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PHAN MO DAU

1. Ly do chon deé tai

Bién doi Laplace 1a mot phép bién dbi tich phan quan trong. Ung dung 16n
nht cia né 1a dé giai cac phuong trinh vi phan va cac bai toan lién quan (bai toan
gia tri bién va bai toan diéu kién dau). Ngudn géc cua tng dung nay la & chd bién
do6i Laplace cho phép chuyén tir phép tinh vi tich phan trén ham sang cac phép tinh
dai s trén anh cua ham qua bién doi Laplace. Cac phép bién d6i cho phép chuyén
nhu vay goi chung la phép tinh toan ti (operational calculus).

Bién d6i Laplace dugc dit theo tén cua nha toan hoc va thién van hoc ndi tiéng
ngudi Phap Pierre Simon Laplace (1749-1827). Laplace nghién ctru van dé nay dau
tién vao nam 1782. Tuy nhién tinh hiru dung cia phuong phap nay khéng duoc
cdng nhan. Ky thuat thuc té dé ap dung bién doi Laplace rat hiéu qua nhu hién nay
duoc phét trién khoang mot trim nam sau boi ky su dién nguodi Anh 13 Oliver
Heaviside (1850-1925). Vi vay bién d6i Laplace ciing con duoc goi 1a phép tinh
Heaviside (Heaviside calculus).

Viéc tim hiéu ly thuyét vé Laplace va mot sé wng dung cua nd 1a mot trong
nhitng dé tai c6 ¥ nghia cho hoc vién cao hoc. Vi thé duoc su giup d& va huéng dan
cua thay Ts. Nguyén Cam, t6i quyét dinh chon dé tai “ Bién doi Laplace va mét so
#ng dung” 1am dé tai nghién cau caa minh.

2. Muc tiéu caa dé tai

Trinh bay ly thuyét co ban vé bién d6i Laplace nhu dinh nghia, tinh chat, bién
d6i Laplace nguoc va mot sé phuong phap tim bién d6i Laplace théng dung.

Ung dung bién d6i Laplace dé giai cac phuong trinh vi phan thuong, phuong
trinh vi phan dao ham riéng, phuong trinh sai phan va vi sai phan,...va cac bai toan

lién quan thuong xuat hién trong vat Ii va khoa hoc ki thuat.



3. Phwong phap nghién ciru

Thu thap céc bai béo khoa hoc, cac sach vé co lién quan dén dé tai luan vin,
tim hiéu ching va trinh bay cac két qua vé dé tai theo hiéu biét caa minh, theo hé
théng khoa hoc véi cac chizng minh chi tiét.

Str dung cac két qua caa Ham bién phwc, Bién ddi tich phan,...

4. Bo cuc luan vin

Ngoai phan mo dau, két luan va tai liu tham khao, luan vin gom cé ba phan
CHUONG 1 BIEN POI LAPLACE VA MQT SO TiNH CHAT CO BAN

Trong chuong ndy chung t6i trinh bay cac vin dé co ban cua bién dbi Laplace
nhu 1a dinh nghia, tinh chat, diéu kién ton tai cua bién ddi Laplace va mot sd
phuong phap tim bién doi Laplace nguoc ciia cac ham anh da cho.

CHUONG 2 MOT SO UNG DUNG CUA BIEN POI LAPLACE
Trong chuong nay, ching t6i s& trinh bay cac ung dung cua bién d6i Laplace
vao Viéc giai cac phuong trinh
e Phuong trinh vi phan thuong,
e Phuong trinh dao ham riéng,
e Phuong trinh tich phan,
e Phuong trinh sai phan va phuong trinh vi sai phan.

Ngoai ra, ching tdi cling trinh bay tng dung cua bién d6i Laplace vao viéc
nghiém cua bai toan gié tri bién, tim ham chuyén va dap ung xung caa mot hé thong
tuyén tinh.

PHU LUC MOT SO KIEN THUC PUQC SU DUNG TRONG LUAN VAN



Chuwong 1 BIEN POI LAPLACE VA MOT SO
TINH CHAT CO BAN

1.1 Pinh nghia bién do6i Laplace va c4c vi du
Bién doi Laplace cia ham so f(t) véi 0<t<oo [a mot ham phirc dugc dinh
nghia bai tich phén suy rong

e

Phép bién doi Laplace cua ham f (t) ton tai néu tich phan (1.1.1) hoi tu véi

o0

(s)=[e™f(t)dt (1.1.1)

0

—hl

gid tri cia s thudc mién nao d6. Trudng hop nguoc lai ta ndi phép bién dbi Laplace

cuia ham s6 f (t) khong ton tai. Ta goi ham f (t) trong dinh nghia trén la ham goc
va ham bién déi T (s) 12 ham anh.

Str dung dinh nghia (1.1.1) ta c6 bién d6i Laplace cua mot s6 ham co ban sau
day.
Vide 1.1.1
Néu f(t)=1véit>0 thi

0 T
{1} = [e*dt =lim [e "dt
0 0

e (L12)

4 ~ -, . A 1 . N - o 1
Do d6 néu Res >0 thi gioi han trén tn tai va /{1 ==,

w

Vide 1.1.2

Néu f(t)=e™,trongd6 a lahing sb thyc thi ta co



Vidu 1.1.3
Néu f (t)=t", trong d6 n la mot sé nguyén duong thi ta co

n!

n+l °

f(s)=7{t"} = S

That vay, ta co

o0 100
I — —st nd - _= nd —st
!e t"dt S!t (e™)

0 noo _ _
+—jt" le~stdt
t=0 S o

(0 I n
=—[t"edt=—1_,.
S 3 S

Do do
n n! n!
Y= == == = [l ==,
{ } n S n-1 [SnJ 0 Sn+1
. 1
Vol Iozg.
Vidu 1.1.4

Néu f(t)=sinat, trong d6 a la s thyc thi ta co

4 {sinat} =

s?+a%’

That vay, ta dat
| = #{sinat} = je‘“ sin atdt
0

Taco

(1.1.3)

(1.1.4)

(L.15)



o0

1
| = ——e‘st oS at _ —Ie‘“ cos atdt
1 sl S % )
d —{— smat +—je“smatdt}
a ala ay
1§t 1 s°
=—=;[esinatdt == =1
a a’y a a’

Do d6
1 s°
IZ———ZI
a a
2
<:>(1+S—2 I:1
a a
Suyra
) a
Zsinatt =1 = .
fsinat} =1 =2

1.2 Piéu kién ton tai cho bién doi Laplace
Ham f duoc goi 1a mot ham gac néu né théa man ba diéu kién sau
i) T bitriéttiéukhi t<o0,
ii) f lién tuc tirng khc (piecewise continous) trén [0, ),
iii) f khong ting nhanh hon ham mii khi t — oo nghia 14 ton tai s6 M >0 va
a >0 sao cho
|f (1) <Me, vtz0.
S a,=infa , voi tit ca a théa man (iii) duoc goi la chi sé tang caa ham f . Cha
y rang sé a, co thé khong thoa (iii).
Ham s6 f duoc goi la lién tuc tung khic trén [0,00) néu ham f lién tuc tai
moi diém thudc [O,oo) ngoai trir mot s6 hiru han cac diém gian doan, dong thoi tai

cac diém t ma f khong lién tuc thi f(t*) va f(t*) ton tai.



binhly 1.2.1
Néu f (t) 1aham géc véi chi sb ting ¢, thi bién doi Laplace cua f(t) ton tai véi
moi sthoa Res > «,.
Chang minh
Do f laham géc véi chi sé ting a, nén ton tai s6 M > 0 sao cho
£ (1)< Me'™™", vt=0.

Taco

flef (t)|dt<Mm Te‘(x‘“‘)‘g)tdt
0

0

Me o<k |* M

_(X_ao_g)‘t:o X—a,—&
Chon £ >0 saocho Res=x>aq, +¢.
Do d6 bién doi Laplace ton tai va tich phan (1.1.1) 1a hoi tu tuyét déi khi Res > .
Cha y
a) Tich phan (1.1.1) duoc goi 1a hoi tu tuyét déi néu

T\e*“f (t)dt < oo
0

b) Tich phan (1.1.1) duoc goi la hdi tu déu ddi véi s trén mién xdc dinh Q
trong mat phang phtc néu bat ki & >0, ton tai mot sé 7, sao cho voi moi

T 217, thi

<¢&

Te‘stf (t)dt

véi moi s trong Q.
Pinh ly 1.2.2

Cho f laham goc c6 chi s6 ting «,. Khi d6 bién doi Laplace



fe (t)dt (1.1.6)

hoi tu déu trén mién {s|Res >a},a > a,.
Chang minh
Ta sir dung tiéu chuan weierstrass [Pinh ly B.3 — Trang 103] dé chiang minh
dinh ly trén. That vay,
Do f laham géc co chi sb ting a, nén ton tai s6 M > 0 sao cho
(1) <Me“™", t20
Khi do

‘e—stf (t)‘ < Me—(x—ao—g)t < Me—(a—ao—g)t’

trong d6 Res=Xx>a vatachon & dianhé dé a>a, +¢.

Do j e Nt hoi tu v6i a > a, +& nén theo tiéu chuan weierstrass ta co tich
0

phan (1.1.6) hoi tu déu trén mién {s|Res>a},a > a,.

Pinh Iy 1.2.3

Cho f 1a ham géc c6 chi sé tang @,. Khi @6 f(s) 1a ham giai tich trong mién
Res>q,.

Chang minh

Taco

o0

2ot )] e (0

0

Do f 1a ham gbc c6 chi s ting a, nén ta co
‘(_t)e—st f (t)‘ < tMe—(x—ao—s)t < Me—(al—ao_g)t’

trong 46 Res=X>q, va § >0 c6 thé chon da nho & o, > a, + 7.



Do tich phan J'e*(“f“rﬁ)tdt hoi tu nén theo tiéu chuan Weierstrass thi ta c6 tich
0
phan j%(e‘“f (t))dthoi tu déu trén mien {s|Res>a, }, véi moi &, @, > a;.
0

Nhu vay ta c tich phan e f (t)dt hoi tu va tich phan Taﬁ(e-“f (t))dt hoi tu
0 o OS

déu trén mién {s|Res>a,}, Vi moi a,, @, >a, nén theo [Pinh Iy B.4 — Trang

103] ta c6 ham anh c6 dao ham la
f'(s)=]
0

tai moi diém s thudc cac mién trén. Do d6 f (s) giai tich trong mién Res > .

et (1)),

oS

1.3 Céc tinh chat co ban cia bién doi Laplace
DPinh ly 1.3.1 (Tinh chét tuyén tinh)
Cho cac ham gbc f, véi cac chi s6 ting 1a «,, bién d6i Laplace 1a f,,

k=1,2,...,n. Khi d6 bién d6i Laplace ciia ham t6 hop tuyén tinh f cua cac ham f,
f(t)=>cf (t), véic, lahing s
k=1

laham f duoc xac dinh boi
f(s)=26(9) (13.)
VGi mién xac dinh Res > maxa, .
Chi¥ng minh. Suy ra tir dinh nghia va tinh chat tuyén tinh cua tich phan.
Vidu 1.3.1
Tur két qua cua vi du 1.1.2 va tinh chat tuyén tinh ta c6 bién doi Laplace cua cac

ham sau

a) Taco



“{sinat} f{i e — '“t}
2i
1 1
_ZL i s+|a}
o

= Res>|Imq|
Cs?+a’
b) Tuong tu ta c
1 i —ia S
f{coswt}zf{g(e ‘+e t)}:sz+a2’ Res>|Imc/|
“ 1 al — S
c) f{coshat}:ff{z(e#e t)}:82_052, Res>|Req|
d) # {sinhat} = Ef{l(e‘“—e“t)}z d Res>|Real.
a 2 s*—a?’

DPinh ly 1.3.2 (Tinh chat dong dang)
Cho /{f(t)}=f(s), f laham géc co chi sé tang c, va ¢ >0 lahing sb. Khi d6

- 1-(s
af(et)t==Ff|—=1], R 1.3.2
{ f(ct)} - (cj es>ca (1.3.2)
Chang minh
, ¢ 1% 1_-(s
71t =|e™f ==|ev°f ==—f|=1.
Z{f (e} =[e "t edt =1 e of (wdu = (C)

DPinh ly 1.3.3 (Tinh chat dich chuyén anh)
Néu & {f(t)} = f(s), f cochisd tingla g, thi
:—f’{ea‘f (t)}z f(s—a), Res>a,+Rea (1.3.3)

Chang minh
Theo dinh nghia ta c6

et (t))=[e ™ f(t)dt=F(s-a).

Vidu 1.3.2
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Céc két qua duéi day nhan dugc dé dang tir cong thuc (1.3.3)

f{t”ea‘}:(nﬁ, Res > Rea

s—a

¥ 1e*sinbt =#, Res > |Imb|+ Rea
(s—a)2+b2

g/{eatCOSbt}:%, Res>|lmb|+Rea.
s—a) +

Pinh ly 1.3.4
Néu o« {f(t)} = f(s) thi

s{f(t-a)H(t—a)}=e™f(s)=e ™ {f(t)}, a>0

hay
() H(t-a)j=e =7 {f(t+a)},

trong d6 H (t—a) 1a ham budc nhay don vi Heaviside dugc dinh nghia boi

1, t>a
H(t—a): 0 t<a

Chang minh
Theo dinh nghia ta c6

y{f(t—a)H(t—a)}:TeStf(t—a)H(t—a)dt

o]

J' stf t—a

QD

bat t—a=r7, dt=dr
Khi @6

s{f(t-a)H(t-a)}=e™ j = (r)dr=e =T (s).

(1.3.4)

(1.3.5)

(1.3.6)

(1.3.7)

(1.3.8)
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Chtrng minh tuong tu ta duoc

S{f(H(t-a)j=e > {f(t+a)}.

bic biét, néu f (t) =1 thi
Z{H(t-a)}= 1exp( —sa) (1.3.9)

Pinh ly 1.3.5 (Bién doi Laplace ciia ham tuan hoan)

Cho ' {f(t)}=f(s) va f lamotham tuan hoan véi chuki T thita co

S () =[1-exp(-sT)]" ]e-“ f(t)dt (1.3.10)

0
Chwng minh
Theo dinh nghia ta ¢

e} T 0
t)}=[ef(t)dt=[e™f(t)dt+ e f(t)dt.
0 0 T
bat t = z + T trong tich phan thir hai ta dugc
fe‘“f )dt +exp(-s )_[e‘“f (z+T)dr

0

Do f(z+T)= f(z) vathaybién = bsi t trong tich phan tht hai ta dugc
s)= ]eS‘f (t)dt +exp(—sT)Te“f (t)dt
0
]'e‘“f (t)dt +exp(-sT) f(s).
0
Suyra
L) =[1-exp(~sT)]" [e 1 (1)t
0

DPinh ly 1.3.6 (Bién doi Laplace ciia dao ham)
Cho {f(t)}=f(s).Giasi f' ton tai valaham géc thi

s () =ss{f(t)}-f(0)=sF(s)-f(0), Res>gq, (1.3.11)
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Chwng minh
Theo dinh nghia ta c6

e o]

{f/(t)} =[ef(t)at,

0
Giasa f laham gdc co chi sb tang 1a a,. Khi d6

lim| f (t)e™|<

t—o0

() <M lime @t =, Res=x>¢+aq,

t—ow

t—oo

Tich phan tirng phan cua tich phan trén ta duoc
AP =[e=f ()], +s[e™f (t)dt
0
=s f(s)—f(0),

Tuong tu ta co

Tong quat
Cho ~{f(t)}=T(s). Giasu f(t),f'(t),... f"(t), f”(t) la cac ham gdc thi ta
co
f{f(“)(t)} =s"f(s)—s"*f(0)—s"?f'(0)—---— £"*(0).

1.4 Dinh ly tich chap
binh ly 1.4.1 (binh ly tich chap)
Cho f va g lacac ham gbc co chi s6 tang lan luogt 1a o, B, . Khi d6

A= fO o) =T(5)a(s) @4
trong do f (t)=*g(t)duoc goi la tich chap cua f(t) va g(t) va duoc dinh
nghia bai tich phéan

f(t—7)g(r)dr (1.4.2)

JOREIOR

o t—
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Taghitatla f(t)=g(t)=(f *g)(t).
Chwng minh
Voit>0, >0

(fxg)(t) =

t

jf(r)g(t—r)df

0

Sj“f (r)g(t—r)‘dr

0

<M

O ey

t
e(ao+5)re(ﬁo+5)(t T Me (Bo+e tIe a— ﬁo)rdz_
0

(ap+e)t
<{Mle - w2h (1.4.3)

= Mze(ﬂ0+£)t’ ﬂo > a,,
bat dang thtrc sau cung c6 duoc bang céch tinh truc tiép tich phan. Vay f *g 1a

ham géc c6 chi s tang y, < max{a,, 3, }.

o
(Ie " (r)g(u) dujdr.

