+a(2))” =1 ~pa(z) (p>0);
2
1 — cos (a(x)) ~ @
Vi du 4.6
@ "% _ 1 ~sinz ~ z khi z — 0;
@ sin (mx) ~ wz khi z — 0;

sinz = sin (7 — wz) = sinw(l — z) ~ w(1 — ) khi z — 1;

o cos%:sin(%—%):sin%(l—x)m«g(l—x) khi z — 1.
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Cac qui tac khir cac dang bat dinh

Céac dang bt dinh

0
oo — 00;  0.00; o f; 1%°; oo’ 0%°; 0°.
2 Ay 4 [ SR 2 iR A 0
Céac dang bat dinh co — 00, 0.00, — déu cé thé dua dugc vé dang 0
oo
N 0
Céc dang 1°°,00°, 0%, 0° ciing dugc dua vé dang 0 bang céng thic sau

lim u(m)v(z) = s e V(@) Inul@), (u(z) > 0),

)
r—ra

BACH KHOA
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Cac qui tac khir cac dang bat dinh

Céac dang bt dinh

0
00 — 00;  0.00; o f; 1, 0% 0°°; 0°.
2 Ay 4 [ SR 2 iR A 0
Céac dang bat dinh co — 00, 0.00, — déu cé thé dua dugc vé dang 0
00
N 0 .
Céc dang 1°°,00°, 0%, 0° ciing dugc dua vé dang 0 bang céng thic sau

aclgna v(z). Inu(z)

lim u(@)*@ = i (u(z) >0),
z—a J
Vi du 4.7
IIH%) (1 + 3tan2 CL’)COt2 x (100) _ elimx_,o cot? xln(1+3tan2 ac) _ elimz_,o ‘2—;}’:2 jﬁ”?)tan2 T _ 63.
z—
y
BACH KHOA
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NGi dung

e Ham so lién tuc

BAI HOC
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Ham so lién tuc
Dinh nghia ham lién tuc
Dinh nghia 5.1

@ Ham sb f(z) dugc goi I3 lién tuc tai diém & = zo néu lim f(x) = f(xo0).
(L'*}(I?O
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Ham sb lién tuc
Dinh nghia ham lién tuc
Dinh nghia 5.1
@ Ham sé f(z) dugc goi I3 lién tuc tai diém z = zo néu 96li)nago f(@) = f(x0).

@ Ham s& f(z) lién tuc tai moi diém thudc khoang (a, b) thi ta néi ham sb lién tuc
trong khodng dé.
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Ham s6 lién tuc

Ham so lién tuc

Dinh nghia ham lién tuc
Dinh nghia 5.1
@ Ham sé f(z) dugc goi I3 lién tuc tai diém z = zo néu lim f(z) = f (z0).
T—TQ

@ Ham sbé f(x) lién tuc tai moi diém thudc khoang (a, b) thi ta néi ham sb lién tuc
trong khodng dé.
@ Ham sb f(z) goi |2 lién tuc trén doan [a,b] néu né lién tuc trong khodng (a,b) va
lién tuc bén phai tai diém a := lim+0 f(z) = f(a+0) va lién tuc bén trai tai
r—ra

b:= lim f(z)=f(b-0).
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Ham sé lién tuc

Ham so lién tuc

Dinh nghia ham lién tuc

Dinh nghia 5.1

@ Ham sé f(z) dugc goi I3 lién tuc tai diém z = xo néu lim f(z) = f (20).
T—TQ

@ Ham sb f(z) lién tuc tai moi diém thudc khoang (a,b) thi ta néi ham sb lién tuc
trong khodng dé.
@ Ham sbé f(z) goi la lién tuc trén doan [a, ] n&u né lién tuc trong khoang (a,b) va

lién tuc bén phai tai diém a := lirr_l»_0 f(z) = f(a+0) va lién tuc bén trai tai
Tr—ra

b:= ZEIbEOf(rL') = f(b—0).

Tran Minh Toan (SAMI-HUST) Chuong 1: Ham s6 mét bién sb Ha N&i, thang 8 nam 2013 55 / 128



Ham sé lién tuc

Ham so lién tuc

Dinh nghia ham lién tuc

Dinh nghia 5.1

@ Ham sé f(z) dugc goi I3 lién tuc tai diém z = xo néu lim f(z) = f (20).
T—TQ

@ Ham sb f(z) lién tuc tai moi diém thudc khoang (a,b) thi ta néi ham sb lién tuc
trong khodng dé.

@ Ham sbé f(z) goi la lién tuc trén doan [a, ] n&u né lién tuc trong khoang (a,b) va

lién tuc bén phai tai diém a := lim f(z) = f(a + 0) va lién tuc bén trai tai

) x—a+0
b:= ZEI‘EOf(CL’) = f(b—0).

Vi du 5.1

@ Ham f(z) = x lién tuc trén R.

-1, néduz<o0

. khéng lién tuc tai diém z = 0.
1, néux>0

Q Ham f(z) = {

y Ul
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Ham sb lién tuc

Ham so lién tuc

Céac phép toan dbi véi ham lién tuc

Dinh Iy 5.1

Gig st f(z),g(x) la hai ham trong (a,b). Khi dé
x) £ g(x) lién tuc trong (a,b);
x).g(z) (ndi riéng C f(z) vdi C' = const) lién tuc trong (a,b);

(z)

@ lién tuc trong (a,b) lién tuc trong (a,b) trir nhiing diém 1am cho g(z) = 0.

° f(
° f(
°

~

Q

BACH KHOA
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Ham so lién tuc

Céac phép toan dbi véi ham lién tuc

Dinh Iy 5.1

Gig st f(z),g(x) la hai ham trong (a,b). Khi dé
@ f(x) % g(x) lién tuc trong (a,b);

@ f(z).g(x) (ndi riéng C f(x) vdi C = const) lién tuc trong (a,b);
o

(z)

@ lién tuc trong (a,b) lién tuc trong (a,b) trir nhiing diém 1am cho g(z) = 0.

~

«Q

T dinh ly trén ta suy ra
Ménh dé 5.1

Céc da thic, phan thic hitu ty, cdc ham lugng gidc, cdc ham lugng gidc ngugc va cic
ham hyperbolic |a nhitng ham lién tuc. Néi tém lai: cdc ham so cap lién tuc trén cac

khodng ma ham s6 dé xac dinh.
BACH KHOA
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Ham so lién tuc
Céc tinh chit cta ham lién tuc
Dinh Iy 5.2

(Dinh ly Weierstrass thit nhét) Néu f(z) lién tuc trén doan [a, b] thi nd bi chin trén dé.
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Ham so lién tuc
Céc tinh chit chia ham lién tuc
Dinh ly 5.2

(Dinh ly Weierstrass thit nhét) Néu f(z) lién tuc trén doan [a, b] thi nd bi chin trén dé.

v

Dinh Iy 5.3

(Dinh ly Weierstrass thi hai) Néu f(z) lién tuc trén doan [a, b] thi né dat gid tri I6n
nhat va bé nhat trén dé.

—
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Ham so lién tuc
Céc tinh chit chia ham lién tuc
Dinh ly 5.2

(Dinh ly Weierstrass thit nhit) Néu f(z) lién tuc trén doan [a,b] thi né bj chin trén dé.

v

Dinh Iy 5.3

(Dinh ly Weierstrass thi hai) Néu f(z) lién tuc trén doan [a, b] thi né dat gid tri I6n
nhat va bé nhat trén dé.

Dinh Iy 5.4
(Dinh ly gi4 tri trung gian) N&u f(z) lién tuc trén doan [a, b] va

M= = mi .
Irg[?cb]f(w), m Jen[g,lb]f(w)

Khi dé véi moi p € [m, M], 3c € [a,b] sao cho f(c) = p.

T
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Ham s6 lién tuc

Ham so lién tuc

Cac tinh chat cia ham lién tuc

Hé qua 5.1

Néu f(x) lién tuc trén [a,b] dong thdi f(a).f(b) < O thi tén tai c € (a,b) sao cho

fle)=0.

N
BACH KHOA
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Ham so lién tuc

Céc tinh chit chia ham lién tuc

Hé qua 5.1

Néu f(x) lién tuc trén [a,b] dong thdi f(a).f(b) < O thi tén tai c € (a,b) sao cho
fle)=o.

Vi du 5.2

Chimg minh ring phuong trinh z* — 3z 4+ 1 = 0 c6 it nh4t mét nghiém trong khoang
(0,1).

v

“J
BACH KHOA

Tran Minh Toan (SAMI-HUST) Chuong 1: Ham s6 mét bién sb Ha N&i, thang 8 nam 2013 58 / 128




Ham sé lién tuc

Ham so lién tuc

Céc tinh chit chia ham lién tuc

Hé qua 5.1

Néu f(x) lién tuc trén [a,b] déng thoi f(a).f(b) < O thi tén tai ¢ € (a,b) sao cho
fle)=0.

Vi du 5.2

Chimg minh ring phuong trinh z* — 3z 4+ 1 = 0 c6 it nh4t mét nghiém trong khoang
(0,1).

Xét ham f(z) = z* — 3z + 1 xac dinh trén R. Do f(z) 13 ham so cip nén né lién tuc
trén R va do d6 lién tuc trén [0, 1].

Hon nira, ta cé

f0).f(1))=1.(-1) =-1<0.
Tir d6, 4p dung dinh ly gia tri trung gian ta thu dugc diéu phai chdng minh.

v

“J
BACH KHOA
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Ham s6 lién tuc

Ham so lién tuc

Céc tinh chit chia ham lién tuc

Vi du 5.3

M@t doan tau xult phat tir Hy N&i (HN) di Hai Phong (HP) ltc 8h séng va dén nai lic
11k séng. Ngdy hdm sau né lai khdi hanh tir HP lic 8k sing va dén HN lic 11k séng.
Liéu c6 tn tai mét diém trén hanh trinh ma doan tu s& di qua vio cling mét thdi diém
trong ca hai ngay?

BAIHOC
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m s6 lién tuc

Ham so lién tuc

Cac tinh chat cia ham lién tuc

flto) = glt)

- B
@ Goi 11,13 Tan lwot 12 cac thi dim Shva 111 trong ca hai ngay. Chon gbc toa 8 la dim A(a) b
Phuong trinh chuyén dong ngay diu EN->HP) la J(1) tacs: J(11) =@, f(ta) =b, (a<b)

Plurong trish chuy?n deng agay thit hai EP->HI) 12 9() tace: 9(t1) = b, glt) = a
pa h(t) = f(t) — g(t), gE mig h(t) =a—b; h(ts) =b—a gy h(t).h{t) = —(b—a)* < 0

1t khac, ta ¢6 the @a thiét cac ham J+ 9 len tuc nén 1 cling hén e

Ap dung dinh 1y gia tr trung binh ta thy dwoe tn tai £0 € (f1,12)
sao cho M(to) = 0 nay f(to) = g(to)

D &

e f(to) = g(to)

BACH KHOA

Ha N&i, thang 8 nam 2013 60 / 128
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Ham so lién tuc
Diém gian doan clia ham sb
Dinh nghia 5.2

Diém = = o dugc goi la diém gian doan clia ham sb f(z) néu f(z) khéng lién tuc tai
ZXo.

BAI HOC

Tran Minh Toan (SAMI-HUST) Chuong 1: Ham s6 mét bién sb Ha N&i, thang 8 nam 2013 61 / 128



Ham sb lién tuc

Ham so lién tuc

Diém gian doan cia ham so

Cha y 5.1
Diém zo 13 diém gidn doan clia ham sb f(x) néu
@ hoic tai ©o ham s f(z) khéng xac dinh

@ hoic f(z) xdc dinh tai g nhung A lim f(z), hodc lim f(z) # f (zo).
z—x( z—x(
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Ham sé lién tuc

Ham so lién tuc

Diém gian doan cia ham so

Cha y 5.1
Diém z 13 diém gian doan clia ham s& f(z) néu
@ hosc tai zo ham sb f(x) khéng xac dinh

@ hoic f(z) xdc dinh tai g nhung A lim f(z), hodc lim f(z) # f (zo).
z—x( z—x(

Dinh nghia 5.3
Diém gian doan zo cla ham f(x) dugc goi la diém gian doan loai 1 néu

3 lim f(z)=: f(zo—0), I lim f(z)=: f(zo+0)

- +
CE‘)CKO 324)1'0

va dai lugng
|f(x0 +0) — f(zo — 0)] = A
dugc goi la budc nhay.

V.
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Ham so lién tuc

Diém gian doan cGia ham sb

Chi y 5.1

Diém z 13 diém gian doan clia ham s& f(z) néu

@ hosc tai zo ham sb f(x) khéng xac dinh

@ hoic f(z) xdc dinh tai g nhung A lim f(z), hodc lim f(z) # f (zo).
z—x( z—x(

Dinh nghia 5.3
Diém gian doan zo cla ham f(x) dugc goi la diém gian doan loai 1 néu

3 lim f(z)=: f(zo—0), I lim f(z)=: f(zo+0)

T a:aa:g
va dai lugng
|f(@o +0) = f(zo = 0)] = A

dugc goi la budc nhay.
Céac diém gian doan con lai dugc goi la diém gidn doan loai 2.

4
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Ham s6 lién tuc

Ham so lién tuc

Diém gian doan cia ham so

Vi du 5.4
-1,
Xét ham f(z) = sign(z) = ¢ 0,
L,

Taiz=0tacé f(0—0)=—1%1=f(0+0) nén diém z = 0 13 diém gisn doan loai

1 cia ham s trén.

néu x <0

néux=0.

néux >0

Tran Minh Toan (SAMI-HUST) Chuong 1: Ham s6 mét bién sb

Ha N&i, thang 8 nam 2013

q
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Ham so lién tuc

Diém gian doan cia ham so

Vidu 5.4

—1, néuz<o0
Xét ham f(z) = sign(z) = < 0, néuxz=0.
1, néuz >0

Taiz=0tacé f(0—0)=—1%1=f(0+0) nén diém z = 0 13 diém gisn doan loai
1 cGia ham sb trén.

Vidu 5.5
1

Phan loai diém gidn doan clia ham sb @)= ——=.
1—2" %

(z = 1: loai 2; z = 0: loai 1.)

@

BACH KHOA
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Ham s6 lién tuc

Ham so lién tuc

Ham lién tuc déu

Dinh nghia 5.4
Ham f(z) dugc goi 13 lién tuc déu trong (a, b) néu

Ve > 0,30 >0: z1,22 € (a,b),|z1 — 22| <d = |f (1) — [ (z2)| < e.

BAI HOC
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Ham so lién tuc

Ham lién tuc déu

Dinh nghia 5.4
Ham f(z) dugc goi 13 lién tuc déu trong (a, b) néu

Ve > 0,30 >0: z1,22 € (a,b),|z1 — 22| <d = |f (1) — [ (z2)| < e.

Dinh Iy 5.5

(Dinh ly Cantor) Néu f(x) lién tuc trén doan déng [a,b] thi nd lién tuc déu trén doan dé.

BAI HOC
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NGi dung

@ Dao ham va vi phan

BAI HOC
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Dao ham va vi phan

Dao ham va vi phan

Dao ham

Dinh nghia 6.1

Gia st f(z) xac dinh trong (a,b), 14y diém o € (a,b), cho zo mét sb gia Az ta dugc
diém zo + Az € (a,b).
Goi Ay = f (w0 + A) — f(x0) 12 sb gia clia ham sb f(z) tai diém 0.
Néu gisi han
Ay f(wo+ Az) — f(zo)
Ali«rgo Az Alalcgo Az

tdn tai hitu han thi giéi han dé dudc goi 13 dao ham cla ham sb y = f(=x) tai didm o,
ky hiéu

4 . A ’ ’
f(xo) = Jlim Az hay y (zo) = f (o).

Néu ham sb y = f(z) c6 dao ham (hay kha vi) tai moi diém z € (a, b) thi ta néi ham sb
6 dao ham trong khodng dé.

0

4
Y
BACH KHOA
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Dao ham va vi phan

Dao ham va vi phan

Dao ham

Y nghia hinh hoc clia dao ham

f/ (xo) chinh 13 hé sb gbc ciia tiép tuyén véi dd thi ham sb y = f(x)

flxg+ Ax)

M

My

Az

BAI HOC
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Zo

Ha N&i, thang 8 nam 2013
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Dao ham va vi phan

Dao ham va vi phan

Dao ham

Y nghia cd hoc cia dao ham

Xét chit diém M chuyén déng thing, khéng déu véi quing dudng z(t) tinh tur diém O
nao dé. Khi dé, van téc tic thdi tai thdi diém to nao dé dugc tinh bdi céng thiic
z(t) — z (to) /

’U(t()) :tll)ntlo W =T (t())

Vi du 6.1

Mbt qua béng dugc ném vao khéng khi véi van tbc dau 39.2 (m/s). D6 cao clia né (m)
sau thdi gian £(s) dugc cho béi h(t) = 39.2t — 4.9t>. Tim van tbc ciia qua béng khi
t = 3(s) va khi t = 5(s).

d

BACH KHOA
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Dao ham va vi phan

Dao ham va vi phan

Dao ham

Y nghia cd hoc ciia dao ham

"Mdy tinh dao ham"

v
"
m’u:fn KHOA
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Dao ham va vi phan

Dao ham va vi phan
Cac phép toan véi dao ham

Dinh Iy 6.1

Néu w(z) va v(z) 1a nhiing ham sé kh3 vi thi
y:u:I:v:>y/ = £0
y=0C (C—const)=>y/ =c =0

Yy =uv = y, = (uv)/ =uv+ur

wro =y =(Y) =t

v2

Yy =

Yy =

2|Q sl

(C — const,v £ 0) => y = <C> = —g.v/

(%

«

BACH KHOA

Tran Minh Toan (SAMI-HUST) Chuong 1: Ham s6 mét bién sb Ha N&i, thang 8 nam 2013 70 / 128




Dao ham va vi phan
Cac phép toan véi dao ham
Dao ham chia ham hop

Néu ham sb u = g(x) c6 dao ham theo z, ham sb y = f(u) c6 dao ham theo u thi ham
s6 hop y = f(u) = f[g(x)] ciing c6 dao ham theo z va

y (2) = [ (w).u (2).
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Dao ham va vi phan

Dao ham va vi phan

Cac phép toan véi dao ham

Dao ham chia ham hgp
Néu ham sb u = g(x) c6 dao ham theo z, ham sb y = f(u) c6 dao ham theo u thi ham
s6 hop y = f(u) = f[g(z)] cling c6 dao ham theo z va

’ / /

y (2) = [ (w).u (2).

Dao ham clGa ham ngugc

Néu ham sb y = f(z) c6 dao ham theo z, f/(x) # 0, va néu ton tai ham nguoc
z = o(y), thi ham sb = = ¢(y) ciing c6 dao ham tai diém y = f(x) va ta c6

y U

W) =
YY) =

f(@)’

hay la
/ 1
x (y) - ’
y'(z)
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Dao ham va vi phan
Cac phép toan véi dao ham
Vi du 6.2

@ Xét ham y = arcsinz : [-1,1] — [fg, g] Khi d6 = siny, suy ra

x/(y) =cosy = /1 —sin’y = /1 — a2

1

Vay y/(.r) = (arcsinz)’ =

v
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Dao ham va vi phan

Dao ham va vi phan

Cac phép toan véi dao ham

Vi du 6.2
@ Xét ham y = arcsinz : [-1,1] — [—g, g] Khi dé = siny, suy ra
w,(y) =cosy = /1 —sin’y = /1 — a2

1
V1—z2
™

@ Xét ham y = arctanz :  (—o0, +00) — (757 g) Khi dé z = tany, suy ra

Vay ' (z) = (arcsinz) =

’ 1 - b
z (YY) =—— :1+tan2y:1+x2.
cos?y
A , 1
Vay (arctanz)’ = T2
7z

v
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Dao ham va vi phan

Cac phép toan véi dao ham

Vi du 6.2
@ Xét ham y = arcsinz : [-1,1] — [—g, g] Khi dé = siny, suy ra
w,(y) =cosy = /1 —sin’y = /1 — a2

1
V1—z2

Vay ' (z) = (arcsinz) =

@ Xét ham y = arctanz :  (—o0, +00) — (fg, g) Khi dé = tany, suy ra
x,(y):;:1+tan2y=1+x2
cos?y ’
Vay (arctanz)’ 1
rctanz) = ———.
© Hoan toan tuong tu ta cé (arccosz)’ L (arccot )’ !
rccosz) = — 2 r z) =— .
D1 V1—z2’ 1+ 22

v
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Dao ham va vi phan

Dao ham mot phia

Dinh nghia 6.2

Né&u ton tai

i 1 @0+ Az) = f(xo) _
Axz—0t Az
thi ta néi ham sé c6 dao ham bén phai tai diém zo.
Tuong tu ta ciling c6
i  J(Fo+AT) — fzo) _
Az—0— AZZI

goi 13 dao ham bén tréi tai diém zo.
Ham s6 f(z) c6 dao ham tai diém zo thi

’ ’

£ (@o+0) = f (o — 0) = f (a0)

va ham so lién tuc tai diém zo.