Taco

IRt
-]

Pit t=7+u, du=dt v6i = cb dinh

Khi d6 ta co
sl {a(t)) = IUe‘“ f(z)g(t —r)dtjdr (1.4.4)
o\r
Do g(t)=0, t<O0thi g(t—7)=0, t<r vataviétlai (1.4.4) nhusau

s{E(t) T “f(r)g(t-7)dtdz.
0

Do bién d6i Laplace cua f va g hoi tu déu nén ta cé thé ddi tha tu ldy tich phan

[DBinh ly B.2 — Trang 102].

O'—-.S
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e f(r)g(t—7)drdt

)
—~—
—_
~—~
~—+
N—"
——
—~
(@]
—~~
—+
N—
——
ot—,8

e f(r)g(t —r)dz'jdt

eSUf g(t-7) drjdt
=7{(T=9)(v)}:

1.5 Pao ham va tich phan cia bién do6i Laplace

VR
O —

Il
Ot——8 O«—=8 O«——3

Pinh ly 1.5.1 (Pao ham cua bién d6i Laplace)
Néu » {f(t)}=f(s), f laham géc co chi sé ting la o, thi

() = (1) ; f(s), Res>a, (L5.1)

trong d6 n=0,1,2,3,....

Chang minh

Theo dinh ly 1.2.2 bién ddi Laplace cua ham f hoi tu déu va cac diéu kién con
lai trong dinh ly trén théa mén [Dinh ly B.4 — Trang 103]. Khi d6, dao ham theo s
bén trong déu tich phan cua (1.1.1) duoc cho phép

Z(s)-2 :eS‘f (t)dt j et ()t
= —Tt f(t)edt=—"{t f(t)} (1.5.2)
Tuong ty, ta co
s)=(-1)" < {t*f (1)}, (1.5.3)
LoR(9)=(-2) e () (15.4)

Tong quét



an
os"

f(s)=(-1)" 7 {t"f(t)}. (1.5.5)

DPinh ly 1.5.2 (Tich phan cua bién doi Laplace)
Cho ' {f(t)}=f(s).Néu f(t)/t laham géc vi chi s6 tang la a, thi

f{@}sz‘(u)du.

(15.6)

Chang minh
bat

Theo dinh ly 1.5.1 ta c6

G'(s) :Ie“(—t) f(t)dt=—[e*f (t)dt=—TF (s).

Taco
[7(s)ds =[G/ (u)du=G(5)~G(w). (157)
Mat khac
G(s)< Te“ @ dt<M Te(‘x*%”)tdt
0 0
YO R
~X+a,+e| . X—a,-¢

Chon £ >0 saocho Res=Xx>q,+e¢.

Cho s — o ta dugc G(«)=0. Thay vao (1.5.7) ta co

%{@} = T f(u)du.

DPinh 1y da duoc chiang minh.
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Vidy 1.5.1

Tinh f{smtat} = tan‘l(gj,
S

Taco

. |sinat T _1
f{ t }_ '[S +a’ I1+ (s/a)’

=2 _tan (ij =tan™* (E).
2 a S

DPinh ly 1.5.3 (Bién doi Laplace cua tich phan)
Néu & {f(t)}=f(s) va f laham lién tyc thi

y{l f (r)dr} _f) (1.5.8)

S
Chwng minh
bit

g(t):_:[f(r)dr
sao cho g(0)=0, g'(t)= f (t) va g lién tuc.

Goi «a, la chi s6 tang cua ham f | thi véi moi 0< & <1. Khi d6

\g(t)\ < h f (r)‘dz' <M Jt.e(%”)fdr
0 0

M
+¢&

ag+e)r

e <M, etort,

=0
aO

Vay g 1a ham géc. Do d6

f(s)=2{f(t)}=~{d'(t)} =s7(s) = s:/{j' f (T)dr}.
0
Chia ca hai vé cho s, ta dugc (1.5.8). Dinh ly da dugc ching minh.

Vidy 1.5.2
Hay str dung két qua (1.5.8) dé tim
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(@ f{jf”ea’dr}, (b) D%’{Si(at)}:%tanl{g},

S

t

trong do Sl at :I

0

sin aT

(@) Tacé

n!

ste} = W.

Theo (1.5.8) ta co

ar n!
,(///{J‘Tne_ardl'} = —M'
0 s(s+a)

(b) Theo cong thire (1.5.8) vavidu 1.5.1, tacé

.
:/{j Sinas dr} =1tan*1 [Ej.
. T S S

1.6 Bién doi Laplace ngwoc va cac vi du

Cho ham s6 g(t) xdc dinh trén truc thyc R. Ta n6i g duoc bicu dién béi tich

phan Fourier néu voi moi t ta cd

o0 o0

%[g (t+0)+g(t-0)]= % J' e J' g(x)e "™dxdz (1.6.1)

Phuong trinh (1.6.1) dwoc goi 1a cong thizc Fourier.
Pinh ly 1.6.1
Cho f 1aham géc lién tuc ting khic trén [0,00) Vvéi chi s6 tingo,. Khi d6

f(t):2_7ri 'es‘f_(s)ds, c>a,. (1.6.2)

Cong thuc (1.6.2) dwoc goi la cong thic Mellin.

Chang minh
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Gia sir f(t) 1a ham goc va c6 mot gia tri csao cho f(t)e™ Ia mot ham kha
tich tuyét di trén [0,00). Pat g(t)= f (t)e™. Gid st ring c4c diém gian doan cua

g(t) théa mén phuong trinh (1.6.1)va dé don gian cach ghi ta viét

)=2{g(t+0)+g(t-0)]

Khi d6 cong thirc (1.6.1)tré thanh

e [ g(x)e ™ dxdr (16.3)

—0

«Q
—~
—
N—
Il
I\J‘
S
— 8

Do f(t) triét tiéu khi t <0 nén g(t) ciing bi triét tieu khi t <0. Khi d6 phuong

trinh (1.6.3) tro thanh

zziz Ig( e "dxdr
Do do
e f(t :ziz Ig(x)e“’xdxdr
Tuong duong,
f T (c+ir)t T (c+ir)xdxdz_ (164)
—0 0

Do f(t)e™ kha tich tuyét déi nén trén duong thang s=c+ir (—oo <7 <o) thi
bién d6i f(s) hoi tu voi moi 7 va do do nd s& hoi tu trong nira mat phang
Res=x2>c. Ngoaira, f(s)lamot ham giai tich trén nira mat phang Res =x > c.
Khi x=c, taco

f(c+ir)= j f(t)e " dt
0

Tir (1.6.4) tasuy ra
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bat s=c+ir taco

DPinh 1y da dugc ching minh.
Tuy nhién trong tinh toan, dé tim bién d6i Laplace nguoc cia mot ham f_(S)
cho truéc ching ta cd thé st dung cac phuong phap sau day
(i) Dung khai trién phan thac
Néu
F P(s)
f(s)= , 1.6.5
ORE 165)
trong d6 P(s) va q(s) la cac da thuc, bac cia p(s) thi nho hon bac cua

q(s)-

Phuong phép nay co thé duoc sir dung dé biéu dién f (s) thanh tong cac sb

hang ma cac sb hang nay cd thé tim duoc bién d6i Laplace nguoc dua vao bang

bién d6i Laplace. Dé minh hoa cho phuwong phap nay ta xét cac vi du sau day

Vidu 1.6.1

Tim

trong d6 a 1a hang sb.

o {ﬁ} = {é{s i a _%H
E PRRRRC)

Ry
_a(e 1).

Taco
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Vidu 1.6.2
Tim

w1 1

s {(sz+a2)(sz+b2)}
Taco

1

(-1 1 _ 1 (@2 1 _
7 {(s2 +a”)(s” +b2)} ~ b?-a’ [f {sz +a?

a b

s? +b?

1 (sin at _sinbt)

b? —a?

Vidu 1.6.3
Tim
5)_1{ s+7 }
s’ +2s+5
Taco

o s+27 _ ot s+12+6
(s+1) +4 (s+1)" +2°

- fl{(s +Sl;r21+ 22}+3%l{(s +1)2 + 27

=e ' cos2t +3e'sin2t.

Vi du 1.6.4

Tim bién d6i Laplace nguoc sau

P 2s*+5s+7
|(s—2)(s*+4s+13) |

Taco

2

i
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P 2s* +5s+7 _ 1 S+2 1
© (s-2)(s* +4s+13) (s+2) +3 (s+2) +3
5/91{ 1 } o S+2
s—2 (s+2) +3?

15//_1 3
3 (s+2) + 37

1 ]
=e” +e " cos3t + §e*2t sin 3t.

(if) Dung tich chdp

Ching ta s& ap dung tich chap dé tim ham nguoc cua bién doi Laplace.

Vidu 1.6.5

Vi du 1.6.6

(t—7)sinardzr

s:alr—r mlp
ot—.ﬁ O —)

sin ardz'—— J’rsm ardr

(t —lsm at}
a

QJN||_\

Vidy 1.6.7
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= ! _ 1 e, (a>
(e @20

_%j'% at-r)y ,
atof
I e ¥ dx, (x=\/§)
= \e/% erf (Vat). (1.6.6)

trong d6 ¥~ { } 1/\/zt [Vi dy A.1.11 - Trang 98] va ham erf (t) duoc dinh

s

nghia bai tich phéan sau

erf (t) :%jexzdx (1.6.7)

(iii) Dung chu tuyén
Ta da biét ham nguoc cua bién doi Laplace dugc dinh nghia boi cong thuc tich

phan phuc

ST (s)) = £ (1) =§c+fme“f (s)ds, (16.8)

trong d6 ¢ lahang sé va f (s) la mot ham giai tich trén nira mat phang phic bén
phai c6 Res > ¢, .

Dé tinh tich phan (1.6.8) ta dua vao tinh chat ciia cac diém ki di cia f (s).
Théng thudng f(s) 1a ham don trj véi hitu han hogc vo han dém dugc cac cuc
diém. Néu ham da cho f (s) 12 ham da tri thi n6 co diém r& nhanh. Pudng lay tich
phan 1a duong thang L (hinh 1.6a) trong mit phiang phic S c6 phuong trinh 1a
s=c+iR, —0 < R <o, Res=c¢ duogc chon sao cho tt ca cac diém ki di caa ham

du6i dau tich phan déu nam bén trai duong thang L. Puong ndy L goi 1a duong
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thang Bromwich va chu tuyén khép kin tao boi L va nira duong tron ban kinh R
nhu trong hinh 1.6(a) duoc goi 1a chu tuyén Bromwich. Khi R — oo thi chu tuyén
ciia tich phan mé rong ra v ciing sao cho tat ca cac diém ki di cia f(s) déu nam
bén trong chu tuyén cua tich phan. Khi f(s) c6 diém ré nhanh & géc toa dd,
ching ta s& v& chu tuyén bi bién ddi boi mot 14t cit doc theo nira truc thuc am va

mot dudng cong nhé » quanh géc toa o nhu trong hinh 1.6(b).

B B .
iR r c+iR
r = C+i =
. L, -
0 c > Res
\ ) 9
c-iR c-iR

(@) (b)
Hinh 1.6

> |m s
> |m s

N

> Res

Bay gio, néu ta gia s f (s) Ia ham giai tich trong mién Res < e, ngoai trir hitu
han cac cyc diém a,,a,,...,a . Bang cach lay R di l6n dé dam bao cac cuc diém

nay nam hoan toan trong chu tuyén C . Theo dinh Iy thing du Cauchy ta co
[etf(s)ds+[e*f(s)ds=[e"f(s)ds=2zix > Res(a,), (1.6.9)
L T C k=1

trong d6 Res(a, ) la thang du cua ham e* f_(s) tai cyc diém tai s=a, .
Cho R —> oo, tich phan trén T tién dén 0 dya vao bd dé bén dudi.
Do do tir (1.6.9) ta co

) 1 c+iR - n
f(t)leigz—mciRetf(s)ds=kZ_1:Res(ak)

Bo de

Véi s trén T, giasirrang f(s) thoa mén
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[F(s) <%, p>0 véi moi R>R,

trong @6 M, p, R, la cac hang sé.
Khi do
lim{e*f(s)ds=0, t>0.

R—ow
Ta chap nhan bo dé& nay ma khéng ching minh.
Pinh ly 1.6.2 (Binh Iy thing du Cauchy)
Cho mét ham don tri f (z) lién tyc trén bién C cua mién D va giai tich trén

phan trong cua D ngoai trir mot s6 hitu han cac diémki di a,,a,,...,a, thitaco

[ f(z)dz =2z res[ f(a,)] (1.6.10)
C k=1
trong d6 resf (a) la gia tri thang du cua ham f tai a.
Thing du ciia ham f (z) tai cuc diém cip n duoc tinh bai cong thic

resf (a):lziig(nil)!;%;[(z—a)” f(z)] (1.6.11)

Déi vai cuc diém cip mot ta c6 cong thic sau

resf (a) =lim|(z-a) f (z)] (1.6.12)

Z—a

Néu trong 1an can diém a, ham f (z) la thuong ctia hai ham giai tich

1(2)- 282 (p(a) ~0u(a)=0.p(a) #0)

w(z)

thi ta c6 cong thirc sau day

: o(z) . o(2) ¢(a)
resf (a)=Ilim(z—-a =lim = . 1.6.13
()=l )I//(Z) —ay(2)-v(a) y'(a) (16.13)
Z—a
Vidu 1.6.8
Néu f (s)=———. Ching minh ring

S"+a
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C+ioo

f(t)=i _[eS‘f_(s)ds=cosat.

272-' Cc—ioo
D& thiy ham dudi dau tich phan c6 hai cuc diém Ia s = +ia va thing du tai cac
cuc diém nay 1a

st

) . se
:I —
R =lim(s Ia)(s—ia)(s+ia)
) se” 1 .
=lim —=—e
s>ia(s+ia) 2
. ) se® 1 .
R :I v = —iat
, slr_rila(s+|a)(sz+a2) 2e
Do do
o st £ l ia —ia
f(t)zz_ﬂ'iciwetf(S):Rl+R2:E(et+e ') = cosat.
Vidu 1.6.9
Tinh
(ﬁf?_l ; .
(52+a2)2
Pit
st
g(s)=e*f(s)=——
(sz+a2)

D& thay g (s) c6 hai cuc diém cap hai tai s = +ia. Theo cong thic (1.6.11) ta c6

thang du ctia g (s) tai cuc diém cép hai s =iala
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R, = Iimi{(s— ia)’ Lﬁ}

s—ia g (SZ + a2 )2

. d se™ te™
=lim—| ——— |=——.
s—ia s (s + |a) 4dia

—iat

, —te
Tuongtytacd R, = —
4i1a
Do do
f(t)=R +R, = L(eiat —e™)= L sinat.
4dia 2a
Vidu 1.6.10
Tinh
o cosh(ax) . \E
= |scosh(at)|’ “a’
Taco

f(t)- 1_ jwe“ cosh(ax) ds
27 7, cosh(al) s

D& thiy ham dudi dau tich phan c6 cac cuc diém don tai

2
s=0,5=s5, =—(2n+1)22i n=012,.

0
trong d6 S =5 la nghiém cua phuong trinh cosh(a/)=cos(ial)=0.
Gia str R, la thang du tai cuc diém s =0 thi R, =1 va theo cong thic 1.6.13

thang du tai cuc diém s = s, la
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R —lim(s— S)e“cosh(ozx)
s, scosh(al)

exp(s,t)cosh {a S"}

el

Do do
f(t)=R +R,
4 &= (—1)n+l 27ZZat
=1+— 2n+1
+ﬂ§(2n+1)eXp{ (2n+1) 27 }
xCOS{(2n+l)ﬂ—X}.
2/
Ménh dé

F {?} =erfc (Z\fj

trong do erfc(t) (complementary error function) dugc dinh nghia boi tich phan sau

o0

erfc(t) =1-erf (t I

e
Chang minh

Ham dudi diu tich phan 14 ham da tri c6 diém ré& nhanh tai s =0. Ching ta sir
dung chu tuyén tich phan trong hinh 1.6(b) c6 chaa diém ré nhanhs = 0. Do 4o,
theo dinh li Cauchy ta co
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%{j [ ] o }exp(st—a\/_) (16.14)

Ta thay rang tich phan trén T tién vé 0 khi R — oo va trén L cho ta tich phan
Bromwich. Bay gio ching ta tinh ba tich phan con lai trong (1.6.14)

o Trén Ll:s:rei”z—r,\/_zﬁei%:i\/?
{eXp(St_a\/g)%=iexp(St—a\/g)%=—Iexp{—(rt+iaﬁ)}$

o TrénL,:s=re’ =-r, Js=+re'z =—iJr

— o0

L[exp(st—a\/g)%zj xp(st—af) = [ex { rt+ia\/F}$

0 0

Do d6, két hop tich phan doc theo L, va L, lai ta duoc

J'exp(st—ax/g)%+ jexp(st—ax/g)ﬁ

e
0

S dr
— 2i _([e tsm(a\ﬁ)T

:Zﬂierf( 2 a>0 (1.6.15)

)

trong do

F i dr a e
e"sin(ar)—=zerf| -°-|, a>0  [Pinhly B.5- Trang 104
Jetsin{ar ) (Mj iy 910

e Cudiculng, trén y:s=re’, ds=ire’do
ds . ¢ - > i?
J'exp(st—ax/g)—zi Iexp{re'g—a.rz.ez}de
/4 S 2
= i [ dr=-27i (1.6.16)

Do do, thay (1.6.15),(1.6.16) vao (1.6.14) ta duoc
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o) 1“1
1{ }:Zﬂ'i Igexp(st—ax/g)ds

c—iw

= {1— erf (%ﬂ = erfc[%) (1.6.17)

(iv) Pinh Iy khai trién ciia Heaviside
Gia sir f(s) Ia bién doi Laplace cia f (t) va c6 khai trién Maclaurin du6i

dang chuoi liy thira

f(t)= ia% (1.6.18)
r=0 H
L4y bién do6i Laplace cua f (t) ta duoc
— > a
F(s)=3 2 (1619)

r=0 S

Ngugc lai, chiing ta c6 thé rt ra (1.6.18) tir mot khai trién da cho (1.6.19).

DPinh ly 1.6.3 (binh ly khai trién cua Heaviside)

Néu f_(s):%, trong d6 P(s) va g(s) 1a cic da thic bién s va bac cua
q(s
q(s) thilon hon bac cua p(s) thi
> -1 ﬁ(S) . ﬁ(ak)
5 — = _'—eXp tx, ), 1.6.20
{q<s>} 2 () P (1620)

trong d6 ¢, la cac nghiém phan biét cua phuong trinh g (s) = 0.
Chang minh
Khéng mat tinh tong quat, ching ta c6 thé gia s rang h¢ sb dau tién cua q(s) la
1 va viét cac thira s6 phan biét cia g (s) sao cho
q(s)=(s—a)(s—a,)..(s—&)...(s—,) (1.6.21)

Theo qui tic khai trién phan thic riéng phan, ta cé thé viét

Fs)=28) s A (16.22)
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trong d6 A, 1a cac hang so da x4c dinh. T (1.6.21), ta co

b(s):kzri;Ak(S—al)(s—az)...(s—ak_l)(s—ak+1)...(s—an).
Thay s = ¢, ta duoc

Pla)=A(a—a)(a —a,)..(a — ). (a4 —a,) (1.6.23)
trong d6 k =1,2,3,...n.

Dao ham hai vé cua (1.6.21) ta duoc
T(s)=D.(s—a)(s—a,)...(s—a,)(s—a,,)..(s—,)

k=1

Thay s = ¢, taco

T()=(ay—a)(—,)..(a, —a ) —a,,)..(a,—a,) (1.6.24)
Tir (1.6.23) va (1.6.24) taco

P ()
ARCICR)
Do d6
ﬁ(S)_ o, P(e) 1
a(s) 2 (a) (5-a) (1.6.25)
Suyra

Dbinh 1y da duoc chang minh.

Vi du 1.6.11

Tim

:f—l{—z > }
s —3s+2

Oday p(s)=sva q(s)=s>-3s+2=(s-1)(s—2).Dod6



J{ s }: P(2) o, P() o _pert ot
s’-3s+2) T(2) a(1)
Vidu 1.6.12

£ S . . N
Néu o = ‘/— , chirng minh rang
a

2
(-2) cos{(k + 1jw}exp[—(2k +1)° aﬂzt}
:{,1{ COSh“X}Zl_ii 2) ¢ 40
T

scosh a/

Chang minh

Taco

sHE(s) = {%} = l{%}

Nghiém cua g (s) la s =0 vatai cac nghiém cua cosh ¢ = cos(ial) =0, nghia

2 -\ 2
latai s =s, =a(k +%) (”7') k=0,1,2,.... Do d6

a, = /S—k:(méj’% k=012,.

a
O day p(s)=cosh(ax), q(s)=scosh(cl)nén dé ap dung dinh Iy khai trien
Heaviside ta can
_, d 1 .
q'(s) :E(scosh al) :cosh(a£)+§a£smh(a£).
Néu s =0 thi q'(0)=1vatai s=s, taco

7(s.)= %[k +%j7zi.sinh Kk +%j7zi}

=(2k +1)%i.isin[[k +%j7z}

= —(2k +1)%.cos kz =(-1)"(2k +1)%.
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Do do
p {%}=1+%§;((2—1)k*1) cosh [(Zk +1) 2= 5/ }exp(ts )
— _%g(( ) )cos[(2k+1)—}

{ ‘r at}
X exp .

1.7 Pinh ly gia tri dau, dinh Iy gia tri cudi
Pinh ly 1.7.1 (binh ly gia tri dau)
Néu »{f(t)} = f(s) va f'(t) laham gdc thi

lim[s F(s)]=lim f (t)= f (0) (1.7.1)

S—® t—0
Chang minh
Do tich phan Laplace hoi tu déu theo s nén ta dugc phép dua giéi han vao bén
trong dau tich phan [Pinh ly B.1 — Trang 100]. Do d6

lim~ { f'(t)} = _[(Ilme St)f (t)dt=0.

S—>0 S—>0

Theo dinh ly bién d6i Laplace cua dao ham ta c6

lim o~ {f'(t)} =lim[s f(s)— f(0)]=0

S—0 S—0

Suyra

lim[ s f(s)]=f(0)=1lim f (t).

S—00 t—0

Vidy 1.7.1

Néu

Thi
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s+1
CRLEIe )
DPinh ly 1.7.2 (Binh ly gia tri cudi)
Cho ' {f(t)j=f(s).Giasu f' lahamgoc vaton tai gi6i han lim f (t) thi ta c6

lim f (t) =lims f (s) (1.7.2)

t—oo s—0
Chwng minh

Taco
lim 7~ { £'(t)} =lim['s T (s)— f (0)] = j(lligexp(—st))f’(t)dt

wo)—f(0)=lim[ f(t)-f(0)].

S—o0

Il
ot—38
—

Suyra

ISiLT()}[s f(s)]= lim f (t) = f (o).

Vi dy 1.7.2
Cho f (t) =sint. Khi d6

=0

lims f (s) =i
SIIIJIS ( ) sII)rO]S +1

Nhung lim f (t) 1a khong ton tai. Do dé, dinh 1y gia tri cudi khong duoc ap dung.

t—o0
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Chwong 2 MOT SO UNG DUNG CUA BIEN POI
LAPLACE

Nhiéu bai toan tha vi trong vat ly dugc mé ta thdng qua cac phuong trinh vi
phan hoic cac phuong trinh vi phan dao ham riéng véi cac diéu kién ban dau ciing
nhu cac diéu kién bién thich hop. Cac bai todn ma ching ta thuong gip nhu bai toan
gia tri dau, bai toan gié tri bién hoac cac bai toan gia tri bién — gia tri dau déu cé
nhitng (ng dung thuc té trong vat 1y va khoa hoc ki thuat. Phuong phéap bién doi
Laplace thi dac biét hitu ich trong viéc tim nghiém cua cac bai toan néu trén.

Chuong nay chung t6i s€ trinh bay phuong phdp giai phuong trinh vi phan va
phuong trinh dao ham riéng bang ki thuat bién doi Laplace. Cac (ing dung cua bién
d6i Laplace dé tim nghiém cua phwong trinh tich phan, nghiém cua céc bai toan gia
tri bién trong ly thuyét chuyén vi dam ciing duoc thao luan. Ngoai ra, chiing t6i ciing

tim hiéu cach giai phuong trinh sai phan va vi sai phan bang phép bién d6i Laplace.
2.1 Nghiém cia phwong trinh vi phan thwong
Pé giai phuong trinh vi phan bang cach s dung bién d6i Laplace ching ta tién
hanh theo cac budc sau day
e Bién doi Laplace hai vé caa phuong trinh ta thu dugc phuong trinh dai s6
theo f(s)=7{f(t)}.
e Giai phuong trinh dai s6 dé tim ra f(s).

e Dung phép bién dbi Laplace nguoc ta ¢ nghiém cua cac bai ton ban dau.

Vidu 2.1.1

Phuong trinh vi phan tuyén tinh théng thuong bac hai c6 dang tong quat nhu sau
d*x dx
—+2p—+0x = f(t), t>0 211

biéu kién dau Ia
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x(0)=a, x'(0)=b (2.1.2)
trong 46 p,q,a va b 1a cac hang sd.
LAy bién doi Laplace hai vé (2.1.1) ta dugc
LX)} +2p s (X ()} + a7 {x(t)} = 2 { (1)
< s°X(s)—sx(0)—x'(0)+2p{sx(s)—x(0)

—_——
+

o)

|

—~~

w

~
Il =
_hl

—~~

w

~

Thay(2.1.2) vao phuong trinh trén ta duoc
s°X(s)—sa—b+2p{sx(s)—a}+ax(s)=f(s),
& (s’ +2ps+q)x(s)-sa—b—2pa=f(s),

SN [(s+ p)’ +n2}7(s) =(s+p)a+(b+pa)+f(s)
Suyra

Y(S):(s+p)a+(btpa)+f_(s)’

(S+p) +n?
__a(stp)  (b+pa) | f(s) o
_(5+p)z+n2 (s+p) +n? (S+p)2+n2’ qg-p* (213)

L4y bién ddi Laplace nguoc cung véi dinh ly tich chap ta nhan dugc nghiém véi
ba truong hop sau day
e Truonghopl: n°=q-p°>>0

Tur (2.1.3)taco

(s+ p)2+n2 (s+ p)2+n2 (S+p)2+n2

=ae " cosnt +1(b + pa)e " sinnt
n

+%jf(t—1)ep’sin nrdr, (2.1.4)

0

2 2

e Truonghop2: n"=q-p°=0
Khi @6 (2.1.3) tro thanh
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c(s)— @ , b+pa f(s) |
(5) s+p (s+p) (s+p)

LAy bién doi Laplace nguoc ciia phwong trinh trén ta duoc

x(ty=ax ! +(b+ af;)‘l; + ! f_(S)
O-sr fgh oo w25

t
=ae " +(b+ pa)te ™ +I f(t—7)re ™dr, (2.1.5)
0

e Trudng hop 3: n° =-m” sao cho m* = p>*—q >0

Khi d6(2.1.3) tro thanh

a(s+p)  (b+pa) f(s)
(s+p)2—m2 (s+p)2—m2 (s+p)2—m2

X(s)=
LAy bién doi Laplace nguoc phuong trinh trén ta duwoc

x(t)=ae ™ coshmt +%(b + pa)e " sinhmt

t
+%£ f (t-7)e ™ sinhmzdr, (2.1.6)
Vidu 2.1.2
Giai phuong trinh vi phan tuyén tinh bac hai sau
x”(t) + 4x'(t) + 3x(t) =0, x(O) =3, x'(O) =1 (2.1.7)

L4y bién d6i Laplace hai vé ciia phuong trinh (2.1.7) ta duoc
sAx" () + 42X (1)} +37{x(1)} =0
& 5°%(s)—sx(0)—x'(0) +4[ sx(5) — x(0) | +3x(5) =0
< (s*+45+3)x(s)—(s+4)x(0)-x'(0)=0 (2.1.8)
Do x(0)=3, x'(0)=1 nén (2.1.8) twong duong véi
(s> +45+3)x(s)=3(s+4)+1=35+13

Suyra
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3s+13
(s2 +4s+3)

3s+13
(s+1)(s+3)

A B

:s+1 s+3°

)T(s):

trong d6 A, B 13 hang sb.

Taco
3s+13=(s+3)A+(s+1)B
=(A+B)s+3A+B
Suyra
{A+B=3
3A+B =0

Giai hé ta dugc A =5, B=-2. Thay vao (2.1.9) ta duoc

5 2

)T(s)———

s+l 543

LAy bién doi laplace nguoc cia phuong trinh (2.1.10) ta dugc

x(r)=57" {L} -2 {L}
s+1 s+3

=5¢" —2e™
Vi du 2.1.3 (Phuong trinh vi phan thuong bac cao)
Giai phuong trinh vi phan tuyén tinh bac n vai hé s6 hang nhu sau
f(D){x(t)}=D"x+aD"*x+a,D"*x+---+ax=¢(t), t>0
véi didu kién dau
X(t) =%, Dx(t)=x, D*x(t)=X,,....D""x(t)=x,,tai t=0

d N N \ , N 7
trong do D rn 1a dao ham cua x(t) va X,, X,..., X, , la cac hang so.

LAy bién d6i Laplace hai vé cia (2.1.12) cing véi diéu kién dau ta c6

(2.1.9)

(2.1.10)

(2.1.11)

(2.1.12)

(2.1.13)
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D08 D7 a7 (D7) 5 )= 7 fo(0)
& (8" —8"x, = 8" X ==X, = X, )

- Xl_"'_xn_z)

+2, (8" X = 8" %y~ = X )

+ota,, (SK—X%)+aX=4¢(s) (1.1.14)

+a,(s" X —s"?x, -5

hay
(88" " e )X(9)
=G (s)+ (s +as 4, )X,
( n72+a13”*3+---+an_2)X1+-"+(S+al)xn—2+X-
PN (2.1.15)

trong d6 (s) la tat ca cac so hang vé bén phai cua (2.1.15) b di 4 (s) 1a da thirc
bac (n—1) cua s.
Do do
(s"+as" +--+a,)X(s)=¢(s)+w(s)
= T(5)X(5) =4 () +w7(s),
trongdo f(s)=s"+as"* +---+a,.
Suyra

x(s):f_—s) (2.1.16)

LAy bién doi Laplace nguoc cua (2.1.16) 1a

x(t)= 7 1{%}+y1{";gz)} (2.1.17)

Vi du 2.1.4 (Phuong trinh vi phan tuyén tinh bac 3)

Giai phuong trinh vi phén sau
X" (t)+x"(t)—-6x'(t) =0, t>0, (2.1.18)

véi diéu kién ban dau
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x(0)=1, X'(0)=0, x'(0)=5 (2.1.19)
L4y bién d6i Laplace hai vé ciia phuong trinh (2.1.18) ta duoc
[s°%(s)—5x(0)—sx'(0) - x"(0) | +[ s°X(s) —sx(0) - X' (0) | -6[ sx(s) - x(0) ] =0.
Thay (2.1.19) vao phuong trinh trén ta dwoc
[s°%(s)—s*.1-5.0-5]+]s°X(s)—s—0]-6[ sX(s)-1]=0
e [s°+5*—65 |X(s)=5"+s-1,
Suyra

= s?+s-1 s?+s-1
X(S):s(sz+s—6):s(s+3)(s—2) (2.1.20)

Ta viét lai nhu sau

s+s-1 A B C
X(s)= =—+ + 2.1.21
(5) s(s+3)(s-2) s (s+3) (s-2) ( )
z N / A K IX . 1 1 1
Tuong tu vi du 2.1.2 ta tim dugc cdc hé so lan luot 12 A:E’ B :g, C 25.
Khi d6 tr (2.1.21) suy ra
(ol 11
6s 3s+3 2 s-2
LAy bién doi Laplace nguoc phuong trinh trén ta dugc
11 5 1.,
X(t)=—+—-€" +—¢ 2.1.22
Vi du 2.1.5 (Phuong trinh vi phan tuyén tinh hé s6 bién thién)
Giai phuong trinh
d?x , dx
+t —-2x=2, 2.1.23
dt*>  dt ( )
x(0)=x'(0)=0 (2.1.24)

Lay bién doi Laplace hai vé cua phuong trinh (2.1.23) ta c6
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2
AL +§f{t%}—2f{x}=g,
dt dt S

o - sx(0)-x'(0)- &

L{SK(s)-x(0)} - 2% (s) =

Thay (2.1.24) vao (2.1.25) ta duoc

SZY(S)—%{SY(S)}—ZY(S):g

@szx(s)—i(s)—sg—:—ﬂ(s)zg

d _ 2
<:>sd—)s(+(3—sz)x(s):—g

Chia hai vé (2.1.26) cho s ta dugc

PO ke (1,
Thira so tich phan 1a u(s)=e (——s j

Nhan ca hai vé cia (2.1.27) véi thira sb tich phan ta dugc

!

ol 5] o)
1

1 [ s*
7(s)=?exp( I—Zsexp(—?jdﬁ Al,
2 - 2
:—Sexp(% 2exp(—%j+ A}
A
~ex

—£+ epSZ
¥ s 2 )

trong d6 A 1a hang sb tich phan.

Do @6

2

S
2

S

Tathiy X(s)—> o khi s — o nén ta phai c6 A=0. Do d6, X(s)=2/s".