= f (x0 +0)

=f (x0—0)

Tran Minh Toan (SAMI-HUST) Chuong 1: Ham s6 mét bién sb

Ha N&i, thang 8 nam 2013
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Dao ham va vi phan

Dao ham va vi phan
Vi phan

Dinh nghia 6.3

Néu sb gia Ay clia ham sb y = f(z) viét dugc dudi dang

‘Ay = f(z+ Az) — f(z) = A. Az + a. Az, ‘

trong dé A la hi’mg sb chi phu thuéc x, khéng phu thudéc Az, con a la VCB khi Az — 0;
thi dai lugng A.Az goi 13 vi phan clia ham s y = f(x) tai diém z; ky hiéu dy = A.Ax.
Ngudi ta d3 chiing minh ring A = fl (), va khi y = z thi dy = dz nén dz = Az va ta
cb

/

dy = f (x)dx

13 cng thiic tinh vi phan clia ham sb y = f(z) tai diém x. Khi d6 ta ciing néi ham sé
kh3 vi tai diém z (c6 dao ham tai diém z).

v

\
BACH KHOA
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Dao ham va vi phan

Dao ham va vi phan
Vi phan

Cac qui tac tinh vi phan

@ dC =0, C — const;

e d(Cf) = Cdf;

@ d(f+g)=df +dg;
® d(fg) = fdg + gdf;
o

d([) _ gdf — fdg
2
g 9

«

BACH KHOA
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Dao ham va vi phan

Dao ham va vi phan
Vi phan

Cac qui tac tinh vi phan

@ dC =0, C — const;

® d(Cf) = Cdf;
@ d(f+g)=df +dg
® d(fg) = fdg + gdf;
o d([):gdf;fdg
9 g )
Vi du 6.3

Gidsty=a>+1. Tacédy= f/(x)dw = 2zdz.

Q

BACH KHOA
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Dao ham va vi phan

Dao ham va vi phan
Vi phan

Ung dung vi phan tinh gan ding

Trong cdng thic dinh nghia vi phan, bd qua dai lugng VCB « ta thu dugc cdng thic
xap xi

f(zo + Az) ~ f (z0) + f (z0) .Ax.

BACH KHOA
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Dao ham va vi phan

Dao ham va vi phan
Vi phan

Ung dung vi phan tinh gan ding

Trong cdng thic dinh nghia vi phan, bd qua dai lugng VCB « ta thu dugc cdng thic
xap xi

f(zo + Az) ~ f (z0) + f (z0) .Ax.

Vi du 6.4

Tinh gan ding sin 29°.

v

BACH KHOA
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Dao ham va vi phan

Dao ham va vi phan
Vi phan

Ung dung vi phan tinh gan ding

Trong cdng thic dinh nghia vi phan, bd qua dai lugng VCB « ta thu dugc cdng thic
xap xi

f(zo+ Az) = f (zo) + fl (z0) .Ax.

Vi du 6.4

Tinh gin ding sin 29°.

Gidi: Chon

f(z) =sinz = f’(x) =cosx; xo=30°% Az=-1°= —% = —0.0174. Ap dung

cdng thic gan ding trén ta c6

sin 29° = sin(30° — 1°) a2 sin 30° + cos 30°.(—0.0174) = 0.4849.

v

BACH KHOA
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Dao ham va vi phan

Dao ham va vi phan
Vi phan

Tinh b4t bién cia vi phan cip 1

@ N&u ham f kha vi va z |3 bién déc 13p thi ta c6

df = f (z)dz. (6.1)

v
BACH KHOA

Tran Minh Toan (SAMI-HUST) Chuong 1: Ham s6 mét bién sb Ha N&i, thang 8 nam 2013 77 / 128



Dao ham va vi phan

Dao ham va vi phan
Vi phan

Tinh b4t bién cia vi phan cip 1

@ N&u ham f kha vi va z |3 bién déc 13p thi ta c6
df = f (z)dz. (6.1)

@ Giad = = x(t) |13 ham kha vi theo bién ¢ con f = f(z) kha vi theo déi . Khi dé ¢ Ia
bién déc lap, z 13 bién trung gian. Ta c6

df = f ()dt = f (z).2 (t)dt = f (z)da.

v
BACH KHOA
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Dao ham va vi phan

Dao ham va vi phan
Vi phan

Tinh b4t bién cia vi phan cip 1

@ N&u ham f kha vi va z |3 bién déc 13p thi ta c6
df = f (z)dz. (6.1)
@ Giad = = x(t) |13 ham kha vi theo bién ¢ con f = f(z) kha vi theo déi . Khi dé ¢ Ia
bién déc lap, z 13 bién trung gian. Ta c6

df = f ()dt = f (z).2 (t)dt = f (z)da.

@ Vay di 13 bién doc lap hay 13 bién trung gian @ = x(t) thi vi phan clia ham f(z)
ludn c6 dang (6.1). D6 chinh I3 tinh bt bién clia vi phan cp 1.

v

BACH KHOA
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Dao ham va vi phan

Dao ham va vi phan

Dao ham ctia ham cho theo tham sb

Cho z = f(t),y = g(t) 13 hai ham kh3 vi dbi véi bién t € (a, B) va gia st ton tai ham
ngugc t = £ (z) = t(x). Khi dé6 ta c6

y =g(t) = g(t(z)) = y(z)
xéc dinh ham y(z) phu thudc vao bién z theo nghia théng thudng.

= z(t)

goi 13 ham cho theo tham bién (tham sb) ¢.
y=y(t)

Vay ham y(z) xac dinh bdi {

q

BACH KHOA
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Dao ham va vi phan

Dao ham va vi phan

Dao ham ctia ham cho theo tham sb

Cho z = f(t),y = g(t) 13 hai ham kh3 vi dbi véi bién t € (a, B) va gia st ton tai ham
ngugc t = £ (z) = t(x). Khi dé6 ta c6

y =g(t) = g(t(z)) = y(z)
xéc dinh ham y(z) phu thudc vao bién z theo nghia théng thudng.
= z(t)

goi 13 ham cho theo tham bién (tham sb) ¢.
y=y(t)

Vay ham y(z) xac dinh bdi {

Vin dé
Tinh 3’ (z).

q

BACH KHOA
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Dao ham va vi phan

Dao ham va vi phan

Dao ham ctia ham cho theo tham sbé

T tinh b4t bién cta vi phan cp 1 ta cé

dy =y (t)dt
dv = =z (t)dt
Do dé , ,
)= y (dt _ y (1)
de ' (t)dt x'(t)
Vi du 6.5

Tinh dao ham clia ham y = y(z) cho dudi dang tham sb

{ z =a(t—sint)

, te(0,2m).
y=a(l— cost) (0,2m)

—|
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Dao ham va vi phan

Dao ham va vi phan

Dao ham ctia ham cho theo tham sbé

T tinh b4t bién cta vi phan cp 1 ta cé

dy =y (t)dt
dv = =z (t)dt
Do dé , ,
=B _ymd _y O
de ' (t)dt x'(t)
Vi du 6.5

Tinh dao ham clia ham y = y(z) cho dudi dang tham sb
=a(t—sint
BSo=) . (0, 2n).
y=a(l— cost)
Gidi: Ta c6 F -
‘oy_dy _  asin
() = dr  a(l—cost)’

—|
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Dao ham va vi phan

Dao ham va vi phan

Dao ham cap cao

Giad st y = f(x) c6 dao ham yl = f/ () goi | dao ham cp 1.

%

BACH KHOA

Tran Minh Toan (SAMI-HUST) Chuong 1: Ham s6 mét bién sb Ha N&i, thang 8 nam 2013 80 / 128




Dao ham va vi phan

Dao ham cap cao

Giad st y = f(x) c6 dao ham yl = f/ () goi | dao ham cp 1.
Né&u ham sb f/(m) c6 dao ham, thi dao ham clia dao ham cip 1 goi 13 dao ham chp 2,
ky hiéu

’

17
tuong tucdy .

«

BACH KHOA
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Dao ham va vi phan

Dao ham va vi phan

Dao ham cap cao

Giad st y = f(x) c6 dao ham yl = f/ () goi | dao ham cp 1.
Né&u ham sb f/(m) c6 dao ham, thi dao ham clia dao ham cip 1 goi 13 dao ham chp 2,
ky hiéu

’

tuong tu cé y,/ .
Mot cach tong quat ta cé:

Dinh nghia 6.4

Dao ham ciia dao ham clp (n — 1) (ndu c6) thi goi 1a dao ham cAp n, ky hiéu:

g™ = (yw—l)(x)), =fM™(@), (n=2,3,..).

Tran Minh Toan (SAMI-HUST) Chuong 1: Ham s6 mét bién sb Ha N&i, thang 8 nam 2013
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Dao ham va vi phan

Dao ham cip cao

Vi du 6.6

Xét ham f(z) = z*. Ta c6 f/(x) =a.z* ! f”(a;) = a(a —1).z% 2. Téng quat ta c6

M@ =a(a—1)...(a=n+1)z*"

)
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Dao ham va vi phan

Dao ham cip cao

Vi du 6.6

Xét ham f(z) = z*. Ta c6 f/(x) =a.z* ! f”(a;) = a(a —1).z% 2. Téng quat ta c6

M@ =a(a—1)...(a=n+1)z*"

Vi du 6.7
Xét ham f(z) = e®. Ta cé f™(z) =e®, VneN.
Véi g(z) = a® thi g™ (z) = a® (Ina)™, n e N.
/

Tran Minh Toan (SAMI-HUST) Chuong 1: Ham s6 mét bién sb Ha N&i, thang 8 nam 2013 81 /128



Dao ham va vi phan

Dao ham cap cao

Vi du 6.6
Xét ham f(z) = z*. Ta c6 f/(x) =a.z* ! f”(a;) = a(a —1).z% 2. Téng quat ta c6
M@ =a(a—1)...(a=n+1)z*" )
Vi du 6.7
Xét ham f(z) = e®. Ta cé f™(z) =e®, VneN.
Véi g(z) = a® thi g™ (z) = a® (Ina)™, n e N. )
Vi du 6.8
V6i f(x) = sinz thi f(™)(z) = sin (m —i—ng);
V6i f(x) = cosz thi £ (z) = cos (m + ng)
—

Tran Minh Toan (SAMI-HUST) Chuong 1: Ham s6 mét bién sb
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Dao ham va vi phan

Dao ham va vi phan

Dao ham cap cao

Vidu 6.9
Xét f(z) = 1J1rx =14z . Tacs
FP@ = [1+2) ™ = (~1)(~1-1) - (-1 —n+ D)1 +2)*"
=0 +T;!)"+1 '

i
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Dao ham va vi phan

Dao ham va vi phan

Dao ham cap cao

Vi du 6.9

1

Xét f(x) = T2

=(1+z)" Tacs

FP@ = [1+2) ™ = (~1)(~1-1) - (-1 —n+ D)1 +2)*"

n!
= (-1)" :
(1) 1t
Vi du 6.10
Xét f(x) = 1ix =(1-z) "' Tacs

fP@) = [A-2) " = (~)(-1-1) - (-1 —n+ (=)L -a) 1"
n!

Tran Minh Toan (SAMI-HUST) Chuong 1: Ham s6 mét bién sb Ha N&i, thang 8 nam 2013
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Dao ham va vi phan

Dao ham va vi phan

Dao ham cap cao

Céc qui tic tinh dao ham cp cao
Gia sir tn tai £ (z) va ¢ (z). Khi dé
Q (Cf@)™ (2) = Cf ™ (@);
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Dao ham va vi phan

Dao ham va vi phan

Dao ham cap cao

Céc qui tic tinh dao ham cp cao

Gia sir tn tai £ (z) va ¢ (z). Khi dé
(Cf@)™ (@) = Cf™(a);
(f(@) £9@)™ = (@) £ ¢ (2);

o
2]
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Dao ham va vi phan

Dao ham va vi phan

Dao ham cap cao

Céc qui tic tinh dao ham cp cao

Gia sir tn tai £ (z) va ¢ (z). Khi dé
(Cf@)™ (z) = CF™();
(f(z) £ g(@)™ = f™ (@) + g™ (2);
(f(

f(@).9(z))™ = ]:Z:O CF O (2)g™ =) () véi ¢© () = g(z) (qui tic Leibniz).

o
2]
o

Tran Minh Toan (SAMI-HUST) Chuong 1: Ham s6 mét bién sb Ha N&i, thang 8 nam 2013 83 / 128



Dao ham va vi phan

Dao ham va vi phan

Dao ham cap cao

Céc qui tic tinh dao ham cp cao

Gia sir tn tai £ (z) va ¢ (z). Khi dé
(Cf@)™ (z) = CF™();
(f(z) £ g(@)™ = f™ (@) + g™ (2);
(f(

f(@).9(z)™ = éo CF & (2)g™ =) () véi ¢° () = g(z) (qui tic Leibniz).

o
2]
o
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Dao ham va vi phan

Dao ham va vi phan

Dao ham cap cao

Céc qui tic tinh dao ham cp cao

Gia sir tn tai £ (z) va ¢ (z). Khi dé
(Cf@)™ (@) = Cf™(a);
(
(

f(@) £ 9(@)™ = f" (@) £ g (a);

o
9 (f(
© (f(@)9(a)™ = 3 ChIP (@)™ (z) véi 4 (2)

f

= g(z) (qui tic Leibniz).

Vi du 6.11

@ Cho y =zlnz, tinh y©®
@ Cho y = z2 cos z, tinh y©9;

2
S
© Choy=— % tinh 0.

Tran Minh Toan (SAMI-HUST) Chuong 1: Ham s6 mét bién sb
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Dao ham va vi phan
Vi phan cip cao
Dinh nghia 6.5

N&u ham sb y = f(z) cé dao ham (kha vi) thi dy = f (z)dz goi 13 vi phan cAp 1.
Vi phan cla vi phan cip 1 goi 13 vi phan cip 2, ky hiéu

d*y = d(dy) = [ (z)dz® (%)

Tuong tu ta ciing ¢6 d™y = £ (z)dz™.

4
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L P Ein |
Dao ham va vi phan

Vi phan cip cao

Dinh nghia 6.5

N&u ham sb y = f(z) cé dao ham (kha vi) thi dy = f (z)dz goi 13 vi phan cAp 1.

Vi phan cla vi phan cip 1 goi 13 vi phan cip 2, ky hiéu

d*y = d(dy) = [ (z)dz® (%)

Tuong tu ta ciing ¢6 d™y = £ (z)dz™.

Cha ¥ 6.1
Nau y=f(u), u=p(z) thi
dy = f W (x)de = f du
d2y = f//duQ + f/dZu (khéng cé dang (*)).

Nhu vay, néi chung vi phan cAp cao khéng cé tinh bt bién nhu vi phan cip 1.

v
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Dao ham va vi phan

Dao ham va vi phan

Vi phan cbp cao

Vi du 6.12

Xét f(x) = x?, ta cb
df = 2xdx; d°f = 2dz. (6.2)

BACH KHOA
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Dao ham va vi phan

Dao ham va vi phan

Vi phan cip cao

Vi du 6.12
Xét f(z) = z?, ta cé
df = 2xdx; d°f = 2dz. (62) |
Vi du 6.13
Xét f=t'vaz=1t> Tach
df = 4t’dt, d*f =12t°dt>. (6.3)

M3t khac, do® = (2tdt)® = 4t2dt>. Néu céng thic (6.2) ding thi ta c6

d*f = 2dz® = 8t*di®.

Diéu ndy mau thuin véi (6.3).

v

BACH KHOA
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Dao ham va vi phan

Dao ham va vi phan

Vi phan cbp cao

Qui tic Leibniz

d"(w) =Y Crd“.d" v

Vi du 6.14

Cho y = z3¢%, tinh d'%y.

BAI HOC
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Céc dinh Iy v& ham kha vi va dng dung

NGi dung

@ Cac dinh Iy v& ham kha vi va (g dung

BAI HOC
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Céc dinh Iy v& ham kha vi va dng dung

Cac dinh ly vé ham kha vi va d&ng dung
Cac dinh ly vé& ham kha vi

Dinh nghia 7.1
Cho ham s& f(z) lién tuc trén (a,b), ta bao ham s{S dat cuc tri tai diém o € (a,b) néu
U (xz0) C (a,b) sao cho f(z) — f(xo) khéng doi dau Vo € U(zo) \ {zo}.

@ Néu f(z) — f(zo) < 0 thi ta bao ham sb dat cuc tiéu tai xo.

@ Néu f(x) — f(xzo) > 0 thi ta bdo ham s dat cuc dai tai zo.
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Céc dinh Iy v& ham kha vi va dng dung

Cac dinh ly vé ham kha vi va d&ng dung
Cac dinh ly vé& ham kha vi

Dinh nghia 7.1
Cho ham s& f(z) lién tuc trén (a,b), ta bao ham s{S dat cuc tri tai diém o € (a,b) néu
U (xz0) C (a,b) sao cho f(z) — f(xo) khéng doi dau Vo € U(zo) \ {zo}.

@ Néu f(z) — f(zo) < 0 thi ta bao ham sb dat cuc tiéu tai xo.

@ Néu f(x) — f(xzo) > 0 thi ta bdo ham s dat cuc dai tai zo.

Dinh Iy 7.1

(Dinh ly Fermat) Cho ham s f(x) lién tuc trén doan [a,b]. Néu f(x) dat cuc tri tai
diém c € (a,b), va néu 3f (c) thi f (c) = 0.
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Céc dinh Iy v& ham kha vi va dng dung

Céac dinh ly vé ham kha vi va @ng dung

Cac dinh ly vé& ham kha vi

Dinh nghia 7.1
Cho ham s& f(z) lién tuc trén (a,b), ta bao ham s{S dat cuc tri tai diém o € (a,b) néu
U (xz0) C (a,b) sao cho f(z) — f(xo) khéng doi dau Vo € U(zo) \ {zo}.

@ Néu f(z) — f(zo) < 0 thi ta bao ham sb dat cuc tiéu tai xo.

@ Néu f(x) — f(xzo) > 0 thi ta bdo ham s dat cuc dai tai zo.

Dinh Iy 7.1

(Dinh ly Fermat) Cho ham s f(x) lién tuc trén doan [a,b]. Néu f(x) dat cuc tri tai
diém c € (a,b), va néu 3f (c) thi f (c) = 0.

Dinh Iy 7.2

(Dinh ly Rolle) Cho ham sé f(zx) lién tuc trén doan [a,b], kh3 vi trong khodng md (a, b)
déng thoi f(a) = f(b). Khi dé tén tai c € (a,b) sao cho f (c) = 0.

y
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Céc dinh Iy v& ham kha vi va dng dung

Céac dinh ly vé ham kha vi va @ng dung

Céc dinh Iy vé& ham kha vi

Minh hoa hinh hoc cla dinh Iy Rolle: Véi gia thiét cta dinh ly thi 3¢ € (a,b) ma tai dé
tiép tuyén véi dé thi song song vdi truc hoanh.

fla) = f(b)

© / ‘ [; \ y= f(z)

BAI HOC
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Céc dinh Iy v& ham kha vi va dng dung

Cac dinh ly vé ham kha vi va d&ng dung
Cac dinh ly vé& ham kha vi
Dinh Iy 7.3

(Dinh ly Lagrange)

Cho ham sbé f(zx) lién tuc trén doan [a,b], kh3 vi trong khodng md (a,b) dong thoi
f(a) = f(b). Khi dé tén tai ¢ € (a,b) sao cho

e L C (7.)
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Céc dinh Iy v& ham kha vi va dng dung

Cac dinh ly vé ham kha vi va d&ng dung
Cac dinh ly vé& ham kha vi
Dinh Iy 7.3

(Dinh ly Lagrange)

Cho ham sbé f(zx) lién tuc trén doan [a,b], kh3 vi trong khodng md (a,b) dong thoi
f(a) = f(b). Khi dé tén tai c € (a,b) sao cho

v

f) = fla) _ o
. =7 (c). (7.1)
Céng thiic sb gia gi6i ndi
Cdng thdc (7.1) con cé dang
F(b) = f(a) = £ ()(b—a). (7.2)

Trong (7.2), ddt a =x; b=x + h va viét c=x +0h, 0 <6 < 1 thi ta thu dugc

’

fl@+h)— f(z)=f (x+0h)h. (7.3)

Cong thirc (7.3) dugc goi |3 cong thiic "sb gia gidi ndi”" hay céng thic "sb gia hitu han”.
RS N R VS Chuong 1: Ham sb mét bién sb