LAy bién doi Laplace nguoc, ta nhan nghiém

(2.1.26)

(2.1.27)
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x(t)=t*

Vi du 2.1.6 (Hé phuong trinh vi phan tuyén tinh bac mot)

Xét hé sau

d

S ag (1)

(2.1.28)

dx,

E = alel + a22X2 + b2 (t)
V6i diéu kién dau

X (0)=xva X%, (0)=x,
(2.1.29)
trong d6 a,,,a,,,d,,,a,, la cac hang sb.
bat
dx,
Xz(xij dx _| dt Az[au auj
X, dt | dx, a, a,
dt
b (t
CHAE —(Xﬂ’j,
b, (t) X,

Chung ta c6 thé viét lai hé trén dudi dang ma tran nhu sau

dx

E:Ax+b(t), x(0)=x, (2.1.30)

Lay bién doi Laplace cua h¢ (2.1.28) ta dugc
{571 - Xl(o) = a1171 + 81272 + BI(S)
SX, — %, (0) = a,,X, +a,,X, +b, (s)
Do (2.1.29) nén hé phuong trinh trén twong duong voi
{(S_au)yl_alzyzle 6( )
—321714-(8—8.22 +b ( )
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Nghiém cua hé la
XlO +51(S) _a12
X, +b,(S) s—a,

S_au _a12
—a S—a,,

S—ay, )(10"'61(3)

—a, X, +b,(s)
S—a; —a,
8, S—ay

%(s)= , %(s)= (2.1.31)

21

Khai trién cac dinh thuc trén ta duoc X (s), X, (s) vatirdo taco thé tim ham nguoc

X (1), % (t)-
Vidu 2.1.7
Giai hé phuong trinh vi phan sau
dx 0
2= AX, 0)=| |, 2.1.32
o x(0)-]) (212)
trong do

x=[2} A:(_Oz ;j (2.1.33)

d—Xl—xzzo
;t (2.1.34)
X2
—24+2% —3x,=0
gt Tk
va
x(0)=0va x,(0)=1
(2.1.35)

Laybién doi Laplace hé (2.1.34) ta duoc

{s?cl (s) - X, (0) - X, (s) =0

X, (s) - X, (0) +2X, (s) -3X, (s) =0

Do (2.1.35) nén hé trén tro thanh
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X, —X,=0
{2?1+(s—3)_2:1
Hé¢ nay cd nghiém la
Lo
1 s-3 1
Z(S):s “1] §2-3s+2
2 5—3‘
1
Ts-2 s-1
va
=
_ 2 S
XZ(S):S “1| 9 -3s+2
2 s—B‘
2 1
Ts-2 s-1

Lay bién doi Laplace nguoc cua (2.1.36) va (2.1.37)ta dugc
x (t)=e* —¢', X,(t)=2e* —e'.

Khi d6, nghiém cua hé viét duéi dang ma tran nhu sau
e2t _ et
x(t)= [Ze” —e‘}

Vi du 2.1.8 (Hé phuong trinh vi phan kép bac hai)

Giai hé sau
2
d )2(1—3x1—4x2 =0
dt
(t>0),
2X2
pre +X +X,=0

véi diéu kién ban dau
dx, dx :
t)=x(t)=0;, —2=2, —2=0tait=0

(2.1.36)

(2.1.37)

(2.1.38)

(2.1.39)
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LAy bién d6i Laplace hai vé cia hé (2.1.38) ta duoc
s?% —sx (0)—x, (0)-3%x, —4%, =0
s’X, —sX,(0)—X, (0)+% +X,=0

Do (2.1.39) nén

X +(s? +1)X, =
Taco
2 -4
B 0 s>+1 2(s2+1)
xl(S)— 52—3 _4 = (S2_1)2
1 s +1

Ta viét lai nhu sau

_(S):2(82+1):(s+1)2+(s—1)2: 1,1
(9,2—1)2 [(s—l)(s+1)]2 (s-1)° (s+1)°

LAy bién doi Laplace nguoc ta duoc

X (t)=t(e' +e™),

Tuong tu
s2—3 2‘
_ 1 0 -2
X S = = .
2( ) S2_3 _4 (82—1)2
1 s? +1
Tacd

% ()= 2 _1{1_1_ 11 }
i _(32—1)2_2 s-1 s+1 (s-1)° (s+1)° |

Do do
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X, (t) :%(et —e " —te' —te”").

> Ung dung trong céc bai toan dao dong
a) Cac dao dong tu do khdng cé luc can
Xét diém M chuyén dong thing dudi tac dung cua luc phuc hdi F trén truc Ox.

Hinh chiéu cua F trén truc Ox bing

Véi ¢ > 01a hang sé.

Ta thdy luc F c6 xu huéng bét diém M quay tré lai vi tri can bang O, tai do

F=0.
Ta tim qui luat chuyén dong cua diém M. Theo dinh luat 11 Newton, ta co

phuong trinh vi phin cua chuyén dong la

d’x
m—-=—Cx, 2.1.40
dtz ( )
trong d6 m 1a khéi luong, ¢ 1a thoi gian.

=’ ta duoc

Chia hai vé phuong trinh (2.1.40)cho m va ki hiéu —
m

2
X
7 + COZX = 0,
dt
Dbay 1a phuong trinh vi phan cta cac dao dong tu do (free oscillation) khéng co

luc can.

b) Cac dao ddng tit dan cd lwc can ti 1é véi van téc

Ta xét anh hudng cua sirc can cia moi truong toi cac dao dong tu do vai gia
thiét 1a luc can ti 1& bac nhét véi van toc

—

R :—77\7,
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trong d6 7 12 hang s6 duong. DAu trir chi lyc R nguoc chiéu véi van téc v .

v
] 1
I

— X
0O F R

Gia st diém chuyén dong dudi tc dung cua luc phuc hdi F va luc can R . Khi
d6 hinh chiéu cac luc nay Ién tryc Ox bang

F =-cx, R, =-nv, =—77ﬂ
’ dt
Khi d6 phuong trinh vi phan cho chuyén dong nay 1a
d’*x dx
Mm—=—CX—1N— 2.1.41
dar’ T ( )
Chia hai vé cho m ta dugc
’X X
d - 2k P =0 (2.1.42)
dt dt

trong do ta ki hiéu »* =c/m, 2k =n/m.

Phuong trinh(2.1.42)1a phuong trinh vi phan cua cac dao dong tat dan (damped
oscillation) chiu luc can ti 1& bac nhit vai van téc.
c) Cac dao dong cwdng birc khi khdng co luc can
Xét truong hop xay ra khi ngoai luc phuc hdi F, dim con chiu tac dung cia
luc Q bién dbi tuan hoan theo thoi gian ma hinh chiéu cua né 1én truc Ox la
Q, =Q, cosat (2.1.43)
luc d6 goi la luc ngoai (external force) con dao dong xay ra dudi tac dung cua luc
d6 goi la dao déng cuong bic (forced oscillation). Pai lwong @, 1a tan s6 goc cua
luc ngoai.
Phuong trinh vi phin cta chuyén dong trong trudng hop nay cé dang
d?x
M- = —cX + Q, cos ayt (2.1.44)

Chia hai vé (2.1.44)cho m va dit P, =Q,/m taco
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2

f-l—a)zx:POcosa)Ot (2.1.45)

dt

Dbay la phuong trinh vi phan cua cac dao dong cudng bac khi khdng co luc can.

Vidu 2.1.9 (Dao dong cudng birc trong méi trudng khéng cé luc can)
Phuong trinh vi phén cho dao dong c6 su xuat hién mét luc ngoai Ff (t)tic dong
Ién hé la
d?x
dt?

trong 46 @ latan s6 goc va F la hang sd.

+w'x = Ff (1), (2.1.46)

Diéu kién ban dau la
x(0)=a, x'(0)=U (2.1.47)
trong d6 a, U 1a cac hing so.
LAy bién d6i Laplace hai vé cia (2.1.46) véi diéu kién dau (2.1.47) ta duoc
s?X(s)—sx(0)—x'(0)+w’x(s)=F f(s)
< s'X(s)-sa-U +@’x(s)=F f(s)
& (P +o°)X(s)=sa+U+F f(s)

Suyra

X(s)= . +

40’ S+ S+ (2.1.48)

Lay bién doi Laplace nguoc cua (2.1.48)ta co
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: S u, . @ _ f_(s)
x(ty=a~ ™ +—¥ +Frt
() {Sz+a)2} ) {Sz+a)2} {Sz+a)2}

t
—acosot+ Zsinat+ [f(t-7)sinordr (2.1.49)
@ W

2 \V2 t
. . F .
=|a’+— t t)+— | f(t— d
[a +w2} (cosgcosw +sm¢smw)+wj (t—7)sinwrdr

0

t
= Acos(a)t—¢)+£ [f(t-7)sinwrdr, (2.1.50)
@ %
2 \¥2
trong do A:£a2+u—2j Va ¢ =tan 1(2)
[ wa

Nghiém(2.1.50) bao gom hai sé hang. S6 hang dau tién théa man diéu kién ban
dau va nd biéu dién cho mot dao déng tw do véi bién dd A, pha ban dau ¢ Vva tan
$6 gOc tw nhién @ (natural frequency). Dao dong tu do nay I1a nghiém tong quat cua
phuong trinh vi phan tuong tng, ndé khéng phu thudc gi vao tac dong ngoai.

S6 hang thtr hai biéu dién cho mot dao dong cudng birc va dao dong cudng buc
nay la nghiém riéng cta phuong trinh vi phan trén. Bé kiém tra mot vai dic trung
thd vi cua nghiém (2.1.50), ching ta xét cac truong hop dac biét sau day.

(i) Ham cuwong bic triét tiéu (Zero forcing function): f (t)=0

Trong truong hop nay, tir nghiém (2.1.50) ta cé
x(t) = Acos(awt—g¢) (2.1.51)
Phuong trinh nay biéu dién cho mét dao dong diéu hoa don gian voi bién do A,

tan s6 goc @, pha ban dau ¢ .
(ii) Ham cuong birc on dinh (Steady forcing function): f (t) =1

Trong trudng hop nay, nghiém (2.1.50) tro thanh
F t
X(t) = Acos(at —¢)+— [sinwrdr
2

= Acos(wt —¢) +£2[1— cos wt |
()
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Tuong duong
x(t)—iz ACOS(a)t—gé)—iCOSa)t (2.1.52)
@’ o’

Djt bigt véi U =0.Khi d6 A=a,4=0nén tir (2.1.52) taco

)
X——=|a——- |Coswt.

@’ @’

Phuong trinh nay twong (ing véi dao dong tu do vai tan sé goc tu nhién .
(iii) Ham cwrong birc bién dai tuan hoan (periodic forcing function) nghia 1a
f(t)=cosayt.

Nghiém cua bién doi c6 thé dé dang tim thay tir (2.1.48)

X(s) = as U N Fs
ssvo’ S+’ (SP+af )(sP+ o)
as U F S S
= — : 2.1.53
Sz+co2+32+a)2+(a)§ —a)z)[sz+a)2 32+a)§J ( )

L4y bién doi Laplace nguoc ciia phwong trinh trén ta duoc

x(t):acoswt+%sin a)t+(w§+w2)(cosa)t—coswot) (2.1.54)
= Acos(awt—¢)+ (0 —af )COSa)Ot, (2.1.55)
2 , Y2
trong d6 A= {a+%} +U—2 va tan¢:£+(a+ 5 F zj.
(a)o —a)) @ @ @, —@

Chu y rang (2.1.54) gom c6 ba dao dong tu do véi chu ki 2z va mot dao dong
@

o , , - 272' N N 2 N L, N, \ - e DA
cudng bic voi —, dao dong nay co chu ki bang véi chu ki cua ngoai luc bien thién
a)O

tuan hoan. Tir s6 hang thi hai bén vé phai (2.1.55) ta thay chuyén dong cudng birc

thi ciing pha hoic léch pha 180° so véi ngoai luc khi @ > @, hoic w < .
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Khi = m,, két qua (2.1.54) c6 thé duoc viét lai nhu sau

sin {1(a)—a)o)t}sin{l(a)+ a)o)t}
U . Ft 2 2
x(t) =acosot +—sin ot +

1
(0] (a)0+a)) E(a)o_a))t
—acosat+ 2 sinat+ - sinot = Acos(at —¢) + sinat, (2.1.56)
@ 20 20

trong do

2 U
A’ =(az+u—2]va tang =—.
w

am
Tir s6 hang thir hai bén vé phai (2.1.56) ta thiy bién d¢ cua dao dong cudng bic
tang dan theo thoi gian. Do dé néu tan sé g6c ty nhién caa hé bang tan sé goc cua
dao dong cudng bic thi dao dong nay sé khong b; chan (unbounded). Hién tugng
nay ta con goi 1a hién nrong cong huwong (resonance) va tan sd goéc tuwong tng

o = m, thi dugc goi 1 tan sé cong huong (resonant frequency) cua hé.

Vi du 2.1.10 (Dao dong tat dan trong méi truong o luc can)
Phuong trinh vi phan cta dao dong trong méi trudng cd luc can ti 1& véi van tdc
duoc cho boi

d?x dx
—+2k—+w 2x =0, 2.1.57
dt? dt ( )

Diéu kién ban dau cta hé la
x(0)=a, x'(0)=U (2.1.58)
L4y bién d6i Laplace hai vé ciia phuong trinh (2.1.57) va theo (2.1.58) ta duoc
s°X(s)—sx(0)—x'(0)+ 2k[ sx(s) - x(0) |+ @*X(s) =0
& s°X(s)-U —sa+2k[ sx(s) - a}ra) x(s)=0,
& (s°+2ks+@*)X(s)=a(s+2k)+U

Do d6
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o a(s+2k)+U
X(S)_( ?+ 2ks + 00
a(s+k)+(U +ak)
(S+k)2+n2
a(s+k) (U +ak)

= + 2.1.59
(s+k)2+n2 (s+k)2+n2 ( )

trong d6 n’ =@’ —k’.
Ta c6 ba truong hop xay ra nhu sau
e Truong hop 0 <K < @: tat dan yéu (small damping)

LAy bién doi Laplace nguoc cua (2.1.59)

x(t):fl{ a(s+k) }M{ (U +ak) }
(s+k)2+n2 (s+k)2+n2

U +ak
=ae " cosnt + ( a )e"" sin nt.
n
Do d6
X(t) =e“ (acos nt + U +ak sin ntj = Ae ™ cos(nt—¢),
n
12
U +ak)’
trong d6 A= {az +%} Va ¢ = tan‘l(U h akj_
an

Chuyén dong nay 1a mot dao dong véi bién do Ae™ phu thudc thoi gian va tan
s6 goc suy réng (modified frequency)
n:(a)z—kz)w, 0<k <.

Diéu nay c6 nghia 1a khi Iyc can nho, tan sé goc suy rong sé nho hon tan sé goc
tu nhién @ . Mac du lyc can nho thi anh huéng khong dang ké déi véi tan sé goc
nhung bién d6 thi bién doi hoan toan. Chd y rang bién d6 giam theo ham mii theo
thoi gian dén 0 khi t — oo va pha ciia chuyén dong thi ciing thay ddi boi luc can

nhé . Do d6, chuyén dong nay 1a dao dong tit dan duoc minh hoa trong hinh 2.1,
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e Truong hop =K tat dan téi han (critical damping)

Tacé n=0 néntr (2.1.59) ta co nghiém la
(U +ak)

””{w)}f{(—w}

=ae " + (U + ak) te™

e Truong hop kK > @ : Qua tat dan (large damping)
bat n* =—(k’ -’ ) =—m’ . Khi d6 nghi¢m (2.1.59) c6 dang

_a(s+k)+(U +ak)

X(S)= .
) (s+k) —m?
_a(s+k) U +ak (2.1.60)
(s+k)2—m2 (s+k)2—m2 .
LAy bién doi Laplace nguoc (2.1.60) ta duoc
(2.1.61)

x(t)=ae™ coshmt + ak +U e sinhmt
m

AS

Hinh 2.1 Dao déng tat dan

> Ung dung trong mach dién
Mot sb bai toan vé tinh todn cac mach dién dugc dua vé giai phuong trinh vi

phan. Vi thé, néu chuyén qua anh cua bién doi Laplace thi viéc giai cac bai toan sé

don gian hon.
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Ta nhic lai dinh luat vat 1y d6i voi mach RLC. Theo Pinh ludgt 6m (Ohm’s
law) lirong giam dién thé (voltage drop) khi dong dién (electric current) di qua dién
tro (resistor) R la

V. (t)=RI(2) (2.1.62)
Thyc nghiém ciing cho dinh luat vé luong giam dién thé V, ()di qua cugn
cam (inductor) ¢é dién cam L (inductance) ti 1& véi do thay d6i cuong do dong dién

dl
V =L— 2.1.

Tuong tu ta c6 dinh luat vé luong gidm dién thé V,.(¢) khi dong dién I(r) di
qua tu dién (capacitor) C ti 1€ vai dién tich cua tu dién (charge on the capacitor)

0(1)
(1) :%, (2.1.64)

trong d6 C la dién dung (capacitance) cua tu dién va

-2

(I(r) duge do bang Ampere; R dugc do bang Ohm; dién dung dugc do bang Fara,
dién tich O(r) do bang Coulomb, dién cam L do bang Henry, V,(),V.(),V,(7)
duoc do bang Volt).

Bay gio, ta xét mot mach dién don gian RLC gom c6 dién cam L, dién tro R,
dién dung C va mot dién ap E(r) nhu trong hinh 2.2. Khi d6 dién 4p di qua cugn

cam, dién tro va tu dién tuwong ung la Ldld—(;), Rl(t), (I/C)jl(r)dr.

0
Theo dinh ludt dién thé Kirchoff' (Kirchhoff’s voltage law) néi rang: dién thé ap
lén mot mach kin bang téng luong giam thé trong ca mach. Do d6 véi mach RLC

cua ta thi

'Gustav Robert Kirchhoff (1824-1887) la nha vat 1y nguoi Duc.



LR +é;[l(r)dr: E(1), (2.1.65)

trong d6 L, R,C lacac hing sé va I (t) la cuong d6 dong dién ma n6 c6 lién quan
dén sy tich tu dién tich Q trén tu dién tai thoi diém t va duoc cho boi

I (r)dz sao cho C:j—?z I (t) (2.1.66)

>N
E() CT QM
‘|;<——-'V&’—<——|V

Hinh 2.2 Mach di¢én RLC

O
—~
—
~
I

[} S——

Néu mach dién khdng chua tu dién (C — ), phuong trinh (2.1.65) tuong duong
Vi

L%+ RI =E(t), t>0. (2.1.67)

Phuong trinh cho dién tich Q(t) c6 thé tim thay tr (2.2.65) va (2.1.66) la

199,49 9 gy,

— 4+ =

dt? d C
Vidu 2.1.11
Gia sir rang cuong do dong dién trong mach LR thoa man
L§+RI:EO sin o, (2.1.68)
t

trong d6 L, R, E, va o lacac hang s6. Tim [ =1(r) véi t>0 néu 1(0)=0.
Lay bién doi Laplace hai vé cua (2.1.68) ta co

L[ (s)~1(0)]+RI (s)= SZEJ(;CZ)Z (2.1.69)
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Do /(0) =0 nén phuong trinh (2.1.69) tuong duong véi

— E o
Ls+R)I (s)= 0
(Ls+R)T () =22
Do do
— E .o
I(s)= } .
(5) (Ls+R)(s* + ")
Taco
7(s) E,o/L A Bs+C
( RJ » oy S+R/IL s+
s+ |(s* + )
Khi d6
A(s2+a)2)+(Bs+C)(s+£j:E°w
L L
<:>(A+B)s2+(B£+st+Aa)2+%:E‘)w
L L L
Ta co hé sau
A+B=0
BR/L=-C
Ao’ +CR/L=E,w/L
Giai hé ta duoc
_ ElLo _ kLo _ ERw
Lo’ +R’ Lo’ +R’ Lo’ +R

Thay A,B, C vao (2.1.70) va lay bién doi Laplace nguoc ta dugc

ELo -* ER

) E Lo
I(t) =07 el 4 "0 Ginwt——2—coswt.

Lo’ + R I’'o’ + R’ Lo’ + R
Vi dy 2.1.12

Gia sur rang cuong do dong dién trong mach LC théa man phuong trinh

dl 1"
LEJrE!I(T)dr—E,

(2.1.70)

(2.1.71)
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trong d6 L, C va E la cac hang s6 duong, 1(0)=0.

Lay bién doi Laplace hai cia (2.1.71)ta duoc

LsT(s)—LI(O)+®:

£
Cs s

Do 7(0)=0 nén

(LHCLJT(S) _E

A A

ST(s)=e— = E
LCs*+1  L(s*+1/LC)

LAy bién doi Laplace nguoc ta c6

I(t)zE\Esin&t (2.1.72)

2.2 Phwong trinh dao ham riéng
Pinh nghia 2.2.1

Mot phuong trinh lién hé ham phai tim u cua nhiéu bién doc lap va cac dao
ham riéng cta nd duoc goi la phuwong trinh dao ham riéng (partial differential
equation).

Céap cao nhat cua dao ham riéng cua ham phai tim U c6 mat trong phuong
trinh goi la cdp (order) ciia phurong trinh. Cac phuong trinh

ou_ _,0u

ot a y, ae R,U ZU(X,t) (221)
o’u ou A

v + o + pot =0,u=u(xy,z) (2.2.2)
2 2

;—gzazg;aeR,u=u(x,t) (2.2.3)

1a cac phuong trinh dao ham riéng cap hai.

Dang tong quat cua mot phuong trinh dao ham riéng cap 2 doi véi ham u(x,t)
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F(x,t,u,Vu,Dzu, u, uu)=0, (2.2.4)
trong 46 x e Q = R*, t 1a bién doc lap; u(x,t) la ham phai tim; vu :[S—U,...,g—uj
X Xy

2 o’u C .
Du= la cac dao ham riéng.
OX;OX. -

]

> Qui tac giai phwong trinh dao ham riéng bang bién ddi Laplace
a) Ap dung bién doi Laplace theo mot bién, thuong la ¢ vao phwong trinh dé
nhan dugc mot phuong trinh vi phan thudng cua anh ham phai tim theo bién tht hai
(ding ca diéu kién dau dé nhan duoc phuong trinh caa anh nay). Ap dung bién doi
Laplace 1én diéu kién bién dé duoc diéu kién xac dinh cac hang sé khi giai (hay tich
phéan) phuong trinh vi phan thuong.
b) Dung bién doi Laplace nguoc dé suy ra nghiém.
binhly 2.2.1
bat ﬁ(x,s) = f{u(x,t)} taco

a)

Pac biét

Vé6i n=1,2 taco
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k k

aaxk u(x,t)} = ™ l/_t(x,S), k=12,...n (2.2.6)

b) f{

Chwng minh
Pat £ (1) =u(x.1), F(s)= 7 {7(1)}
a) Ap dung cong thirc dao ham cua ham géc ta duoc

LA () =5"F () =5 F(0) = =5 f" 7 (0)= " (0) (2.2.7)

n

Thay f" (t) = 6at” u(x,t), f(s) = f{u(x,l‘)} thi a) dugc chirng minh.

b)

k © k k oo k
Y’{%u(x,t)} = J.e_” 0 - u(x,t)dt =a—kJ.e_”u(x,t)dt = (;ick Jf{u(x,t)}

o Ox ox"

Pinh Iy 2.2.2
Giasit f(s)={f(r)}. Khid6 taco

I e a>0 (2.2.8)
2N 7t
) e*ﬂ\/; 1 5
b) f[’_l{ I }:re_“ far a>0 (2.2.9)
S Tt
Chang minh

a) Theo dinh Ii bién d6i Laplace cua dao ham ta c6

v {% erfe (QL\/Z)} =5 {erfc(zi\/;j} - erfc(zi\/;jto (2.2.10)

Theo ménh dé trong muc 1.6 ta c6
s
a e
1 erfc = ,
{ * (N? j} s

(2.2.11)

Véerfc(a/2\/;):% [ e ax nen erfe(a/245) >0 khi 1 >0, (2.2.12)
7T a/21
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Thay (2.2.11),(2.2.12) vao (2.2.10) ta dugc

s
f{gerfc( j} =sS =
ot 2\[ S

Tuong duong,

&~ q —a*far | _ _—as
z - : 2.2.13
{2\/ zt’ ¢ } ¢ ( )
Bai vi
a 2 % 2
=7 —d 2.2.14
erfC(%/;j \/;a/i[ﬁe X ( )

Dao ham hai vé cia (2.2.14)theor ta duogc

0
—erfc a/ o2Nt)=—= e dx
[o/2)- \/—5 [a/!f J
=) 67)
NEMACNIACNIN
__i a4 _l -3/2
-2 aa( 1),
aefaz/étt
RPN
trong do f(x)=
Tur(2.2.13) taco
e = e, a>0 (2.2.15)
2Nzt

b) LAy dao ham hai vé cua (2.2.13) theo s ta duoc

aefa«ﬁ

2Js

o ..

. ( a e a2/4tj
Os 2\ zt’
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@y){_ at e‘”z/‘”}: ae "
2\ 7t’ 2s
1 a2/4t} eia\/;
& e ——e =
{JE Js
Suyra
—avs
1 >
,f—l{e —— e a>0 (2.2.16)
1

Vi du 2.2.1 (Phuong trinh truyén nhiét trong thanh nira vo han)

Giai phuong trinh

u=cu, x>0 t>0 (2.2.17)
véi cac diéu kién dau va bién nhu sau
u(x,0)=0, x>0 (2.2.18)
u(0,t)= f(t), t>0 (2.2.19)
u(x,t)—>0, X—>o, t>0 (2.2.20)

Lay bién doi Laplace theo t cua (2.2.17), coi x la tham sé ta duoc
2

_ 0
su (x,s) - u(x,O) = cgu(x,t)

Do u(x,O) =0 nén phuong trinh trén tré thanh

-y —%U:O (2.2.21)

Ta coi day 1a phuong trinh vi phan thuong theo bién x thi dugc phuong trinh

tuyén tinh cap hai hé sb hang thuan nhat. Nghiém téng quét 1a

U(x,s):Aexp(—x\EJ+ Bexp(x\E], (2.2.22)

trong 46 A, B 1a céc hang sé tich phan.

Taco

o0

(0,5) = [u(0,¢) e d = j F(1)edi=F(s).

0
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Do nghiém bi chan nén B =0 vado U(0,s)= f(s) néntir (2.2.22) taco

A=f(s).

T(x,5) = f_(s)exp(—x\E). (2.2.23)

LAy bién doi Laplace nguoc ta c6

Khi d6

X X2
1) = f(t—c)c ™ —~ dr, 2.2.24
u(x,t) 2%! (t-7)7 exp( 4%} 7 ( )
trong dé v

¥ {ex } - XXM (Pinhly2.2.2)

2+ zrct?

bat

X X

A=—F—, dl=——"—~7%dr
2\Jcr 4Jc
Tir (2.2.24) taco
2 < X2 2
u(x,ty)=— | f|t— e dA 2.2.2
24t

Truong hop dic biét, néu f (t) =T, =constant. Nghiém (2.2.25) tré thanh

u(x,t)z% [ erda=T, erfc(z—\)/(aj (2.2.26)

24/ct

Dé thay, sy phan b nhiét do c6 xu hudng tién dén gia khong doi T, khi t — oo.

Vi du 2.2.2 (Phuong trinh khuéch tan trong méi trudng hitu han)
Giai phuong trinh

u =ku

t xx !

O<x<a, t>0, (2.2.27)
voi cac diéu kién dau va diéu kién bién sau
u(x,0)=0, 0O<x<a, (2.2.28)
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u(0,t)=U, t>0, (2.2.29)
u(at)=0, t>0, (2.2.30)
trong d6 U, Kk 13 hang sé.

Laybién doi Laplace hai vé cua (2.2.27)theo bién t ta duoc

2

sﬁ(x,s) —u(x,O) = ka—2u(x,t)

ox
2
%@ Sg=0, o0<x<a (2.2.31)
ox k

do u(x,O) =0.
Taco

U(O,S):Tu(o,t)e‘s‘dt:%, (2.2.32)

0
gU(a,s) :Tiu(a,t)es‘dt =0 (2.2.33)
OX 5 OX

Ta coi (2.2.31) 1a phuong trinh vi phan thuong theo bién x thi dugc phuong

trinh tuyén tinh cp hai hé sé hiang thuan nhat. Nghiém tong quat Ia

U(x,s)zAcosh[x\/g}r Bsinh[x\/%, (2.2.34)

trong 46 A, B 1a c4c hang sé tich phan.

Tur (2.2.32) va (2.2.34) taco

L_t(O,S) =A= %

Lay dao ham hai vé cua (2.2.34) theo x ta duoc

a_axﬁ(x,S) = A\/% Sinh(x\/%j " B\/%C()Sh[x\/%}

Tur (2.2.33) tacé
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Do @6

Thay A,B vao (2.2.34) ta duoc

cosh {(a— x)\F}
_ U K
u(xs)=—: :
S
cosh a\f
LAy bién doi Laplace nguoc cua (2.2.35) ta dugc
cosh {(a— x)\/;}
Kk
scosh(a\Fj
k

u(x,t)=U 2"~

=U f(1),

bata = \/%ta co

(0= o

Cc—ioo

ds
D& thiy ham dudi dau tich phan c6 cuc diém tai s=0 va

2
s=sn:—(2n—1)2(%j K, n=12,3..

Ta c6 gié tri thang du R, tai s=0 1 1 va gid tri thang duR, tais=s_Ia

(2.2.35)
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e cosh {(a— X)a

ol exp(s,t)cosh {(a— X)

S

n

k

|

=lim(s-s )

lim scosh(aa) {S gs {cosha\/EH
i(2n—1)(a—X)7r}><exp{ \[ (%) }

1

e~
4 (-

- 1)C {Zn 1@ X) }Xexp{_(zn_l)z(z—’;jzkt}.

Do d6 nghiém cua bai toan la
u(x,t)=U (R, +R))
:u{uii (-1) Cos{(Zn—l)(a—x)ﬁ}

7 +3(2n-1) 2a

xexp{—(Zn—l)z (Z—”ajz ktH

Vidu 2.2.3
Giai phuong trinh khuéch tan
u=cu, x>0 t>0
voi cac diéu kién dau va bién nhu sau
u(x,0)=0, x>0
uX(O,t):—%g(t), t>0
u(x,t)—>0, X—oo, t>0

trong d6 k 1a hang sb.

L4y bién d6i Laplace hai vé cua (2.2.37) theo t ta duoc

2
0 u—§U=O
ox® C

s=s,

r

(2.2.36)

(2.2.37)

(2.2.38)

(2.2.39)
(2.2.40)

(2.2.41)



65

Ta coi day 1a phuong trinh vi phan thuong theo bién x thi dugc phuong trinh

tuyén tinh cap hai hé s hang thuan nhat. Nghiém tong quét 1a

u(x,s)= Aexp(—x\/g}t Bexp(x\/%) (2.2.42)

trong d6 A B 1 cac hing sb.

Taco

0

u (0t)edt = —%I g(t)edt=—

0

U, (0,s)= g(s) (2.2.43)

x|~

O ey 8

Do nghiém bi chan nén B =0, khi d6 phuong trinh (2.2.42) tré thanh

u(xs)= Aexp[—x\E]

Suyra
o, (x,s)=—A \E exp(—x\E}
Do do
T (0,s)=-A % (2.2.44)
Tir (2.2.43) va (2.2.44) taco
Ao
= Azé % a(s)

Suyra

:%g‘(s)_%exp[—x\/gj (2.2.45)

LAy bién doi Laplace nguoc phuong trinh trén ta duwoc
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u(x,t)i\/%g(tr)r;exp[;;jdr, (2.2.46)

trong do
- efx\/g exp(—x*/4ct) o
e = Pinh ly 2.2.2
Pt
X
A= ,
2Jcr
X
di=—"—7%dr
4\c
Khi d6 phuong trinh (2.2.46) tré thanh
X f X .
u(x,t)=—— t———— A% " dA 2.2.47
(xt) kvz I ( 4c,12j ( )
Jact

Djc biét, néu g(t) =T, =constant, nghiém tr& thanh

T X I 2
u(xt)=—2 A% 7 dA 2.2.48
0= ) 1 (2:245)
4ct
Taco
T X . 1|7 ¢
u(x,t)=—2=-e*= -2 | e*da
( ) k\/; /1/1: X '>|<‘
i Jact Jact
2 0
_ ToX 2\/Eexp X _zZ [ e*da
k\/; X 4ct T%
i Jact
T,x | 24/ct X ( X j
= exp| ——— |—~/zerfc
kv | Pl et JVact
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Do d6

u(x,t)E{Z\/%xpiﬁjxerfc(zjaﬂ (2.2.49)

Vi du 2.2.4 (Phuong trinh séng cho dao dong ctia mot soi day nira vo han)

Tim d6 dich chuyén ctia mot sgi day ntra vo han ma tai thoi diém ban dau soi
day nam & vi tri can bang (day ¢ trang thai khong bi dich chuyén). Tai thoi diém
t=0 dau mat x =0 nd bi cudng buc d& chuyén dong sao cho do dich chuyén Ia
u(0,t)=Af(t),véi t>0, trong d6 A la hang sé. Pay la bai toan diéu kién bién —

diéu kién dau cua phuong trinh sdng mét chiéu.

u,=c’u, O0<x<oo, t>0, (2.2.50)

voi cac diéu kién bién vadiéu kién dau sau
u(0,t)=Af(t) v6i t>0 (2.2.51)
u(xt)—>0  khi X—wm, >0, (2.2.52)
u(x,O):gu(x,O):O voi - 0<x<oo (2.2.53)

Lay bién doi Laplace hai vé cua phuong trinh (2.2.50) theo t ta nhan duoc

& 5 (s) - su(0)~ Lu(x0) = Ton(ns)
ajj—i—zﬁzo, (2.2.54)
Taco
u(0,s)= Tu(o,t)e“dt =A T f(t)edt=Af(s), (2.2.55)
0 0

u(x,s)—>0, khi x > (2.2.56)
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Ta xem phuong trinh (2.2.54) 1a phwong trinh vi phan thudng theo bién x thi
dugc phuong trinh vi phan tuyén tinh cip hai hé sé hang thuan nhat. Nghiém téng
quat la

U(x,s)=Cexp(%)+ Dexp(—%). (2.2.57)

Do i(x,s) bichannén C =0. Khi d6 (2.2.57) tré thanh

u(x,s)= Dexp(—%).