Ha N&i, thang 8 nam 2013 90 / 128



Céc dinh Iy v& ham kha vi va dng dung

Céac dinh ly vé ham kha vi va @ng dung

Céc dinh Iy vé& ham kha vi

Minh hoa hinh hoc clia dinh Iy Lagrange: Vi gia thiét ctia dinh ly thi 3¢ € (a, b) sao
cho tuyén tuyén clia db thj y = f(x) tai d6 song song véi ddy cung AB.

y = flz)
J(b) B(b, (b))
H& sb goc ciia
b) —
ing i 5 1010
- Ao, fla) -
Ala, fla
(e, fle))

118 s6 goc cla
tidp tuyén tai C: f'(c)

BAI HOC
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Céc dinh Iy v& ham kha vi va dng dung

Cac dinh ly vé ham kha vi va d&ng dung
Cac dinh ly vé& ham kha vi

Dinh ly 7.4

(Dinh ly Cauchy)

Cho f(z) va g(x) 13 hai ham sb lién tuc trén doan déng [a,b] va kh3 vi trong khodng

mé (a,b), déng thoi g (z) # 0 Vz € (a,b). Khi dé tén tai c € (a,b) sao cho
f0) = f(a) _ f(0)

70— d0) (7.4)

v

BACH KHOA
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Céc dinh Iy v& ham kha vi va dng dung

Cac dinh ly vé ham kha vi va d&ng dung
Cac dinh ly vé& ham kha vi

Dinh ly 7.4

(Dinh ly Cauchy)
Cho f(x) va g(z) la hai ham sé lién tuc trén doan déng [a,b] va kh3 vi trong khodng
mé (a,b), déng thoi g (z) # 0 Vz € (a,b). Khi dé tén tai c € (a,b) sao cho

f) = f@) _ f (o)

70— d0) (7.4)

v

Chii y 7.1

@ Trong (7.4) néu chon g(x) = z thi ta thu dugc céng thic (7.1) & dinh Iy
Lagrange, nghia |a dinh ly Lagrange chinh |a trudng hop riéng cla dinh ly Cauchy.

@ Néu trong (7.1) c6 f(a) = f(b) thi f (¢) = 0, hay néi cach khac, dinh Iy Rolle Ia
trudng hop riéng cta dinh ly Lagrange.
BACH KHOA

Ha N&i, thang 8 nam 2013 92 /128
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Céc dinh Iy v& ham kha vi va dng dung

Céac dinh ly vé ham kha vi va @ng dung

Céng thitc khai trién Taylor, Maclaurin

Dinh ly 7.5

Cho ham f(x) lién tuc trong doan déng [a,b], kh3 vi dén (n + 1) lan trong khodng md
(a,b). Khi dé véi xo € (a,b) bit ky ta c6

’

£@) = £ @o) + L (o) 4+ L) (g gy L2100 gy
(n+1)
Q@Tﬁ“‘%)"“, (7.5)

trong d6 & = xo + 0 (x — z0), 0<6 < 1.
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Céc dinh Iy v& ham kha vi va dng dung

Céac dinh ly vé ham kha vi va @ng dung

Céng thitc khai trién Taylor, Maclaurin

Dinh ly 7.5

Cho ham f(x) lién tuc trong doan déng [a,b], kh3 vi dén (n + 1) lan trong khodng md

(a,b). Khi dé véi xo € (a,b) bit ky ta c6

[ (o)
1!

()
(x—:vo)2+“-+ ! ngwo) (z— o)™ +

7 ()

(n+1)!

" (o)

T

(& —z0)"™*", (7.5)

trong d6 & = xo + 0 (x — z0), 0<6 < 1.

Céng thiic (7.6) dugc goi 13 "cong thitc Taylor véi phan du dang Lagrange” va phé
dién ham f(x) dudi dang (7.6) dugc goi 13 "khai trién Taylor hitu han” clia ham f(
1an cin cha diém z = xp.
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Céc dinh Iy v& ham kha vi va dng dung

Céac dinh ly vé ham kha vi va ing dung

Céng thitc khai trién Taylor, Maclaurin

center=0

order=0 The funtion

— 100=lcos0
a{  canbe approximated by
1

BAI HOC
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Céc dinh Iy v& ham kha vi va dng dung

Céac dinh ly vé ham kha vi va @ng dung

Céng thitc khai trién Taylor, Maclaurin
Vidu 7.1

p » a 1 »
Viét khai trién Taylor hitu han dén bic 3 clia ham f(z) = —= tai lan cin diém zo = 1.
T

Ap dung tinh gan dang £ (1.1).
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Céc dinh Iy v& ham kha vi va dng dung

Céac dinh ly vé ham kha vi va @ng dung

Céng thitc khai trién Taylor, Maclaurin

Vidu 7.1

, . y 1

Viét khai trién Taylor hitu han dén bac 3 clia ham f(z) = 7
T

Ap dung tinh gan dang £ (1.1).

Gii: T f(z) =2~ "> ta cé

/ 1 1" 1" 1 1
F@=—2a" £ @)=2a" @)= -2 D) = 2og,

4

Do dé, cong thiic Taylor véi phan du dang Lagrange tai lan can = 1 ¢6 dang

)= )+ D F W e F@ e FOE

1! 1! 1! ( 4!
1 3 2 b 3 105 4
=1-Z(z-D+=(z-1)7°— -1 —1)*.
2@ D5 @-1"— 5=’ + g 6= 1)

Tran Minh Toan (SAMI-HUST) Chuong 1: Ham s6 mét bién sb

Ha N&i, thang 8 nam 2013

tai |an can diém 2o = 1.
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Céc dinh Iy v& ham kha vi va dng dung

Céac dinh ly vé ham kha vi va @ng dung

Céng thitc khai trién Taylor, Maclaurin

Vidu 7.1

, . y 1

Viét khai trién Taylor hitu han dén bac 3 clia ham f(z) = 7
T

Ap dung tinh gan dang £ (1.1).

Gii: T f(z) =2~ "> ta cé

’ 1 " 11 1 1
F@=—2a" £ @)=2a" @)= -2 D) = 2og,

2 ’ 4

Do dé, cong thiic Taylor véi phan du dang Lagrange tai lan can = 1 ¢6 dang

)= )+ D F W e F@ e FOE

1! 1 1! ( 4!
1 3 2 5 3 105 4
=l—-—-(-1)+-(xz-1)"——(z—-1 —1)".
2@ D5 @-1"— 5=’ + g 6= 1)
Thay z = 1.1 ta thu dugc f (1.1) = 0.953656 (gia tri chinh x4c:
1
—— = 0.953462589.. . .).
V1.1 )
RSN R VS Chuong 1: Ham sb mét bién sb Ha N&i, thang 8 n3m 2013

tai |an can diém 2o = 1.
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Céc dinh Iy v& ham kha vi va dng dung

Céac dinh ly vé ham kha vi va @ng dung

Céng thitc khai trién Taylor, Maclaurin

Trong cong thic (7.6), néu Y () bi chin trén (a,b) thi phdn du c6 dang
o((x —x0)™) vatacd

=
BACH KHOA
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Céc dinh Iy v& ham kha vi va dng dung

Céac dinh ly vé ham kha vi va @ng dung

Céng thitc khai trién Taylor, Maclaurin

Trong cong thic (7.6), néu Y () bi chin trén (a,b) thi phdn du c6 dang
o((x —z0)™) vatacéd

Céng thifc khai trién Taylor véi phan du dang Peano

(n)
T Ll

(z—20)" +
o((x—z0)").

(7.6)

Céng thitc khai trién Maclaurin

Trong cdng thic (7.6), khi zo = 0 ta c6 cdng thitc Maclaurin

@ = 1@+ 109 4 L0 120,

I o o+ It 4 o).

n:

(7.7)

Sau day, ta xét khai trién Maclaurin clia mét sé ham thudng gip.

Tran Minh Toan (SAMI-HUST) Chuong 1: Ham s mét bién sb Ha N&i, thang 8 nam 2013
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Céc dinh Iy v& ham kha vi va dng dung

Céac dinh ly vé ham kha vi va @ng dung

Céng thitc khai trién Taylor, Maclaurin
Vi du 7.2

Xét ham f(z) = e®. Do f™(z) = e®* = f(™(0) = 1 Vn nén ta c6

2 n

@ —1q x x n
e’ = +x+i+-~~+ﬁ+o(m ).
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Céc dinh Iy v& ham kha vi va dng dung

Céac dinh ly vé ham kha vi va @ng dung

Céng thitc khai trién Taylor, Maclaurin
Vidu 7.2

Xét ham f(z) = e®. Do f™(z) = e®* = f(™(0) = 1 Vn nén ta c6

@ —1q 'TQ " n
Vi du 7.3
—1)*sinz, véin =2k

Xét ham f(z) =sinz. Ta 6 () = ( ’ . Suy ra

1@ f(@) {(—1)kcosm, véin=2k+1 Y

0y =0, k=1,2,3,...; fE0)=(-1DF, k=01,2,...
Vay

' R ozl o
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Céc dinh Iy v& ham kha vi va dng dung

Céac dinh ly vé ham kha vi va @ng dung

Cong thdc

Vidu7.4

khai trién Taylor, Maclaurin

(—1)* cosz,

Xét ham f(z) = cosx. Ta c6 ™ (z) = .
(—1)"sinz,

Vay

f(2k)(0) = (_1)k7 k= 172737 ooo

véi n = 2k
. . Suy ra
véin=2k+1

o @Yy =0, k=0,1,2,...