Do d6 u(0,s)=Dvado U(0,s)=ATf(s) néntaco

) né
D=Af(s).

Suyra

c

u(x,s)= Af_(s)exp(—ﬁ).

L4y bién doi Lalace ngugc ta c6

u(xt)=Af (t—ng (t—%).

Noi cach khac, nghiém la

u(xt)= Af(t_gj’ e (22:58)

0, O<t<5
c

Nghiém biéu dién mét séng lan truyén sang phai véi van téc ¢ . Biém x s& & can
bang tir r=0 dén t :g thi song sé& truyén dén no.
Vidy 2.2.5
Tim nghiém cta phuong trinh
XU +u =X, x>0,t>0 (2.2.59)

voi diéu kién dau - diéu kién bién
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u(x,0)=0, x>0, (2.2.60)
u(0,t)=0, t>0 (2.2.61)

Lay bién doi Laplace hai vé theo t cua (2.2.59), coi x la tham sé ta c6

xf{aﬁu(x,t)}+f{aiu(x,f)} — )

t X

o x[sU(x,s)—u(x,O)]+%U(x,s):g.

Do u(x,O) =0 nén phuong trinh trén tré thanh

0 _ _
&u(x,s)+xsu(x,s)_

w | x

Daiy la phuong trinh vi phan tuyén tinh cap mot khong thuan nhat theo bién x|,
vi khong c6 dao ham theo s nén no sé& 1a tham sb va hang sé khi tich phan phuong

trinh s& phu thudc vao s. Thira sé tich phan 1a

,u(x) = efxm = exp(%x%) :

Nhan hai vé phuong trinh trén vai thira sb tich phan exp (% xzsj ta duoc

(U(x, s)exp(% XZSDV = éexp (% xzsj ,

u(xs)= exp(—%xzsj jgexp@ xzsjdx + A}

1,1 1,
=exp| ——X°S || —exp| =x°s [+ A
p[Z )_sz p(z j }

:5—12+ Aexp(—%xzs} (2.2.62)

Do do

trong d6 A 1a hang sé tich phan.

Taco
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7(0.5) =~ + A
S
Do @ (0,5) = [u(0,r)e dr =0 nén
0
1
S—2+ A = 0
S A= —iz

S

1
Thay A=—-— vao (2.2.62) ta dugc
s

u(x,s)= é—s—lzexp(—%xzsj

LAy bién doi Laplace nguoc ta c6

u(x,t)zt—(t—%xzj H(t—x?zj.

hay

Vidu2.2.6

Giai phuong trinh dao ham riéng khdng thuan nhat sau
u, =-osinot, t>0
u(x,0)=x, u(0,t)=0

Lay bién doi Laplace hai vé cua phuong trinh (2.2.66)ta c6

Uyt =7 {-wsinat}, t>0

N rf{[ux (X’t):lt} T fcoz

s+

< st (x,t)—u,(x,0)=—

Theo (2.2.67) tac6 u, (x,0) =1 nén phuong trinh trén tr& thanh

(2.2.63)

(2.2.64)

(2.2.65)

(2.2.66)
(2.2.67)



71

w
t)-1=—
SUX(X ) SZ+a)2
a)Z
u (xt)=1-
& 50 (x1) =152

hay
am_ s
X P+
Do d6 nghiém tong quat la
SX
u(x,s)= + A,
(ns)= 2

trong d6 A 1a hang sé tich phan.
Ma

1(0,5) = [u(0,t)e *dt =0

nén tir (2.2.68) tacé A=0.

Suyra

SX
s + @?

u(xs)=

LAy bién doi Laplace nguoc ta duoc

u(x,t)=xcoswt

Vi du 2.2.7 (Phuong trinh séng khong thuan nhat)

Giai phuong trinh sau

iu —u =ksin(”xj, O<x<a, t>0,
c
)=0, O<x<a,

=0, t>0,

trong d6 C, k va a 1a cac hang sé.

(2.2.68)

(2.2.69)
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LAy bién d6i Laplace hai vé ciia (2.2.70)ta c6

Ciz[sz o(x,s)—su(x,0)-u,(x, 0)] — ?;x? = ESin (%Xj (2.2.73)

Tur (2.2.71) taco

s O0u k. (nx
L =—sin| —
C X’ s a
Tuong duong
o’u s’ k . (7zx
——U=——sin| — |, 2.2.74
ox* ¢’ S (aj ( )

Day 1a phuong trinh vi phan tuyén tinh cap hai khéng thuan nhat. Khi d6

e Nghiém téng quét cua phuong trinh thuan nhat 13

u(xs)= Aexp(%x]+ Bexp(—%xj. (2.2.75)

e Tim nghiém riéng ctia phuwong trinh (2.2.70)

TX
a

u,(xs)= Ccos(”_x}r DSin(ﬂ'_Xj

Do vé phai cua (2.2.70) c6 chia sin( j nén ta viét nghiém riéng dudi dang

a a

Taco
ou,  zC . (7[ j 7D (7[ j
—L2 =—"Zsin| =x |+~—cos| —x |,
OX a a a a
0", 7°C T D . (=
= ,— COS| —X [————SIn| —X|.
OX a a a a
Thay vao phuong trinh (2.2.74) ta duoc

7t s? T 7t s*) . (& k . («
-C — +— |C0S| —X |=D| —+— [sIN| —X [=——sIn| —X
a- ¢ a a-~ ¢ a S a

Do @6
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Do do

Nghiém tong quat cua phuong trinh (2.2.74) 13

u(x,s)= Aexp(%) + Bexp(—%) +ﬁ sin(%xj (2.2.76)

Tir (2.2.72) taco u(0,s) =it(a,s)=0. Do d6 tir (2.2.75) ta co
A=B=0
Khi do nghiém (2.2.76) tro thanh

u(x,s)= kiz sin(”—xj

T

LAy bién doi Laplace nguoc ta c6

u(x,t)z(%jzk [1—003(%%)} sin(%xj. (2.2.78)

2.3 Nghiém cua phwong trinh tich phan
Pinh nghia 2.3.1

Mot phurong trinh ma trong d6 ham sb chua biét xuat hién bén dudi dau mot tich
phan duoc goi la phwong trinh tich phdn (integral equation).

Phuong trinh tich phéan c6 dang
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f(t)=h(t)+ 4 [K(t,7) f (¢)dr (2.3.1)

trong d6 f 1a ham sb chua biét, h(t),k(t,z)va cac gi6i han cua tich phan a, b da
biét, 4 1a hang sb, duoc goi 1a phuong trinh tich phan tuyén tinh loai hai hoic
phuong trinh tich phan Volterra. Ham s k(t,z) duoc goi la hat nhan (kernel) cua
phuong trinh. Nhu vy mét phuong trinh duoc xem la thuan nhat hay khéng thuan

nhét thi dua vao h(t)=0 hogc h(t)=0. Néu hat nhan ciia phuong trinh cé dang
k(t,z)=g(t—7), ta nhan duoc phwong trinh tich phan chdp (convolution integral

equation).
Pé giai phuong trinh tich phan chap cé dang

t

f(t)=h(t)+2 [g(t-7)f(r)dz (2.3.2)

0

LAy bién doi Laplace cua phuong trinh (2.3.2) ta dugc

f(s)= ﬁ(s)msf{jg(t_f) f (f)df},

0

Theo dinh ly tich chap ta cé

hay
£ h(s)
f(s)=—-—— 2.3.3
=55 (233)
L4y bién doi Laplace nguoc ta nhan duoc nghiém
4] h(s)
ft) =" ———2— 2.3.4

Trong nhiéu truong hop, vé bén phai c6 thé ldy ham nguoc bang céch st dung
khai trién phan thirc hodc dung chu tuyén. Do dé, nghiém c6 thé d& dang duoc tim

thay.
Vidu 231
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Giai phuong trinh tich phan
t
f(t)y=a+2 [f(z)dr (2.3.5)
0

Lay bién doi Laplace hai vé cua (2.3.5) ta dugc

S S
- a
fls)=_2
< f(s) ]
LAy bién doi Laplace nguoc ta c6
f(t)=aexp(At) (2.3.6)
Vidu 2.3.2
Giai phuong trinh vi tich phan
f(t)=asint+2 J'f )sin(t-z)dz, f(0)=0 (2.3.7)

LAy bién d6i Laplace hai vé cua (2.3.7) ta duoc

st (t)} =~ {asint} +f{ [f'(z)sin(t-7) }

- a
< f(S):sz+l

+2.7{£'(t)}  {sint}

hay

Do f(0)=0 néntaco
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f(s)= szallJr 2 SSI_J(rsl)
o (sP+1)f(s)=a+2sf(s)
o (sP-2s+1)f(s)=a
(s-1)

o f(s)=

2"

LAy bién doi Laplace nguoc ta duoc
f(t)=atexp(t)
Vidu 2.3.3

Giai phuong trinh tich phan

t
f(t)=at"—e™-c j f(r)edr

0

Lay bién doi Laplace hai vé cua (2.3.9) ta duoc

Do do

(2.3.8)

(2.3.9)



7

= s—c )| an! 1
f(s):( S Ms””_wb]
_an! (ac)n! 1 {s+b—c—b}
s ™ g s+b
_an! (ac)n! 1 c+bF 1 }

s s™ s b |s s+b

:a“!_M_L(H%)L(HEJL

"t s S b)s+b

_an! (ac)n! ¢ (1+c) 1

™ bs U b

LAy bién doi Laplace nguoc ta nhan duoc nghiém

f(t)=at" _(@)nt +E—(1+Eje‘bt.
(n+1)! b b

2.4 Nghiém cuaa bai toan gia tri bién

Phuong phap bién doi Laplace thi ciing rat hitu ich trong viéc tim nghiém cua
cac bai toan bién thudng xuat hién nhiéu trong Iy thuyét chuyén vi caa dam chiu
udn. Bién dang cua thanh chju uén (dam) la su thay doi do cong cua truc thanh. Khi
d6 duong cong cua thanh chiu ubn 1a dirong dan hoi.

Mot dam nam ngang s& bi ubn cong khi ¢ su tac dung két hop cua trong
lwong va tai trong tac dung 18n n6. Chlng ta xét mot dam co chiéu dai ¢ va vi tri

can bang duoc lay doc theo truc ngang X, truc nay con goi la tryc caa dam.

AN
s
—F
!
[
!
L
<

Pudng dan hboi

¥

Hinh 2.3



78

Xét mot diém K trén truc dam trude khi bién dang. Sau khi dam bién dang,
diém K s& di chuyén dén diém K’ (Hinh 2.3). Khoang cach KK’ duoc goi la chuyén
vi thang caa diém K. Chuyén vi nay chia ra Iam hai thanh phan

+ Thanh phan v vuéng goc véi truc dam (song song Vi truc y) duoc goi 1a
do vong cua K.

+ Thanh phan u song song véi truc dam (song song Vvdi truc x) goi a chuyén
vi ngang cua diém K.

Ngoai ra sau khi truc dam bj bién dang, mat cdt ngang & vi tri K bi xoay di
mét goc ¢, dugc goi la chuyén vi goc hay gdc xoay cua mat cat ngang & tai diém
K. D& dang thay rang, goc xoay ¢ chinh bing goc giita truc chwa bién dang cua
dam va tiép tuyén ¢ diém K’ cua duong dan hoi.

Trong diéu kién chuyén vi cua dam I bé thi thanh phan chuyén vi ngang u la
mét dai lwong vo cling bé so vai v nén ta c6 thé bo qua chuyén vi u va xem KK’
bang v (Hinh 2.4).

Hinh 2.4

Néu ta chon truc dam 1a x, truc y vuéng géc véi truc dam thi chuyén vi v chinh
1a tung do y cua diém K. Tung do y duoc goi 1a 6 vong (deflection) cua diém K.

Phuong trinh vi phan cho dé vong thang dirng y(x) cta dam c6 mat cat
khéng ddi, chiu tac dung cua mét tai trong® W () trén mot don vi chiéu dai tai mot

khoang x duoc tinh tir goc toa do trén truc cua dam la

Tai trong la ngoai lyc va la nhitng luc cha dong nghia 1a ta co thé biét phuong, vi tri va d6 Ion.
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d'y
dx*

trong d6 El 1a dé citng chiu uon caa dam (flexural rigidity of the beam).

El

=W (x), O<x</, (2.4.1)

Mot s6 dai lwong vat 1y c6 lién quan dén bai toan 1a y'(x), M (x) = Ely"(x)va
S(x)=M'(x)=EIly"(x) twong tng bieu dié€n cho goc xoay, moment uén va lyc cat
tai mot diém.

Vidu 2.4.1

Cho mét dam c6 khéi lwgng M, chiéu dai ¢ bi ngam? (clamped) hai dau mut
va chiu tai trong tap trung c6 d6 16n Q tai diémx = % trén tryc caa dam. Hay xac
dinh do véng cua dam?

0

1]
L

0 U Z

20/3

Yy
Phuong trinh vi phan cho d6 véng cua dam cd dang

4
El in’zw(x), 0<x</,

Do dam co tai trong tap trung tai diém x :% nén lyc chi tap trung tai diém do.
Khi d6 W (x) dugc biéu dién nhu sau
W(X):%-FQé‘(X—Z—:fJ, O<x</ (2.4.2)

Hon nita do dam bi ngam hai dau mat nén do véng va goc xoay & tai cac diém do

bang 0. Khi d6 ta viét lai phuong trinh vi phan cho d6 véng ciia dam nhu sau

*Ngam 1a lién két ciia dim véi mot vat thé khac c6 tac dung ngin can chuyén vi thang va chuyén vi xoay nao
d6 cua dam.
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dy M 20
El dx¥:7+Q5(x—?j, 0<x</ (2.4.3)
vé6i diédu kién bién
y(0)=y'(0)=0, y(£)=y'(¢)=0, (2.4.4)

trong 6 Q 12 mot hang sé va & (x—%j la ham Dirac Delta dugc dinh nghia bai

20
20y | T3

S| x——|= (2.4.5)
3 20
0, X#—
3

Dé giai quyét bai toan nay, chiing ta sir dung bién déi Laplace y(s) cua y(x)

dugc dinh nghia bai
Y(s)=[ey(x)dx. (2.4.6)
0

Lay bién doi Laplace hai vé cua phuong trinh (2.4.3) ta duoc

_ 2s

El[s*y(s)-sy(0)—s’y'(0)—sy"(0)-y"(0)] :Z/I—S+Qe 3 (2.4.7)
. o 20 -
trong do f{&(r —?j} =e 3 [Muc A.2, Trang 99]
Theo diéu kién (2.4.4) nén tir (2.4.7) taco
M _20s
El[s'y(s)-sy"(0)-y"(0)]= st Qe @

2/s
< s'y(s)-sy"(0)-y"(0)= M Q%

" (Els EI
Suyra
(0) y"(0) Qe *
_ y" 0 ym 0 Q e 3 M 1
_ - 24.8
y(s) s® * s? N El s* +EEI s° ( )

Lay bién doi Laplace ngugc (2.4.8) ta dugc
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X XX Q 20 20 M,
— " O N m O N X _ = H - - 249
y(x) y()2+y()6+6EI(X 3) (X 3j+24€EIX (249)
Suyra
4 l " Q 2£ ? 2€ M 3
=y"(0 — | H| x—=|+— 2.4.10
Y (%) y()X“szy() 2EI(X 3) (X 3)+6£EIX ( )
Tur diéu kién y(¢)=y'(¢)=0 néntur (2.4.9),(2.4.10) taco hé sau

() e

-

y"(O) + y”’(O)

6 ' BEI 3 ) " 24E1
”? Q 20\ M2
f " o~ E—— —
y()+y()2+2El( 3j+6EI
Tuong duong,
Qg n
+3y"(0)+£y"(0) =0
ag T T (0)+07(0)
M€2 Q " l m _
6El 1SEl | (0)+2£y (0)=0
Tuong duong,
" m M/ Qg
3y"(0)+ ¢ ——
y"(0)+47(0) 4EI 27EI
1 M Q
" O —f m 0 - _ =
' )+2 y"(0) 6EI 18EI

Pay 1a hé phuong trinh dai s6, ta giai hé nay bang dinh thic tuong tu nhu vi du
2.1.6 ta duoc

1

y"(0) = 108E] ———(9M +8Q)vay”(0) =————(27M +14Q).

S54ElI
Thay vao(2.4.9) ta dugc

M ., Q 20 20 0 )
X)= X"+ X—— | H| XxX—— [+ 9M +80)x
y( ) 24/EI 6EI ( 3 j ( 3 J 216El ( Q)

1
324El

(27M +14Q) X, 0<x</.
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2.5 Nghiém cia phwong trinh sai phan va vi sai phan

Giasir {u, | l1aday sé da cho. Khi d6 céc toan tir sai phan A,A*,A°,...,A" dinh

nghia boi
AU =uU_, —U, (2.5.1)
A’u, =A(Au,)=A(u,,—u,)=U,,—2u,, +U, (2.5.2)
A’u, =A*(u,,,—U,)=U,,—3U,,+3U,, —U,. (2.5.3)
Tong quat
A", =A™ (U, —u,) =D (—1)k(Eju,+n_k (2.5.4)
k=0

Céc biéu thirc trén dugc goi 1a céc sai phan cap 1, cap 2, cAp 3 va cap n tuong
ng. Bat ki phuong trinh nao biéu didn méi lién hé giira cac sai phan hitu han thi
duoc goi 1a mot phuwong trinh sai phan (difference equation). Cap cao nhat cua sai
phén trong phuong trinh ciing 1a bac cua phuong trinh. Mt phuong trinh sai phan
c6 chira dao ham cua ham sé chua biét thi phwong trinh d6 duoc goi 12 phuwong trinh
vi sai phan (differential — difference equation). Do do, phwong trinh vi sai phan gom
c6 hai bac phan biét — bac thtr nhat 1a cap cao nhat cua sai phan va bac thir hai 1a
cap cao nhat ctia dao ham.

Phuong trinh

Au, —u, =0, (2.5.5)

A*u, —2Au, =0, (2.5.6)
tuong ung 14 phuong trinh sai phan bac nhat va bac hai. Dang tong quét ciia phuong
trinh sai phan tuyén tinh cdp n la

a,A"u, +aA""u +...+a _Au, +au, = f(n), (2.5.7)

trong d6 a,,a,,...,.a, va f(n) la cac hing s6 hogc la cac ham cua déi s6 nguyén
khéng &m n. Tuong tu nhu phuong trinh vi phan, phuong trinh (2.5.7) duoc goi la
thuan nhét hay khong thuan nhét dua vao ham f (n) bang 0 hay khéc 0.

Cac phuong trinh sau day
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u'(t)—u(t-1)=0, (2.5.8)
u'(t)—au(t—-1)= f(t), (2.5.9)

la cac phuong trinh vi sai phan, trong d6 f (t) 1a ham sé di cho . Dé nghién ctu cac
phuong trinh trén ta dat ham S, (t) nhu sau

S,(t)=H(t-n)-H(t-n-1), n<t<n+l (2.5.10)
trong d6 n 1a s6 nguyén khong &m va H (t) 1a ham buéc nhdy don vi Heaviside.

Lay bién doi Laplace cua S, (t)ta duoc

S, (s)=

|
O'—o8

)—H(t—n-1)}dt

n+l

- Jn'e‘“dt :%(1—e‘5)e‘"S =S, (s)exp(-ns), (2.5.11)

trong d6 S,(s)= %(1—85).

Tiép theo chung ta dinh nghia ham u (t) boi mot chudi

c
—~~
—
~—~—
Il
s
e
5
w
=}
—~~
—
~

(25.12)

n=0
trong d6 {u,}" 1 ddy sb da cho. Theo d6 u(t)=u, trong khoang n<t<n+1 va

biéu dién mot ham bac thang. Hon nira

u(t+1) = io (t+1) Zu [H(t+1-n)—H (t-n)]
= iunsn-l(t) = 2Un+13n (t). (2.5.13)
Tuong tu ta co
u(t+2)= 2Un+25n (t) (2.5.14)
Téng quét
u(t+k)=>u,.,S, (1) (2.5.15)
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Bién doi Laplace ciia ham u(t) duoc cho boi

0 n=0
1 N
= g(1—e )nz(;un exp(—ns)

Do do

a(s)=<(1-e )< (s),
(2.5.16)

trong do C(S) biéu dién cho ham Dirichlet duoc dinh nghia boi

£(s)= 2 u, exp(-ns)
Do d6 ta suy ra
u(t)=7"{S(s)¢ ()}
Pac biét

e Néu u =a" la mét day hinh hoc thi

a s\ 1 _ e’
g(s)_nz_;(ae ) T l-ae® e -a
Do d6, tr (2.5.16) ta nhan duoc
n c c eS
7 {a }:So(s)g(s)zso(s)es_a

sao cho

(2.5.17)

(2.5.18)

(2.5.19)

(25.21)
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Taco

Do do

Tu (2.5.22) tathay n=n-1tacé

< no—Ns __ ae

nzzc;na e _—1_%75)2
Do d6

f{na“} - So(s) (esa_ea)z ,
sao cho

P ae’S,(s) _par

(e -a)

Pinh ly 2.5.1

Néu T (s)={u(t)} thi

Chang minh

(2.5.23)

(2.5.24)

(2.5.25)

(2.5.26)

(25.27)

(2.5.28)
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L/’{u(t +1)} = Te‘“u (t+1)dt = esTe‘S’u(r)dr
0 1

=e° _U(s)—je”u(r)dr}

Tuong tu ta cé

Fu(t+2)f=e[ 7 {u(t+1)}-uS,(s)]
(

F{u(t+3))=e®|u(s)—(u, +ue” +u,e™)s, (s)]

Tong quat hon, néu k 1a sé nguyén thi
K—
S{u(t+k)p=e° [U(s) -5, (s)iure‘rsj
r=0

Vidu 2.5.1
Giai phuong trinh sai phan
Au, —u, =0,
véi diéu kién dau u, =1.
Phuong trinh (2.5.32) tuong duong véi
u,, —2u, =0
L4y bién doi Laplace hai vé cua phuong trinh(2.5.33) ta dugc
Ayt =27{u,) =0,
Theo dinh ly 2.5.1 ta co

(25.32)

(2.5.33)
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Do do

0 (s)= e;;i_(;).

LAy bién doi Laplace nguoc két hop voi (2.5.21) ta suy ra nghiém la
u, =2"

Vi du 2.5.2
Chung minh rang nghiém caa phuong trinh sai phan

A*u, —2Au, =0

u,=A+B3",
, 1 \ 1
trong do A:§(3u0 -u,)va B =E(ul — Uy, ).

Phuong trinh (2.5.34) twong duong voi

u.,—4u ,+3u =0.

n+2 n+1

LAy bién doi Laplace hai vé cua phuong trinh trén ta dugc

L, —47{u, b +377{u,} =0

o e [U(s) —(u, +ue™)Ss, (s)] —4e*[ T(s)—u,S,(s)]+3u(s

S,
< (¥ —4e° +3)u(s) = [uo(eZS —4e5)+u1es}s_o(s).

Suyra

U (e* —4e*)+ue’ }

o(0-5.0] e

Taco

(2.5.34)

(2.5.35)

=0

(2.5.36)
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Up (€% —4e’)+ue’  Ae’ . Be
(e°-1)(e°-3)  (e°-1) (e°-3)
Uy (™ —4e*)+ue’  Ae’(e°—3)+Be’(e -1)

CECE INC O

<~

Suyra
U, (e —4e’)+ue’ = Ae*(e° —3)+ Be* (e° —1)
< ue” —(4u,—u,)e’ =(A+B)e* —(3A+B)e’
Do do ta co

A+B=u,
3A+B=4u, —u,

. , 1 1
Giai h¢ nay ta dugctacd A= E(Bu0 -u,), B= E(u1 —u,).
Thay A,B vaota duqc(2.5.36) ta duoc

L_t(s) :S‘O(S){(&lo —ul)es N (”1 —Mo)es

2(e'=1)  2(e'-3) |

Bién d6i Laplace nguoc két hop voi (2.5.21) ta nhan dugc
u =A+B3"

Vidu 2.5.3
Giai phuong trinh sai phan

u.,,—24u_, + A%, =0,

n+1

v6i diéu kién ban dau u, =0 va u, =1.

LAy bién doi Laplace hai vé cua phuong trinh (2.5.36) ta duoc

e[ (s) - (u,+ue)S,(s) |- 24e*[U(s)~u,S, () |+ 2% (s) =0

e e”[u(s)-eS,(s)]-24e’u(s)+ A’U(s) =0
(e —22e° + 2% )u(s) =e’S,(s)

Suyra

(2.5.37)
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U(S) :e_—

L4y bién doi Laplace nguoc ta nhan duoc nghiém la

u = L nA" =nA"*t.

n

Vidu 2.5.4
Giai phuong trinh vi sai phan
U(t)=u(t-1), u(0)=1 (2.5.38)

LAy bién d6i Laplace hai vé cua (2.5.38) ta duoc

st(s)—u(0)=e*[T(s)-u(0)S,(s)]

< st(s)-1=e[T(s)-S5,(s)]

-S

e
i(s)(s—e*)=1 = —1),
<:>u(s)(s e ) = (e )
Suyra
_ 1 e® g2
u(s)= —
(s) {s—e s s(s—es)}+s(s—es)
e—Zs e—s -1
LSy
S S S
1 efzs e—SS e—4s efns
:§+sz+53+s4+ +Sn+-
Do
oafe]_(t-a)" _ 2.5.39
7 {s”}_ o (n) H(t—a), (2.5.39)

trong d6 I'(n) 1a hamGamma (Gamma function) duoc dinh nghia béi tich phan

r'(n)= T t"e'dt
0



90

r
va f[/{t“} = (n) (s>0) [Vidu A.1.1 - Trang 98]

n

S
Do d6
u(t):1+(t—2)+(t‘3) T Uil L) A (2.5.40)
1! 21 (n—-1)!
Vidu 2.55
Giai phuong trinh vi sai phan sau
U(t)—au(t-1)=4, u(0)=0 (2.5.41)

Lay bién doi Laplace cho hai vé ciia phuong trinh (2.5.41) ta dugc

s (s)-u(0)—ae [(s)-u(0)S,(s)] =2

S

< sl(s)—ae sU(s)zg

e \g(s) 2 B

< (s—ae™)u(s) .

Suyra
-1
0(6) =By = E1- e
s(s—ae ) s s
_'B i+ae—s +aze—23 +.“+ans—ns .
- Sz 83 S4 Sn+2 '

Theo cong thuc (2.5.39)ta co

~ a(t-1° ,(t-2) a"(t—n)""
u(t)_ﬂl:t+ ) +a TAJ++W:I t>n.

2.6 Ham chuyén va ham dap wng xung cia mét hé thong tuyén
tinh

Mot hé théng duoc goi 1a tuyén tinh (linear system) néu c6 thé ap dung nguyén Iy
xép chong. Nguyén ly xép chdng phat biéu ring dap ng tao ra bai nhirng kich thich
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ddng thoi 1a tong cua cac dap (ng riéng 1é. Vi thé véi hé théng tuyén tinh, dap tng
véi nhiédu ctra vao co thé dugc xac dinh bang cach xét dap tng cua ting ctra Vao sau

do6 cong cac dap tng lai vai nhau.

f(t)

X(t)

—— Héthéng ——>

M6 hinh caa mét hé thong tuyén tinh
Mot hé thong tuyén tinh duoc cho bdi mét phuong trinh vi phan tuyén tinh thong
thuong bac n voi hé s6 hang nhu sau
a X" (t)+a, X"V (t)+---+ax(t) = f (1), (2.6.1)
trong d6 a_,a_,,...,a, la cac hang sé va a_ = 0 véi diéu kién dau la
x(0)=x,, X (0)=x, ... ,x"Y(0)=x,, (2.6.2)

Nghiém x(t) cua hé thong (2.6.1)—(2.6.2) duoc goi 1a ham dau ra (output) va
hamso f (t) da cho dwoc goi 1a ham ddu vao (input) cua hé thong.

Ham chuyén (transfer function) h(s)cua mot h¢ théng tuyén tinh dugc dinh
nghia Ia ti s6 gitta bién doi Laplace cua dai lugng dép ng ra X(t)cua hé thong so
véi bién doi Laplace cua dai lugng tac dong vao f (t) ciia hé thong véi diéu kien
dau ddng nhat bang 0, nghia 1a

_ 7{x(t)}  ~{output)

h(s)= 1T 7 {input) (2.6.3)
x(0)=x(0)=...=x""(0)=0. (2.6.4)

Lay bién doi Laplace cua (2.6.1) véi diéu kién dau(2.6.2) ta dugc
a,[s"x(s)-s"x(0)—...-x"?(0)]
+an_l[s”‘l7(3)—3(”’2)x(0)—...—x(”’z)(O)J
+...+a,[sX(s)—x(0) |+a,x(s)=f(s) (2.6.5)

Tuong duong,
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(a,s"+a,,s"" +...+8,)X(s) = F(s)+7(s),
< P, (s)x(s)=f(s)+T(s), (2.6.6)
trong d6
p,(s)=(a,s"+a,,s"" +..+as+a,) (2.6.7)
la mot da thirc bac n, g(s) 1a da thirc bac nhé hon hoac bang (n—1) gom tich khac
nhau cta cac hé s a, (r =1,2,...,n) va céc dieu kién dau da cho X;,X,,..., X, ;.
Ham chuyén dugc ki hi¢u bsi h(s) va dinh nghia boi
1 1

h(s)= = 2.6.8
(s) pP.(s) as"+a,,s"t+..+a, ( )

Do d6 phuong trinh (2.6.6) tro thanh
%(s) =), (s)[T(s)+a(s)] (2.6.9)

n(s) pn
L4y bién dbi Laplace ngugc cia (2.6.9) ta nhan duoc ham dap tng x(t) cua hé
thdng, no 1a su xép chong cua hai dap tng sau
x(t) = ,i%”l{f_\(s) g(s)} + ’1{5(3) f_(s)}
t t
:Ih(t—r)g(r)dr+fh(t—r) f (T)dl'
0 0

=% (t)+x(t),
trong do

va

h(t)= 7 R (s)} =~ {pl()}

thuong duoc goi 14 ham ddp #ng xung (impulse response function) cua hé théng

tuyén tinh. That vay, véi g(s) =0 taco
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— )_c(s)
h == :
(S) f(S)
Néu f(¢)=5(t)1a ham xung don vi (unit impulse function) sao cho f(s)=1,

khi d6 ham dau ra la

t

x(t)= [h(t1-7)8(c)dr :_(i:é‘(t—r)h(r)dr = h(1).

0
Ta thay rang dap ung xung cua hé théng chinh 1a dap tng khi dau vao hé thng la
ham xung don vi.

Néu ham dau vao f (t) =0, nghiém cua bai toan 1a x,(t), dwoc goi 1a ddp ing
ngd vao — zero cua hé thang*. N6i cach khac, x,(t) 1a dap éng dua vao ham dau
vao f (t) va duoc goi 1a ddap img trang thai — zero cia h¢ thong®. Néu tat ca cac
diéu kién diu déu bang 0 nghia 1a X, =% =..=X_, =0 thi J(s)=0 va do d6
nghiém duy nhat cua phuong trinh khong thuan nhat (2.6.1) 1a x,(t).

Pa thic P,(s)=(a,s"+a,,s" +..+as+a,) cua s duoc goi la da thirc ddc
trung (characteristic polynomial) cua hé théng va ﬁn(s):o duogc goi la phuong
trinh ddc trung cua hé thong (characteristic equation of the system). Do cac hé sb
cua P, (s) lasé thuc nén nghiém ciia phuong trinh dic trung tat ca déu 1a thuc hogc
néu phtic n6 phai xay ra trong cac cap phac lién hop. Néu h(s) duoc biéu dign &
dang phan thicc don gian, hé théng dugc xem 1a 6n dinh (stable) khi tit ca cac
nghiém caa phuong trinh dic trung c6 phan thyc am.

Vi dy 2.6.1
Giai phuong trinh vi phan sau

x"(t)-x'(t)=1 (2.6.10)

*Pdp 1mg ngé vao — zero cua hé théng 1a dap ang cua hé théng déi véi dau vao 1a zero.