2 4
cosle—i—i—ﬁ—

v

BAI HOC
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Céc dinh Iy v& ham kha vi va dng dung

Céac dinh ly vé ham kha vi va @ng dung

Céng thitc khai trién Taylor, Maclaurin

Vidu7.5

nén ta cé

(1—|—x)a:1—|—cm:+a(a_l)x2—|—a(a_l).“(a_n—’_l)x"

'f. ‘
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Céc dinh Iy v& ham kha vi va dng dung

Céac dinh ly vé ham kha vi va @ng dung

Céng thitc khai trién Taylor, Maclaurin

Vidu7.5

FO)=1 fO =0 fO)=ala=1);..;fP0) =al@=-1)(a-n+1)
nén ta cé
(1—|—x)a:1—|—cm:+a(azl_l)xQ—Fa(a_1)“7.1'(a_n+1)x"+0(x")
Véi a = —1 ta cé
1 _ _ 2_ . n n
1—|—x_1 z+x + (=1)"z" + o (z")
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Céc dinh Iy v& ham kha vi va dng dung

Céac dinh ly vé ham kha vi va @ng dung

Céng thitc khai trién Taylor, Maclaurin

Vidu7.5

nén ta cé

_1q — 1) (o — 1
! ! )
Véi o = —1 ta cé

L et (D) o (@) (7.8)

1+x ’ J
Trong cbng thdc (7.9), thay = bdi —z ta thu dugc . ‘

%
1 2 n n
1_$:1+x+x +--+z" +o(z") (7.9)
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Céc dinh Iy v& ham kha vi va dng dung

Céac dinh ly vé ham kha vi va @ng dung

Céng thitc khai trién Taylor, Maclaurin

Vi du 7.6

Xét ham f(z) = In(1 + ). Do f'(z) = 1J1r
Suy ra

— nén ta cd ™ (z) = (—1)”_17( —

’

FO =05 £0)=Lee s fP0) = (1) -1 — L0 CUT

Vay

2
T 113‘3

In(1 A AT (LS i ™.
nl+z)=e— o +5+-+ ()" +o(z")

«

BACH KHOA
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Céc dinh Iy v& ham kha vi va dng dung

Cac dinh ly vé ham kha vi va d&ng dung
Qui tic L’Hospital

Dinh ly 7.6

(Dinh ly L'Hospital 1): Gid sir cdc ham sé f(x), g(x) kh3 vi tai 1an can diém a,
g/ (z) # 0 trong lan can diém a va

lim f(z) = lim g(z) = 0.

r—a r—a
Khi dé néu lim f, () = A thi ta ciing ¢é lim f(z) -4
z—a g (l’) r—a g(:C) J

i
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Céc dinh Iy v& ham kha vi va dng dung

Cac dinh ly vé ham kha vi va d&ng dung
Qui tic L’Hospital
Dinh Iy 7.6

(Dinh ly L'Hospital 1): Gid sir cdc ham sé f(x), g(x) kh3 vi tai 1an can diém a,
g/ (z) # 0 trong lan can diém a va

lim f(z) = lim g(z) = 0.

r—ra T—a

Khi dé néu lim f, (2) = A thi ta ciing ¢é lim fl@) _ A
=0 g (l’) z—a g(;p)

Dinh ly 7.7

(Dinh Iy L'Hospital 2): Gi3 sir cac ham sé f(x), g(x) kh3 vi tai lan can diém a,
g/ (z) # 0 trong Ian can diém a va lim f(z) = co; lim g(z) = co.
Tr—a r—ra

Khi dé néu lim f, @) = A thi ta ciing cé lim f@) _
a—a g'(x) =—a g(z)

o i
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Céc dinh Iy v& ham kha vi va dng dung

Cac dinh ly vé ham kha vi va ing dung
Qui tic L’Hospital
Y tudng ching minh dinh ly L'Hospital 1 cho trudng hop diém a hitu han:

@ Néu f(z) va g(z) lién tuc trong lan can diém a, g/(a,) # 0,Vx # q,
f(a) =g(a) =0. Véi x # a ta cb

f@) _ f(z) = f(a) (cauchy) f (c)

9@ 9@ —g@  g©’ ce (z,a).
Khi 2 — a thi ¢ = a. Do lim '/(l) A, suy ra
Tr—a (z)
lim f(x) = lim f/ (c) =
T—a (x) c—a g,((;)

BAI HOC
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Tran Minh Toan (SAMI-HUST) Chuong 1: Ham s6 mét bién sb

Céc dinh Iy v& ham kha vi va dng dung

Céac dinh ly vé ham kha vi va @ng dung

Qui tic L’Hospital

Y tudng ching minh dinh ly L'Hospital 1 cho trudng hop diém a hitu han:

© Né&u f(x) va g(z) lién tuc trong 1an can diém a, g/(a) # 0,Vz # q,
fla) = g(a) =0. Véi x # a ta c6

f@) _ f(@) = f(a) ©avery) £ (0)

g(x) g(x) — g(a) 70 c€ (z,a).
T—a g (x)
o T@ 0
1:1—>a g(x) l—m g/(c) A.

@ N&u chi cé lim f(z) = lim g(x) = 0 ma cdc ham sb chua chic d3 xé4c dinh tai a.
Tr—a r—ra
Ta xdy dung cdc ham mdi

0, z=a o) — 0, r=a
e {ﬂm,w#a’(X) {ﬂ@af¢“'

BAI HOC
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Céc dinh Iy v& ham kha vi va dng dung

Cac dinh ly vé ham kha vi va d&ng dung
Qui tic L’Hospital

Chii y 7.2

@ Qui tic L'Hospital vin diing véi trudng hop a = oo (khi chiing minh dit y = l)
7

q

BACH KHOA
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Céc dinh Iy v& ham kha vi va dng dung

Cac dinh ly vé ham kha vi va d&ng dung
Qui tic L’Hospital

Chay 7.2
@ Qui tic L'Hospital vin diing véi trudng hop a = oo (khi ching minh dit y = l),
a

© Qui tic L'Hospital cé thé duoc dp dung nhiéu I3n.
Vi du, xét

q

BACH KHOA
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Céc dinh Iy v& ham kha vi va dng dung

Cac dinh ly vé ham kha vi va d&ng dung
Qui tic L’Hospital

Chay 7.2
@ Qui tic L'Hospital vin diing véi trudng hop a = oo (khi ching minh dit y = l),
a

@ Qui tic L'Hospital c6 thé dudc 4p dung nhiéu In.
Vi du, xét
© Qui tic L'Hospital chi 1 diéu kién di ma khdng Ia diéu kién can.
; L. . z%sin *
Vi du, xét gi6i han lim —
z—0 SInx

q

BACH KHOA
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Céc dinh Iy v& ham kha vi va dng dung

Cac dinh ly vé ham kha vi va d&ng dung
Qui tic L’Hospital

Chay 7.2
@ Qui tic L'Hospital vin diing véi trudng hop a = oo (khi ching minh dit y = l),
a

@ Qui tic L'Hospital c6 thé dudc 4p dung nhiéu In.

Vi du, xét
© Qui tic L'Hospital chi 13 diéu kién di ma khéng 13 diu kién can.

21
. x’sin S
Vi du, xét giéi han lim ———=.
z—0 sinz

@ Trong qué trinh tim gidi han c6 dang vé dinh, nén két hop ca thay tucng ducng

véi diing qui tic L'Hospital. C6 thé diing qui t3c L'Hospital nhiéu |an.

q

BACH KHOA
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Céc dinh Iy v& ham kha vi va dng dung

Cac dinh ly vé ham kha vi va d&ng dung
Qui tic L’Hospital

Vidu 7.7

3
Tinh A = lim —> (0).

z—0 r — sinx 0

\§
BACH KHOA
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Céc dinh Iy v& ham kha vi va dng dung

Cac dinh ly vé ham kha vi va d&ng dung
Qui tic L’Hospital

Vi du 7.7
3

Tinh A = lim ——~ (0).

z—0 x — sinx 0
Giai: o

2
A &) lim 7@ ) - = lim o (L &) lim —6I =
20 (z —sinz)’ 2-01—cosz \0 2—0 sin

\§
BACH KHOA
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Céc dinh Iy v& ham kha vi va dng dung

Cac dinh ly vé ham kha vi va d&ng dung
Qui tic L’Hospital

Vidu 7.7
3
Tinh A= lim ——— (9).
z—0 T —sinw 0
Giai: o
o 2
AQ g &) 82 (w6
20 (z —sinz)’ 2-01—cosz \0 2—0 sin
.
Vidu 7.8
Tih B= lim &, (a>1) (°°)
T—o0 I e ¢}
w
S
BACH KHOA
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Céc dinh Iy v& ham kha vi va dng dung

Cac dinh ly vé ham kha vi va d&ng dung
Qui tic L’Hospital

Vidu 7.7
3
Tinh A= lim ——— (9).
z—0 x —sinx 0
Giai: o
o 2
AL 1im#,:th 0\ @y, 8= _
20 (z —sinz)’ 2-01—cosz \0 2—0 sin
.
Vidu 7.8
Tih B= lim &, (a>1) (OO)
T—o0 I e ¢}
Gidi: ,
x x 1
BY im &) _ yy ne
Tr—00 xT Tr—00
v
N
BACH KilOA
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Céc dinh Iy v& ham kha vi va dng dung

Céac dinh ly vé ham kha vi va @ng dung

Ung dung khai trién Taylor vao viéc tim gidi han

Vidu 7.9

'I"lmAzlirn(_1 _ 1 ) (00 — 00).
z—0 \sinx tanx

v

Y
BACH KHOA
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Céc dinh Iy v& ham kha vi va dng dung

Céac dinh ly vé ham kha vi va @ng dung

U'ng dung khai trién Taylor vao viéc tim gidi han

Vidu 7.9
'I"lmAzlirn(,1 _ 1 ) (00 — 00).
z—0 \ sinx tanx
\e . . 1l—cosx ¢« L . ,
Giai: Ta c6 A = lim ————. Ap dung khai trién Maclaurin ta cé
z—0 sinx
sinx = m+o(m2)
. IQ 3 . 562 3
cosxr = 1—7+0(x):>1—cosx—?+o(m)

Tir d6, 4p dung qui tic ngit bd cic VCB bic cao ta thu dugc

IZ

A = lim =0.

-0 T

v

Tran Minh Toan (SAMI-HUST) Chuong 1: Ham s6 mét bién sb Ha N&i, thang 8 nam 2013
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Céc dinh Iy v& ham kha vi va dng dung

Céac dinh ly vé ham kha vi va @ng dung

Ung dung khai trién Taylor vao viéc tim gidi han

Vi du 7.10

T 72 = T e — & 0 )
z—0 x (1 — cos z) 0

{
BACH KHOA

Tran Minh Toan (SAMI-HUST) Chuong 1: Ham s mét bién sb Ha N&i, thang 8 nam 2013 106 / 128




Céc dinh Iy v& ham kha vi va dng dung

Céac dinh ly vé ham kha vi va @ng dung

Ung dung khai trién Taylor vao viéc tim gidi han

Vi du 7.10

Tim B = lim 2%~ & 0 )
z—0 x (1 — cos z)
Gigi: Khi z — 0 ta c6

2 3

x 3 x 4 333
cosxr = 1—7+0($):>x(1—cosx)=?+o(w)NE
z’ 4 13 4 13
sinx = m—F—i—o(w)ZSinm—x:—ﬂc +o(m)~—fa:.
Do dé,
_ 1.3 1
_ 1 6 _ ¢

qQ

BACH KHOA
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Céc dinh Iy v& ham kha vi va dng dung

Tém tat viéc tim gidi han lim f(z)
T—Xq

Q Né&u f(x) lién tuc tai zo = lim f(z) = f (o).

T—x0

BAI HOC
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Céc dinh Iy v& ham kha vi va dng dung

Tém tat viéc tim gidi han lim f(z)
T—Xq

Q N&u f(x) lién tuc tai zo = lim f(z) = f (o).

T—TQ

© Néu gisi han cé dang v6 dinh:

BAI HOC
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Céc dinh Iy v& ham kha vi va dng dung

Tém tat viéc tim gidi han lim f(z)
T—Xq

Q N&u f(x) lién tuc tai zo = lim f(z) = f (o).

T—TQ
@ Né&u gisi han c6 dang vé dinh:
e Thay tuong duong

BAI HOC

Tran Minh Toan (SAMI-HUST) Chuong 1: Ham s6 mét bién sb Ha N&i, thang 8 nam 2013 107 / 128



Céc dinh Iy v& ham kha vi va dng dung

Tém tat viéc tim gidi han lim f(z)
T—Xq

Q N&u f(x) lién tuc tai zo = lim f(z) = f (o).

T—x0
@ Né&u gisi han c6 dang vé dinh:

o Thay tuong duong
e Qui tic L'Hospital

BAI HOC
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Céc dinh Iy v& ham kha vi va dng dung

Tém tat viéc tim gidi han lim f(z)
T—Xq

Q N&u f(x) lién tuc tai zo = lim f(z) = f (o).

T—xQ
@ Né&u gisi han c6 dang vé dinh:
o Thay tuong duong
o Qui tic L'Hospital
o Khai trién hitu han.

BAI HOC

Tran Minh Toan (SAMI-HUST) Chuong 1: Ham s6 mét bién sb Ha N&i, thang 8 nam 2013 107 / 128



Ham sb don didu va céc tinh chit

NGi dung

e Ham sb don diéu va cac tinh chjt

BAI HOC
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Ham sb don didu va céc tinh chit

Ham so don diéu va cac tinh chat

Ham sb don diéu

Dinh nghia 8.1

@ Ham sb f(z) goi la ting (hay déng bién) trong khoang (a,b) néu
Va1, z2 € (a,b); z1 < z2 = f(x1) < f(z2).

BAI HOC
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Ham sb don didu va céc tinh chit

Ham so don diéu va cac tinh chat

Ham sb don diéu

Dinh nghia 8.1
@ Ham sb f(z) goi la ting (hay déng bién) trong khoang (a,b) néu
Va1,x2 € (a,b); o1 < x2 = f(z1) < f(22).
@ Con néu Vo1, xs € (a,b); 1 < x2 = f(z1) < f(x2) thi f(z) goi |3 ting ngit
trong khodng (a,b).

BAI HOC
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Ham sb don didu va céc tinh chit

Ham so don diéu va cac tinh chat

Ham sb don diéu

Dinh nghia 8.1
@ Ham sb f(z) goi la ting (hay déng bién) trong khoang (a,b) néu
Va1, z2 € (a,b); z1 < 2 = f(x1) < f(z2).
@ Con néu V1,2 € (a,b); 21 < w2 = f(x1) < f(x2) thi f(x) goi |3 ting ngit
trong khoang (a, b).

@ Néu Va1, 22 € (a,b); z1 < 2 = f(z1) > f(x2) thi ta néi ham sb f(z) giam
(hay nghich bién) trong khoang (a,b); tuong tu f(z1) > f(z2) goi I3 gidm ngit.

BAI HOC
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Ham s don diéu va cac tinh chit

Ham so don diéu va cac tinh chat

Ham sb don diéu

Dinh nghia 8.1
@ Ham sb f(z) goi la ting (hay déng bién) trong khoang (a,b) néu
Va1, z2 € (a,b); z1 < 2 = f(x1) < f(z2).
@ Con néu V1,2 € (a,b); 21 < w2 = f(x1) < f(x2) thi f(x) goi |3 ting ngit
trong khoang (a, b).
@ Néu V1,22 € (a,b); 21 < 22 = f(21) > f(x2) thi ta néi ham sb f(z) gidm
(hay nghich bién) trong khoang (a,b); tucng tu f(z1) > f(z2) goi 1a gidm ngit.

@ Ham sb f(x) chi ting hodc gidm trong khoang (a, b) goi chung I3 ham sb don diéu.

BAIHOC
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Ham sb don didu va céc tinh chit

Ham so don diéu va cac tinh chat

Ham sb don diéu

L1

Tran Minh Toan (SAMI-HUST) Chuong 1: Ham s6 mét bién sb

0]

Ha N&i, thdng 8 nam 2013
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Ham sb don didu va céc tinh chit

Ham so don diéu va cac tinh chat

Ham sb don diéu

y = f(x)

| X2
{q

BACH KHOA
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Ham sb don diéu va céc tinh chit

Ham so don diéu va cac tinh chat
Ham s6 don diéu
Dinh Iy 8.1

Cho f(x) lién tuc trong [a,b], kh3 vi trong (a,b). Khi d6, néu f'(x) > 0 thi ham déng
bién va néu ' (z) < 0 thi ham nghich bién trong khodng dé.

y
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Ham sb don diéu va céc tinh chit

Ham so don diéu va cac tinh chat
Ham s6 don diéu

Dinh ly 8.1

Cho f(x) lién tuc trong [a,b], kh3 vi trong (a,b). Khi d6, néu f'(x) > 0 thi ham déng
bién va néu ' (z) < 0 thi ham nghich bién trong khodng dé.

Vi du 8.1

Ching minh Vx > 0tacée® > 1+ z.
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Ham sb don diéu va céc tinh chit

Ham so don diéu va cac tinh chat

Ham sb don diéu

Dinh ly 8.1

Cho f(x) lién tuc trong [a,b], kha vi trong (a,b). Khi dé, néu f,(:v) > 0 thi ham déng
bién va néu f/(x) < 0 thi ham nghich bién trong khodng dé.

Vi du 8.1
Ching minh Vx > 0tacée® > 1+ z.

Chirng minh.

Xét ham f(z) =e® —ax —1, x> 0. D& thiy f(z) lién tuc va kha vi trén (0, c0). M3t
khac, ta c6 ,
f@)=e"-1>0, Vz>0.
Do dé, f(x) 1a ham déng bién trén (0,00) va ta thu dugc
f(z) > f(0) =0, Vz>O0. O
o’
RS R VS Chuong 1: Ham sb mét bién sb Ha N&i, thang 8 ndm 2013 112 / 128




Ham sb don diéu va céc tinh chit

Ham so don diéu va cac tinh chat
B4t ding thic ham 16i

Dinh nghia 8.2

Ham f(z) xac dinh trong khodng I dugc goi |3 16i trong dé néu VYa,b € I (a < b) va
vt € [0,1] ta c6

[tf(@)+(1=1)f(b) > f(ta+ (1—1)b). |

Né&u thay diu ">" bdi <" trong bAt ding thiic trén thi ta c6 f(z) I8m trong khoang I.

BACH KHOA
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Ham sb don diéu va céc tinh chit

Ham so don diéu va cac tinh chat
B4t ding thic ham 16i

Dinh nghia 8.2

Ham f(z) xac dinh trong khodng I dugc goi |3 16i trong dé néu VYa,b € I (a < b) va
vt € [0,1] ta c6

[tf(@)+(1=1)f(b) > f(ta+ (1—1)b). |

Né&u thay diu ">" bdi <" trong bAt ding thiic trén thi ta c6 f(z) I8m trong khoang I.
v

Dinh Iy 8.2

@ Néu f(z) lién tuc va c6 dao ham cap hai " (z) > 0 trong khodng I thi f(z) I8
trong khodng dé.

v

BACH KHOA
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Ham s don diéu va cac tinh chit

Ham so don diéu va cac tinh chat
B4t ding thic ham 16i

Dinh nghia 8.2

Ham f(z) xac dinh trong khodng I dugc goi |3 16i trong dé néu VYa,b € I (a < b) va
vt € [0,1] ta c6

[tf(@)+(1=1)f(b) > f(ta+ (1—1)b). |

Né&u thay diu ">" bdi <" trong bAt ding thiic trén thi ta c6 f(z) I8m trong khoang I.
v

Dinh ly 8.2
® Néu f(z) lién tuc va c6 dao ham cAp hai " (z) > 0 trong khodng I thi f(z) I8
trong khodng dé.

@ Néu f(x) lién tuc va c6 dao ham cip hai f (z) < 0 trong khodng I thi f(z) I6m
trong khoang dé.

v

BACH KHOA
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Ham sb don didu va céc tinh chit

Céac dinh ly vé ham kha vi va @ng dung

B4t ding thic ham 16i

M® ta hinh hoc ham 16i

Chi y: khéng nhdm 13n véi khai niém dudng cong 15i, 16m d3 hoc & phé théng.

1(v)

fla)

tf(a) + (1 —1t)f(b)

Tran Minh Toan (SAMI-HUST) Chuong 1: Ham s6 mét bién sb

ta+(1-1t)b b

Ha N&i, thdng 8 nam 2013
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Ham sb don diéu va céc tinh chit

Céac dinh ly vé ham kha vi va @ng dung

B4t ding thic ham 16i

Dinh ly 8.3

(B4t ding thiic Jensen)

Gi3 st f(z) 1a ham 16i (16m) trong khodng I. Khi d6, véi bat ky ©1, 2, ... ,xn € I va

vdi bt ky cdc s6 khéng 4m A1, Aa, ..., A, thod man 3 \i =1 ta c6
=1

f <Zn: )\i:m) <(>) Zn:Aif (z4) . (8.1)

Dic biét, khi)\leQZ"'Z)\WZ%taCé

f (M) < (2)2?:1nf (@)

n

(82)

y
Y
BACH KHOA
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Ham sb don diéu va céc tinh chit

Céac dinh ly vé ham kha vi va @ng dung

B4t ding thic ham 16i

Vi du 8.2
Xét ham f(z) = Inx trong (0,400). Do f (z) = f% <0, Vaznén f(z) 1a ham 1dm.
x
Ap dung bAt ding thiic Jensen, véi z1, 2, ..., 2z, > 0 ta cb
In (Zi:l m,) > i Inw
n n

3=

—In <@> >In(z122...2n)
n

Hon nita, do Inz 1a ham df\mg bién nén ta thu dugc

T1+ T2+ FTn
n

> V(r1z2 ... Tn),

chinh 13 b4t ding thiic Cauchy quen thudc.

v
BACH KHOA
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NGi dung

0 Cuec tri cia ham so P
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Cuc tri clia ham sb

Cuc tri ciia ham so

Nhic lai

@ Ham sb f(z) goi I3 dat cuc dai (CD) (hay cuc tiéu (CT)) tai diém o néu

Ve € d(zo) == |z—mo| < § = f(x) < f(zo) (f(x) > f(=o)).