>Ddp img trang thai — zero cua hé thdng 1a dap Gng cua ham dau vao véi trang thai ban dau 1a zero.
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véi diéu kién dau la
x(0)=1, x'(0) =1, (2.6.11)

Lay bién do6i Laplace hai vé cua phuong trinh (2.6.10) cung véi dieu kién dau ta

duoc

szx(s)—sx(O)—x'(O)—f(s) :iz

s
@szf( )—)_C(S)zs+1+i2
s
_ 1

<:>(S2 _1)X(S):S+1+S_2

Do do

— s+1 1
x(s):s2—1+s2(s2—1)

= thanh phan ngd vao — zero + thanh phan trang thai — zero

1 11
——+(s2_1——2] (2.6.12)

_s—l s

Lay bién doi Laplace nguoc cua (2.6.12) ta dugc
x(r)=¢' +(sinhs—1)

= dap tngngo vao — zero + dap ung trang thai — zero.

Vi du 2.6.2
Tim ham chuyén cho mdi hé théng tuyén tinh dudi day. Xac dinh bac va tinh n

dinh cua hé théng.
@ x"(r)+2x'(¢)+5x(¢)=3f"(t)+2f(¢) (2.6.13)
(b) x"(¢)+x"(¢)+3x'(t)-5x(¢) =65"(1)-13f" (1) +6 (1) (2.6.14)

a) Lay bién doi Laplace hai vé ctia phuong trinh (2.6.13) ta dugc

szf(s) —sx(O) - x'(O) + 2[sf(s) —x(O)] + 5)_C(S) = 3[s f(s) —f(O)] + 2f(s)

Do cac diéu kién ban dau bang 0 nén phuong trinh trén trong duong véi
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(32 + 25+ S)JT(S) = (3s + 2)]7(s)
Do d6 ham chuyén la

h(s)= ;8 G Sf;sis |

Hé thdng c6 bac 14 hai va phuong trinh dic trung cua nd 1a
s +25+5=0,
VGi cac nghiém phic s =—1+2i. Do phan thuc cac nghiém cua phuong trinh dac
trung déu am nén hé thong 1a on dinh.
b) Ly bién doi Laplace hai vé cua (2.6.14) cling véi dieu kién dau zero ta dugc
FAx" (1) +x"(2)+3x (1) = 5x (1)} = {6 (1) - 13f" (1) +6.£ (1)}
& (s +5"+35-5)x(s) = (65" =135 +6) f (s)

Do d6 ham chuyén la

()= x(s) _ (?s2 —213s+6)
f(s) (5+5+35-5)
Ta c6 hé thong bac ba va phuong trinh dic trung
S +5°+35s—5=0,
C6 céc nghiém la s,=1,s,=—1+2i,s,=-1-2i. Do s,=1>0 nén h¢ thong la
khéng 6n dinh.
Vi du 2.6.3
Tim ham chuyén, ham dap tng xung va nghiém cua hé théng tuyén tinh dugc mo
ta boi
X"(t)+2ax (t)+(a* +4)x(t) = f(t) (2.6.15)
x(0)=1 x'(0)=-a (2.6.16)

LAy bién d6i Laplace hai vé cia (2.6.15) ta co

s?X (s)—sx(0)—x'(0)+2a[ sx(s) - x(0)]+(a* +4)%(s) = f (s)
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Do x(O) =1, x'(O) = —a nén phuong trinh trén tr¢ thanh
s2)_c(s) —-s+a +2as1_c(s) —2a+ (a2 +4))?(s) = f(s)
& (52 +2as+a’ +4)f(s) =(a+s)+f(s)
_ f(s)+s+a
e (s)= s’ +2as+a’ +4

N f(s)+s+a

<:>x(s):(hv+a)2+22

Theo cong thirc (2.6.8), ham chuyén cua h¢ thong 1a

1 1
sz+2as+a2+4)_(s+a)2+22'

h(s)= (
LAy bién doi Laplace nguoc cua ham H(S) la ham dap trng xung

2
)2+22

h(t)= 7 R (s)} = %f {(ST} :%e‘atsin 2t.

Giai bai toan gié tri dau thuan nhat
X"(t)+2ax'(t)+(a’+4)x(t) =0
Tir (2.6.17) véi f(s)=0taco

%(s)=—S+2
(s+a) +2?

Do d6
X, (t) =e"™ cos2t
Nghiém cua bai toan (2.6.15)—(2.6.16) l1a
x(t) =x,(t)+h(t)= f(t)

t
=™ c032t+%_f f (t —r)e*a’sin 2rdr
0

(2.6.17)
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PHU LUC. MOT SO KIEN THUC PUQC SU DUNG
TRONG LUAN VAN

A. Cac ham dic biét
A.1 Ham Gamma
Ham Gamma dugc dinh nghia bai tich phan sau
x)=[t%etdt  (x>0) (ALl
0
Mot trong nhitng tinh chat quan trong cua hAm Gamma duoc rit ra tir dinh nghia
doé la
r(x)=(x-1)T(x-1), x>1 (A1.2)
Chang minh
LAy tich phan ting phan cia (A.1.1) ta dugc

=t | +(x-1) jt* %e'dt (A.13)
Ta thay tich phan (A.1.3) hoi tu khi x >1 va do s6 hang thir nhat bén vé phai
bang 0 nén ta co
F(x) = (x=1) [ "% dt = (x=1) [ (x~1).
]
Dat biét

e Néu n 12 s6 nguyén duong thi

I'(n+1)=nT(n)=n(n-1)I'(n-1)
=---=n(n-1)..(1)r(1),

va
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Do do
I(n+1)=n! (A.1.4)

e Véix :% thi ta cér(%j:\/;.

1 2 .1
r(—jzjt 2e7'dt .
2) %

That vay, theo dinh nghia ta c6
bat t=u?, khi do

Ta xét tich phan sau
| = [e ™ dx (A.L5)
0
Cho

M M
l, =[edx=[edyva lim I,, = | lagid tri cia tich phan can tim. Khi do,
0 0

M M
— (Ie‘xzdxj[fe‘yzdyj
MOM
[ [e " dxdy
0 O

g Y dxdy

m

trong @ R_ 1a hinh vuéng OACE canh M (hinh A.1). Do biéu thirc dudi dau tich

py)

phéan la duong nén ta co

”e “dxdy < 12 < ﬂe dxdy (A.16)
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trong d6 R,,R, 1a mién bi chan trong géc phan tu thir nhat bai cac duong tron co

ban kinh twong tng 1a M va M~/2.

v

D
B S

M2 r

Yy t |o A B .

Hinh A.1

Sir dung hé toa do cuc véi x = pcosg, y = psing vatur (A.1.6), tacod

/2 M 7/2 M2
J ~[e’pz,odpd¢sl2 < I J e pd pdg
$=0 p=0 $=0 p=0
Tuong duong
%(1—e‘“"2)£ 12 s%(l e ™)

Cho M — oo trong (A.1.8) ta dugc

. 2 _42_7
'\|/IILTJO|M =1°= 2
Do d6
| = e du =£.
0 2
Suyra
r(lj:@
2
Vidu A1l
Néu a > —1 1a mot sé thuc, thi
, I'la+1
:f{tﬂ:u, (s>0)

a+l
S

(A1.7)

(A.18)

(A19)

(A1.10)
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Theo dinh nghia ta c6
e} = Ttae“dt,
0

bat st = x,
I'(a+1)

a+l !

1 o0
Attt =—— | x%e "dx =
()= :
Ta thay rang vi duy trén 1a mo rong caa vi du 1.1.3. Truong hop cua vi du 1.1.3 1a

truong hop dic biét khi a 1a s6 duong.

Trusng hop dac bict a = —% tir két qua (A.1.10) ta c6

(3)
2 {%} _ Tj _ \/g trong d6 r(%) —Jr (A.1.12)

A.2 Ham Dirac Delta

Xét ham sb sau

, <t< k
ast=ar (A2.1)

k

0, tefa,a+Kk]
Trong vat Ii, ham nay mé ta do 16n cua lyc tac dung 1a 1/k xay ra trong khoang

thoi gian t=a dén t =a+k, trong 46 k 1a mot sé duwong rat bé. Tich phan caa mot

luc tc dung trong mot khoang thoi gian a <t < a+k duoc goi la mot xung luc.

Xung lyc cua f, trong (A.2.1) la
< 1
l, =£fk(t—a)dt= J.Edt:l (A2.2)
Bay gio, cho k — Ova ta dat

S(t—a)=Ilimf, (t-a),

k—0

Tagoi 6(t—a) la ham Dirac Delta.
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Ham Dirac Delta khéng phai 1a mot ham theo y nghia thong thuong trong tinh
toan bsi vi khi k — 0 tir (A.2.1) va (A.2.2) ta nhan duoc

, = ; T
§(t—a):{:)o t;:la va [s(t-a)dt=1.
’ 0

Nhu d3 biét trong tinh todn mot ham sé ma bang 0 khip noi trir di mot diém thi
tich phan cua né phai bang 0. Tuy nhién trong nhitng van dé ciia xung lyuc thi ta xem
no la mot ham thong thuong.

Dé nhén dugc bién doi Laplace ciia ham &(t-a) ta viét

1
f(t-a) :E[H (t-a)-H {t—(a+k)}}
Do d6
> _ 1 —as —(a+k)s
fﬁ{fk(t—a)}—k—s[e —e (e ]
—as 1- e—ks
—e
ks

Cho k — 0 va sir dung qui tac L’Hopital cho ti s bén phai ciia phuong trinh trén ta
duoc

E/{é(t—a)}—e“liml_e_ks —e ™ (A.2.3)

L - k>0 ks o

bat biét khi a = 0 ta nhan duoc ham xung don vi 5(t) va

7{5(t)} =1 (A24)
B. Mét sé dinh ly quan treng
binh ly B.1

Néu f 1a ham lién tuc tirng khic va

[ef ()t =T (s)
0
hoi tu déu voi moi s e E < € thi f(s) laham lién tuc trén E.

Chang minh
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Do tich phan Laplace hoi tu déu nén véi >0 di cho, ton tai t, >0 sao cho voi

moi 7 >t,,

<&, (B.L.1)

Te‘“f (t)dt

véimoi se E.
Taco

o0

fef(t)dt —Te‘%tf (t)dt
0 0
]

Theo (B.1.1) tich phan thir hai thoa

I(e‘st —e‘SO‘) f(t)dt

[(e —e) f(t)dt].

)

pst _ gt

f(t)dt+

o0

[(e—e™)f(t)at

)

< +

[e £ (t)at
fo

<&g+e=2¢.

[ (t)dt
)

Déi vai tich phan dau tién
to
!

do f 1a ham lién tuc ting khdc nén bi chan trén [0,t,].

e—st _e—sot e—st _ e—sot dt

f(t)‘dtsMT
0

bt g(s,t)=e™. Khi dé, g(s,t)lién tuc déu trén[a,b]x[0,t,], véi [a,b]< E nén

ton tai 5 >0 sao cho[s—s'|<d, |t—t|<d va s,s'e[a,b]cE t,t'e[0,t,]thi
_ "1 = @St _ s't’ &
g(s,t)—g(s.t) =|e" —e”| < 3
Véi s,s, €[a,b],[s—s,|< 5, taco
ty c
—st —sgt _
!e —e f(t)\dt<MMtOt0_g.

Do @6
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Ilmje‘S‘f t)dt = e f (t)dt.
0 0

Suy ra f (s) a ham lién tyc trén E.

binh ly B.2
Néu f(xt) 1a ham s lién tuc trén mdi hinh chit nhat a<x<b,0<t<T,T >0

ngoai trir hiru han cac budc nhay gian doan qua cac duong thang t=t., i=1,2,...,n

va néu Tf(x,t)dt hoi tu déu véi moi x e[a,b] thi
0

ﬁf x,t)dt dx ﬁf x,t)dxdt (B.1.2)
ao 0 a
Chang minh
Taco
[ ff(xtyaxdt={ [f(xt)dax
Do do - .
[ it dxdt—ITLnﬁ [ (xt)dtdx (B.L3)
Ta lai co - .
TTf x,t)dtdx = T.[f x,t)dtdx + T'T X,t)dt dx. (B.1.4)
a0 a 0 a 7

Do jf(x,t)dt hoi tu déu nén voi bat ki ¢ >0, ton tai T >0 sao cho v&i moi
0

=T

o0

[ f(xt)dt<

T

&
b-—a

véi moi x e[a,b]. Do do véi z>T

<&,

[ [ (xt)dtax
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nghia la
b
lim [ [ f(x,t)dtdx=0.
Cho 7 — oo trong (B.1.4)va tr (B.1.3)ta duoc

© b
f(x,t)dtdx = j f(x,t)dxdt.

0 a

D ey T
O3

Chuy
e Ham f c6 budc nhay gian doan tai diém t, néu ca hai gisi han
lim f (t)= f(t;) va limf(t)=f(t)
tontaiva f(t; )= f(t;).
e Céc gia thiét trong dinh 1y thi cling thoa man cho ham dudi dau tich phan 1a
e f(t), trongd6 f(t) Iaham géc.
DPinh ly B.3 (Tiéu chuan Weierstrass)
Gid sur v6i moi x €[b,0), véi moi yeY taco
|f (%, y)| <g(x),
& day b 1a mot sé thuc nao d6 va _[g x)dx hoi tu. Khi do tich phén _[ f(x y)dx
hoi tu déu trén Y.
Ta chip nhan dinh ly nay ma khéng ching minh.
Pinh ly B.4
Gid st rang f(x,t) va of (x,t)/ax 14 lién tuc trén mdi hinh chir nhat a< x<b,
0<t<T,T >0 ngoai trir hitu han cac budc nhay gian doan qua cac dudng thang

t=t,i=12,..,n vahai tich phan

i 70
.([f (x,t)dt va _([&f(x,t)dt, (B.L5)
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trong d6 tich phan thir nhat hoi tu va tich phan thi hai hoi tu déu. Khi do

de

%0
= =[=f(x,t)dt <x<h.
dx !ax (X) asx

Chang minh
bat

T 0
w)=]5 fl

Khi d6 G la ham lién tuc [Dinh ly B.1 — Trang 100] va theo dinh ly B.2 ta c6

jG(u)du:j Taif(u t)dtdu
| f%f(u,t)dudt
:I[f(x,t)—f(a,t)]dt
=F(x)-F(a)
Do do
0

binh ly B.5
1% .. ( a j
= [esin(avr |—=erf a>0
e an(ad) e | 7

Chang minh

Ta ki higu vé trai boi y(a,t) sao cho véi r =u? taco

2 % e sinau
ylan=2] e sna

du.

Pao ham hai vé theoa ta dugc

N _27e cos(au)du=£Y(a,t).

oa Ty V4

Khi do

(B.L6)

(B.L7)
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Y(at)= Te““z cos(au)du
0

—tu? ox * o
_& shad +£J‘e““2usin(au)du
a | ag
__2ov
ada
Do do
o __a
oa 2t
va
0 1% . Jz
Y(O,t)=|e“du=—"F~|e“dx=—+H—
@9=] i 2.y
trong dé x:u\/f. J
Giai phuong trinh (B.1.8) ta dugc
Y(a,t):ﬁe4t
24t
Do do, tir (B.1.7) ta c6
y_1
da  nt

trong d6 U° = w’/4t .

(B.L8)

(B.1.9)
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KET LUAN

Pé nhan manh vai trd caa bién d6i Laplace, ta hdy nhic dén nhitng vu diém
chinh cua n6 khi giai phuong trinh vi phan. Truéc hét né cho phép giai phuong
trinh vi phan tuyén tinh khdng thuan nhat véi vé phai 1a ham gian doan hay ham suy
rong. Mot lgi thé nixa 1a ding bién doi Laplace ta giai truc tiép phuong trinh khong
thuan nhat ma khéng qua viéc giai phuong trinh thuan nhat réi moi tim mot nghiém
riéng cia phuong trinh khong thuan nhat nhu nhiéu phuong phéap khac. Ciing vay,
cac bai toan diéu kién dau s& duoc giai truc tiép, khong qua budc tim nghiém téng
Quat cia phuong trinh vi phan réi méi xac dinh hang sé dé duoc nghiém riéng.

bac biét, phuong trinh dao ham riéng, phuong trinh tich phan, phuong trinh
sai phan va vi sai phéan ciing c6 thé giai bang bién doi Laplace ma ta thay trong muc
2.2; muc 2.3; muc 2.4.

Bén canh do, trong luan vin nay chung tdi ciing c6 gidi thiéu dén céc bai toan
gia tri bién xuat hiéen trong ly thuyét chuyén vi caa dam. Cubi cing trong muc 2.6
chung t6i d3 dua ra cac khai niém vé ham chuyén va dap tng xung caa mot hé
théng tuyén tinh. Day 1a cic khai niém thuong gap trong ly thuyét diéu khién tu
dong.
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