Tran Minh Toan (SAMI-HUST) Chuong 1: Ham s6 mét bién sb Ha N&i, thang 8 nam 2013
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Cuc tri clia ham sb

Cuc tri ciia ham so

Nhic lai

@ Ham sb f(z) goi I3 dat cuc dai (CD) (hay cuc tiéu (CT)) tai diém o néu
Vo € 6(zo) = lx—xo| < 6 = f(x) < flwo) (f(2) = f(0))

@ Diém ham sb dat cuc dai hay cuc tidu goi chung la diém ham sb dat cuc tri.

BAIHOC
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Cuc tri clia ham sb

Cuc tri ciia ham so

Nhic lai

@ Ham sb f(z) goi I3 dat cuc dai (CD) (hay cuc tiéu (CT)) tai diém o néu
Vo € 6(zo) = lx—xo| < 6 = f(x) < flwo) (f(2) = f(0))

@ Diém ham sb dat cuc dai hay cuc tiéu goi chung la diém ham sb dat cuc tri.

@ Néu ham sb f(z) kha vi va dat cuc tri tai 2 = xo thi f (z0) = 0.

BAIHOC
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Cuc tri clia ham sb

Cuc tri ciia ham so

Nhic lai

@ Ham sb f(z) goi I3 dat cuc dai (CD) (hay cuc tiéu (CT)) tai diém o néu
Vo € 6(zo) = lx—xo| < 6 = f(x) < flwo) (f(2) = f(0))

@ Diém ham sb dat cuc dai hay cuc tiéu goi chung la diém ham sb dat cuc tri.
7 7 !
@ Néu ham so f(z) kha vi va dat cuc tri tai z = xo thi f (z0) = 0.

@ Ham sb f(z) c6 dao ham trong (a,b), néu f/(rc) > 0 thi ham ddng bién va néu
f'(x) < 0 thi ham nghich bién trong khodng dé.

BAIHOC
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Cuc tri clia ham sb

Cuc tri ciia ham so

@ Trong lan can §(x0) := |z — 0| < §, ham sb f(x) c6 dao ham (c6 thé ham khéng
c6é dao ham tai xo); f/ (z) déi diu tir duong sang 4m qua diém 20, ham sb c6 cuc
dai tai diém o, con néu f/ (z) d8i diu tir am sang duong thi ham sb dat cuc tiéu
tai diém dé.

BAI HOC
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Cuc tri clia ham sb

Cuc tri ciia ham so

@ Trong lan can §(x0) := |& — 0| < §, ham sb f(x) c6 dao ham (c6 thé ham khéng
c6 dao ham tai xo); fI (z) dsi diu tir duong sang 4m qua dim zo, ham sb cé cuc
dai tai dim o, con néu f/(:c) d8i diu tir am sang duong thi ham sb dat cuc tidu
tai diém dé.

@ Nhu vay: néu ham s6 dat cuc tri tai diém wo thi diém wo d6 c6 thé Ia diém ma
J (z0) =0, cling cé thé tai diém z¢ khéng ton tai f (xo) hodc f (z0) = oo. Diém
dé f'(z0) = 0 goi Ia diém diing con néu Af (wo) hay f'(z0) = oo thi goi la cac
diém nghi ngo.

BAI HOC
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A
NoGi dung

BAI HOC

@ Khao sat va vé db thi ham sb
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Khao sat va vé dé thi ham sb

Khao sat va veé do thi ham so

Khao sat va vé do thi ham sb y = f(x)

@ Tim mién xéc dinh (MXD) clia ham sb.

BAI HOC
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Khao sat va vé dé thi ham sb

Khao sat va veé do thi ham so

Khao sat va vé do thi ham sb y = f(x)

@ Tim mién xéc dinh (MXD) clia ham sb.

@ Xét tinh chin, 18, tudn hoan (néu cé).

BAI HOC
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Khao sat va veé do thi ham so

Khao sat va vé do thi ham sb y = f(x)

@ Tim mién xéc dinh (MXD) clia ham sb.
@ Xét tinh chn, 18, tudn hoan (néu c6).

© Tim giao diém cia dudng cong vdi cac truc toa dé (néu cd).

BAI HOC
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Khao sat va vé dé thi ham sb

Khao sat va veé do thi ham so
Khao sat va vé do thi ham sb y = f(x)

@ Tim mién xéc dinh (MXD) clia ham sb.
@ Xét tinh chn, 18, tudn hoan (néu c6).
Q@ Tim giao diém cia dudng cong véi cac truc toa dé (néu cé).

Q Tinhy = (x), cho f/( ) =0 dé tim diém ding, f’ (z) = oo va diém f (z)
khéng tdn tai thudc MXD (diém nghi ngd).
Lap bang bién thién dé biét khodng ting, gidm, cuc dai, cuc tiéu clia ham sb.

BAI HOC
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Khao sat va vé dé thi ham sb

Khao sat va veé do thi ham so

Khao sat va vé do thi ham sb y = f(x)

@ Tim mién xéc dinh (MXD) clia ham sb.

@ Xét tinh chn, 18, tudn hoan (néu c6).

© Tim giao diém clia dudng cong véi cic truc toa dé (néu cd).

Q Tinhy = (z), cho f (z) = 0 dé tim diém dimng, f,(x) = 0o va diém f/(x)

khéng tén tai thudc MXD (diém nghi ngd).
Lap bang bién thién dé biét khodng ting, gidm, cuc dai, cuc tiéu cha ham so.

@ Tinhy = f"(x), cho f”(x) =0, 1ap bang bién thién dé& biét khoang 13i, I6m va
diém ubn (néu c6) chia dd thi.

BAI HOC
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Khao sat va veé do thi ham so

Khao sat va vé do thi ham sb y = f(x)

@ Tim mién xéc dinh (MXD) clia ham sb.

@ Xét tinh chn, 18, tudn hoan (néu c6).

© Tim giao diém clia dudng cong véi cic truc toa dé (néu cd).

Q Tinhy = (z), cho f (z) = 0 dé tim diém dimng, f,(x) = 0o va diém f/(x)
khéng ton tai thudc MXD (diém nghi ngd).
Lap bang bién thién dé biét khodng ting, gidm, cuc dai, cuc tiéu cha ham so.

@ Tinhy" = f"(2), cho f”(z) = 0, 1ap bang bién thién dé biét khoang 18i, I6m va
diém udn (néu cd) cha db thi.

Q@ Tim céc dudng tiém can (néu cd).

BAIHOC
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Khao sat va vé db thi ham sb

Khao sat va veé do thi ham so

Khao sat va vé do thi ham sb y = f(x)

@ Tim mién xéc dinh (MXD) clia ham sb.

@ Xét tinh chn, 18, tudn hoan (néu c6).

© Tim giao diém clia dudng cong véi cic truc toa dé (néu cd).

Q Tinhy = (z), cho f (z) = 0 dé tim diém dimng, f,(x) = 0o va diém f/(x)

khéng tén tai thudc MXD (diém nghi ngd).
Lap bang bién thién dé biét khodng ting, gidm, cuc dai, cuc tiéu cha ham so.

@ Tinhy" = f"(2), cho f”(z) = 0, 1ap bang bién thién dé biét khoang 18i, I6m va
diém udn (néu cd) cha db thi.

Tim céc dudng tiém can (néu cé).

0

V& dudng cong y = f(x).
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Khao sat va veé do thi ham so

Khao sat va vé do thi ham sb y = f(x)

Vi du 10.1
D3 thi ham ) y:x—l—ln(w2 — 1).

y=x+In(z® - 1)
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Khao sat va vé dé thi ham sb

Khao sat va veé do thi ham so
Khao sat va vé db thi dudng cong cho duédi dang tham sb

4 =zx(t
Dudng cong cho dudi dang tham so: {x o (t), , t€ o, ]
y=yv
Tuong tu nhu trudng hop y = f(x), chi
bién trung gian t va chii y:
dy _y(t), &y _y Mz (t)—y Bz (1)
dr — 2'(t) dzx (' (1))

M

BAI HOC
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Khao st va v& db thi ham sb

Khao sat va veé do thi ham so
Khao sat va vé db thi dudng cong cho duédi dang tham sb

Vi du 10.2
D3 thi dudng Astroid z*/> + y*/2> = a*/?,

3

T =acos t

"3 , 0<t <27
Yy =asin"t

(a > 0) c6 dang tham sb

JEUCE

v
124 / 128
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Khao sat va veé do thi ham so

Khao sat va vé db thi dudng cong trong hé toa dd cuc

Hé toa do cuc

rsin @

© 7 COS P

M Cho diém M trong mat phing OY.
— ——
batr = OMva = (Ox, OM).

Khi do, cap (r, ) duoc goi 1a toa d6 cuc cia diém

Néu (%, 9) 1a toa d6 Descartes ctia M thi

X = rcos
{ 4 0<¢<2m

y=rsing’
Nguoc lai ta co

5 . 9
rz:z2+y2; tango:i
T

r>0,

y Ul
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Khao sat va vé dé thi ham sb

Khao sat va veé do thi ham so
Khao sat va vé db thi dudng cong trong hé toa dd cuc

Dinh nghia 10.1

Cho ham sb 7 = f (¢). D thi cia ham s& nay dugc goi 1a dudng cong trong hé toa db
cuc va phuong trinh » = f () dugc goi 1a phucng trinh dudng cong trong toa dd cuc.

BAI HOC
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Khao sat va veé do thi ham so
Khao sat va vé db thi dudng cong trong hé toa dd cuc
Vi du 10.3

Phuong trinh » = a, a > 0 trong toa dé cuc 13 phudng trinh dudng tron tdm O(0, 0),
ban kinh a.

Tu” = @ suyra
22412 = a?
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Khao sat va veé do thi ham so
Khao sat va vé db thi dudng cong trong hé toa dd cuc
Vi du 10.4

Phuong trinh » = 2a cos ¢, a > 0 trong toa do cuc la phuong trinh dudng tron tdm
(a,0), ban kinh a.

T = 20C0SP guyra

T =rcosp = 2acos’p
y = rsing = 2asin ¢ cos ¢

7 = 2008 ¢
= (z—a)?+y? = a?
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